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To the reader 


1. The Elements of Mathematics Series takes up mathematics at the beginning, 
and gives complete proofs. In principle, it requires no particula knowledge of 
mathematics on the readers’ part, but only a certain familiarity witn mathematical 
reasoning and a certain capacity for abstract thought. Nevertheless, it is directed 
especially to those who have a good knowledge of at least the content of the first 
year or two of a university mathematics course. 


2. The method of exposition we have chosen is axiomatic, and normally proceeds 
from the general to the particular. The demands of proof impose a rigorously fixed 
order on the subject matter. It follows that the utility of certain considerations will 
not be immediately apparent to the reader unless he has already a fairly extended 
knowledge of mathematics. 


3. The series is divided into Books and each Book into chapters. The Books 
already published, either in whole or in part, in the French edition, are listed below. 
When an English translation is available, the corresponding English title is men- 
tioned between parentheses. Throughout the volume a reference indicates the English 
edition, when available, and the French edition otherwise. 


Théorie des Ensembles (Theory of Sets) designated by E (S) 
Algébre (Algebra“) — A (A) 
Topologie Générale (General Topology) = TG (GT) 
Fonctions dune Variable Réelle — FVR 
Espaces Vectoriels Topologiques (Topological Vec- 

tor Spaces) — EVT (TVS) 
Intégration aa INT 
Algébre Commutative (Commutative Algebra’) oe AC (CA) 
Variétés Différentielles et Analytiques — VAR 
Groupes et Algébres de Lie (Lie Groups and Lie 

Algebras) — LIE (LIE) 
Theories Spectrales — TS 


') So far, chapters I to IIT only have been translated. 


i) 
(7) So far, chapters I to VII only have been translated. 
(3) So far, chapters I to III only have been translated. 


VI TOPOLOGICAL VECTOR SPACES 


In the first six books (according to the above order), every statement in the text 
assumes as known only those results which have already been discussed in the same 
chapter, or in the previous chapters ordered as follows : S; A, chapters I to III; GT, 
chapters I to III; A, from chapters IV on; GT, from chapter IV on; FVR; TVS; 
INT. 


From the seventh Book on, the reader will usually find a precise indication of its 
logical relationship to the other Books (the first six Books being always assumed 
to be known). 


4. However we have sometimes inserted examples in the text which refer to facts 
the reader may already know but which have not yet been discussed in the series. 
Such examples are placed between two asterisks : *...*. Most readers will undoub- 
tedly find that these examples will help them to understand the text. In other cases, 
the passages between *...* refer to results which are discussed elsewhere in the 
Series. We hope the reader will be able to verify the absence of any vicious circle. 


5. The logical framework of each chapter consists of the definitions, the axioms, 
and the theorems of the chapter. These are the parts that have mainly to be borne 
in mind for subsequent use. Less important results and those which can easily be 
deduced from the theorems are labelled as « propositions », « lemmas », « corolla- 
ries », « remarks », etc. Those which may be omitted at a first reading are printed in 
small type. A commentary on a particularly important theorem appears occasionally 
under the name of « scholium ». 

To avoid tedious repetitions it is sometimes convenient to introduce notations or 
abbreviations which are in force only within a certain chapter or a certain section 
of a chapter (for example, in a chapter which is concerned only with commutative 
rings, the word « ring » would always signify « commutative ring »). Such conventions 
are always explicitly mentioned, generally at the beginning of the chapter in which 
they occur. 


6. Some passages in the text are designed to forewarn the reader against serious 
errors. These passages are signposted in the margin with the sign 7 (« dangerous 
bend »). 


7. The Exercises are designed both to enable the reader to satisfy himself that he 
has digested the text and to bring to his notice results which have no place in the 
text but which are nonetheless of interest. The most difficult exercises bear the sign 1. 


8. In general, we have adhered to the commonly accepted terminology, except 
where there appeared to be good reasons for deviating from it. 


9. We have made a particular effort always to use rigorously correct language, 
without sacrificing simplicity. As far as possible we have drawn attention in the 
text to abuses of language, without which any mathematical text runs the risk of 
pedantry, not to say unreadability. 


10. Since in principle the text consists of the dogmatic exposition of a theory, 
it contains in general no references to the literature. Bibliographical references are 
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gathered together in Historical Notes. The bibliography which follows each historical 
note contains in general only those books and original memoirs which have been 
of the greatest importance in the evolution of the theory under discussion. It makes 
no sort of pretence to completeness. 

As to the exercises, we have not thought it worthwhile in general to indicate 
their origins, since they have been taken from many different sources (original 
papers, textbooks, collections of exercises). 


11. In the present Book, references to theorems, axioms, definitions, ... are given 
by quoting successively : 


— the Book (using the abbreviation listed in Section 3), chapter and page, where 
they can be found, when referring to the French edition; 

— the chapter and page only when referring to the present Book; 

— the chapter, paragraph and section, when referring to the English edition. 


The Summaries of Results are quoted by the letter R; thus Set Theory, R signifies 
« Summary of Results of the Theory of Sets ». 


CHAPTER I 


Topological vector spaces 
over a valued division ring 


§ 1. TOPOLOGICAL VECTOR SPACES 


1. Definition of a topological vector space 


DEFINITION 1. — Given a topological division ring K (GT, Ill, § 6.7) anda set E 
such that E has 

1° the structure of a left vector space on K; 

2° a topology compatible with the structure of the additive group of E (GT, III, 
§ 1.1) and satisfying in addition the following axiom : 

(EVT) the mapping (A, x) Ax of K x E in E is continuous, 
then E is called a left topological vector space over (or on) K. 


It is equivalent to saying that E is a topological left K-module (GT, UL, § 6.6). 

A left vector space structure relative to K and a given topology on a set E, are 
said to be compatible if the topology and the additive group structure of E are compa- 
tible and if, in addition, the axiom (EVT) is valid. This is the same as saying that 
the two mappings (x, y)> x + y and (A, x) Ax of E x E and of K x E, respec- 
tively, in E are continuous, for then the mapping x > — x = (— 1) x, is continuous 
and the topology of E is compatible with its additive group structure. 

If E is a left topological vector space over K, we say that E provided only with 
its vector space structure, underlies the topological vector space E. 


Examples. — 1) If E is a left vector space over a discrete topological division ring K, 
the discrete topology on E is compatible with the vector space structure of E (this is 
not so if K is non-discrete and E is not the single point 0). 

2) Let A be a topological ring (GT, III, § 6.3) and let K be a subring of A that is 
also a division ring and such that the topology induced on K by that of A is compatible 
with the division ring structure of K; then the topology of A is compatible with its 
left vector space structure on K. 

3) Let K be any topological division ring and I an arbitrary set. On the product 
vector space K{ (A, II, § 1.5), the product topology is compatible with the vector space 
structure (GT, III, § 6.4). Or we can say that the space K! of mappings of I in K with 
pointwise or simple convergence topology is a topological vector space on K (TG, 
X, p. 4). 

4) Let X be a topological space; on the set E = @(X; R) of finite real-valued conti- 
nuous functions defined over X, the compact convergence topology (GT, X, § 1.3) is 
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compatible with the vector space structure of E on R. For, let uv) be a point of E, let H 

be a compact subset of X and € be an arbitrary strictly positive number. The real-valued 

function uy is bounded in H; let a = sup |u(t)|; if wis any point of E then for all te H 
teH 


[Aru(t) — Aguo(t)| < |Al.|u( — up(| + a lA — Aol. 


Hence, if |A — A,| <e and |u(t) —u()|<e for all teH, then for teH, 
|Au(t) — Aoug(t)| < e(€ + [Aol + a), which shows that the axiom (EVT) is satisfied ; 
similarly it can be verified that the compact convergence topology is compatible with 
the additive group structure of E. 

On the other hand, if X is not compact, the uniform convergence topology (in X) 
is not necessarily compatible with the vector space structure of E; for example if X=R 
and if uy is an unbounded continuous function in R, then the mapping A t> Aug of R 
in E is not continuous in the uniform convergence topology on E. 

5) Let E be a vector space of finite dimension 7 over a topological division ring K; 
there exists an isomorphism u:K* > E of vector K-spaces and moreover, if v is a 
second isomorphism of K? on E, then we can write v = uo f, where f is an automor- 
phism of the vector K-space K*. Consider, on K”, the product topology that is compa- 
tible with its vector space structure (Example 3); since every linear mapping of K” 
in itself is continuous for this topology, every automorphism of the vector space K” 
is bicontinuous. Hence, if we transfer the product topology of K” to E, by means of 
any isomorphism whatever of K? on E, the topology obtained on E is independent 
of the particular isémorphism used; we call it the canonical topology on E; we shall 
characterize it differently (I, § 1.3) when K is a non-discrete complete division ring 
with a valuation. Every linear mapping of E in a topological vector space over K is 
continuous for the canonical topology on E. 


In the same way as in def. 1, a right topological vector space over K, a topological 
division ring, can be defined; but every right vector space on K can be considered 
as a left vector space on the division ring K° opposite to K (A, II, § 1.1) and the topo- 
logy of K is compatible with the structure of the division ring K°. For this reason 
we usually consider only left topological vector spaces; when we speak of « topo- 
logical vector space » without qualification, it is to be understood that we refer to 
a left vector space. 

If K’ is a sub-division ring of K, and E a topological vector space over K, then 
it is clear that the topology of E is still compatible with the vector space structure 
of E relative to K’, obtained by restricting the field of scalars to K’; we say that 
the topological vector space on K’, obtained by this procedure, underlies the topo- 
logical vector space E on K. 

In order that a topological vector space E be Hausdorff, it is necessary and suffi- 
cient that for all x # 0 of E, there exists a neighbourhood of 0 not containing x 
(GT, III, § 1.2). 

Consider a topology, on a vector space E over a topological division ring K, 
that is compatible with the additive group structure of E. Because of the identity 


AX — ApXy = (A — Ag) Xp + Agl(X — Xo) + (A — Ag) (xX — XQ) 


axiom (EVT) is equivalent to the following system of three axioms. 
(EVT;) For all x, EE, the mapping } +> 2x, is continuous at x = 0. 
(EVT;) For all },¢€K, the mapping x+> 9x is continuous at x = 0. 
(EVTy) The mapping (A, x) Ax is continuous at (0, 0). 
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In particular : 


PROPOSITION 1. — For all «eK and every point be E, the mapping x > ax + b 
of E in itself is continuous. Further, if « # 0, this mapping is a homeomorphism of E 
on itself. 

The second part of the proposition is a result of the fact that if « 4 0, then 
xrea tx — a 1b is the inverse mapping of x ax + b. 


Coro.iary. — If A is an open (resp. closed) set in E, then «A is open (resp. closed) 
in E for every « # 0 in K. , 


Let E and F be two topological vector spaces on the same topological division 
ring K. A bijection f of E on F is an isomorphism of the topological vector space E 
on the topological vector space F if and only if f is /inear and bicontinuous. In parti- 
cular, if y # 0 belongs to the centre of K, the homothety x +> yx is an automorphism 
of the topological vector space structure of E. 


2. Normed spaces on a valued division ring 


Recall (GT, IX, § 3.2) that an absolute value on a division ring K is a mapping 
Et |E| of K in R,, such that || = 0 if, and only if, € =0, and that |§n| = |€|. In|, 
and |E + | < |&| + In|; an absolute value defines a distance |§ — n| on K, and 
hence a Hausdorff topology compatible with the division ring structure of K. If 
|E| = 1 for all & 4 0, the absolute value is called improper, and the topology that 
it defines on K is the discrete topology; if, on the other hand, there exists « 4 0 
in K such that |x| # 1, then there exists B 4 0 in K such that |B| < 1 (it is sufficient 
to take B = a or B = a '), and the sequence (f”),,, converges to 0, thus the topo- 
logy of K is not discrete. 

We recall on the other hand (GT, IX, § 3.3) that if E is a vector space on a non- 
discrete valued division ring K then a norm on E is a mapping x +> |x|| of Ein R,, 
such that ||x|| = 0 if, and only if, x = 0, and such that ||Ax|| = |AJ.||x|| for every 
scalar A © K, and ||x + y|| < ||xl] + ||y||. A distance ||x — yl, is defined on E by 
the norm, and hence a topology that is compatible with the vector space structure 
of E (loc. cit.). Unless the contrary is expressly stated, a normed space is considered 
in terms of the structure of the topological vector space defined by its norm. The 
normed spaces are among the most important of topological vector spaces. 


It is known (GT, IX, § 3.3) that two distinct norms on E can define the same topo- 
logy on E;; for this it is necessary and sufficient that the two norms be equivalent (Joc. 
cit.). The structure of normed spaces is thus richer than the structure of topological 
vector spaces; if E and F are two normed spaces one must be careful to distinguish 
between the idea of isomorphism of the normed space structure of E with that of F, 
and the idea of isomorphism of the topological vector space structure of E with that 
of F. 
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Example. — Let I be an arbitrary set of indices ; it is known(GT, X, § 3.2) that a norm 
\|x|| can be defined, on the set of bounded mappings x = (6,) of I in K, @(I; K) (also 
written &,.(D or 2D), by ||xll = sup |E,|. When I is a topological space, the set of 


bounded, continuous mappings of I in K is a closed subspace of the space #(I; K) 
(GT, X,§ 3.1,cor. 2). Another subspace of B(1; K) is the set £4 (1) of absolutely summable 
families x = = (&) (GT, X, §3.6); we can define on this subspace another norm 
Ix], = x l&L that in general is not equivalent to the norm ||x|| = Sup l&.| G, p. 23, 


exerc. 6): when considering ex) as a normed space, without specifying its norm, 
it is always the norm ||x||, that is meant. We write (1 and ¢*(1) in place of A(1; R) 
and ¢}(1). 


3. Vector subspaces and quotient spaces of a topological vector space ; products of 
topological vector spaces ; topological direct sums of subspaces 


Everything that has been said for topological modules (GT, III, § 6.6) applies 
in particular to topological vector spaces. If M is a vector subspace of a topological 
vector space E, the topology induced on M by that of E is compatible with the 
vector space structure of M, and the closure M of M in E is a vector subspace of E. 
The quotient topology of that of E by M is compatible with the vector space structure 
of E/M. 

If E is a topological vector space, the closure N of {0} in E (intersection of neigh- 
bourhoods of 0) is a closed vector subspace of E; the quotient vector subspace E/N, 
which is necessarily Hausdorff whether E is or not, is calied the Hausdorff vector 
space associated with E. 

Let (E,),-, be a family of topological vector spaces over the same topological 
division ring K, and let E be the product vector space of the E,. The product topo- 
logy of the topologies of the E, is compatible with the vector space structure of E. 
In the product space E, the subspace F, the direct sum of the E, is everywhere dense 
(GT, III, § 2.9, prop. 25). 


For certain types of topological vector spaces on the field R or the field C we define 
(in II, p. 29) a topology on the direct sum of a family (E,) of topological vector spaces 
that is, in general, distinct from the topology induced by the product topology of the E,. 


Everything that has been said on the finite direct sums of stable subgroups of 
topological groups with operators (GT, III, §6.2) applies to topological vector spaces, 
replacing « stable subgroup » throughout by « vector subspace ». 


Remark. — Given a closed vector subspace M of a Hausdorff topological vector space E, 
it is not necessarily the case that there exists an (algebraic) complementary vector 
subspace to M that is closed in E (even if E is a normed space; cf: IV, p. 55, exerc. 16 (c)); 
a fortiori there does not necessarily exist a topological complement of M in E (cf. I, 
p. 26, exerc. 8). However we shall see in § 2 that when K is a non-discrete valued division 
ring, then every closed subspace M of E, with finite codimension, does have a topological 
complement in E (I, p, 14, prop. 3). 
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4. Uniform structure and completion of a topological vector space 


Since the topology of the topological vector space E is compatible with the addi- 
tive group structure on E, it defines a uniform structure on E (GT, III, § 3); when 
we speak of the uniform structure of a topological vector space we always mean 
this structure unless the contrary is expressly stated. Every continuous linear mapping 
of a topological vector space E in a topological vector space F is uniformly continuous 
(GT, III, § 3.1, prop. 3); every mapping of E in itself of the form x ax + b is 
uniformly continuous. An equicontinuous set of linear mappings of E in F is uniformly 
equicontinuous (GT, X, § 2.2, prop. 5). 


Remarks. — 1) If B is a precompact set of K, then for every neighbourhood V of 0 
in E, there is a neighbourhood U of 0 in E such that BU c V. For, if W is a neigh- 
bourhood of 0 in E such that W + W c V; then from (EVT,,)) there is a neighbourhood 
T, of 0in K and a neighbourhood U, of 0 in Esuch thatT,U,) < W. As Bis precompact, 
there are finitely many points 1, € B (1 <i <n) such that the A, + T, cover B; from 
(EVT};,)) it follows that there is a neighbourhood U < U, of 0 in E, such that a,U < W 
for all i; clearly U has the required properties. In a similar manner (using (EVTj) 
instead of (EVT;,)) it can be shown that if H is a precompact set of E, then for every 
neighbourhood V of 0 in E, there exists a neighbourhood T of 0 in K such that TH c V. 

2) From 1) it follows that, if B is a precompact set of K and H is a precompact set 
of E, then the mapping (A, x) > Ax restricted to B x H is uniformly continuous. For, 
if V is a neighbourhood of 0 in E then there are neighbourhoods T of 0 in K, and U 
of 0 in Esuch that TH + BU c V. Since we can write Ax — A’x’ =(A— A’) x + A(x — x’), 
we see that for A, X’ in B, x, x’ in H, > — A°e Tand x — x’ e U, we have Ax — 2d'x’ eV, 
which proves our assertion. 


A topological vector space is called complete if, considering its uniform structure, 
it is a complete uniform space. 


DEFINITION 2. — A complete normed space on a non-discrete valued division ring is 
called a Banach space. 


Examples. — If K is a non-discrete valued division ring then the space @(1; K) (I, p. 4, 

Example) is complete (GT, X, § 3.1, cor. 1). This is also true for the space (I) (I, p. 4, 

Example) with the norm ||x||,; = > |&,| : for, if x, isa Cauchy sequence in this space and 
tel 


X, = (En )ep then for alli eI 


(een = Sil < Ix, i Halles 


thus, for each 1 eI, the sequence (&,,),,5 , converges to a limit € in K. Further, for each 
finite subset J of I 


» on a &.| < om = Xallas 
te 


and it follows immediately that there exists a constant a > 0, independent of J, m, n 
such that >) |E,, — | <a. Letting m tend to + 00, we deduce ¥'|&, — &,.| <e 


ve veJ 


from which ¥ |€,| < a + ||x,||,, which shows that z = (€,),., belongs to (1); further, 
.el 


for all ¢ > 0, there exists ng such that for n > ng and for every finite set J of I, we have 
¥ |& — Enl < €3 passing to the limit with respect to the directed set of finite subsets of I, 


ie J 
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we see that ||z — x, ||, < © form > no, which shows that z is the limit of the sequence (x,) 
in the normed space ¢j(I). 


Let K be a Hausdorff topological division ring, E a topological vector space on K 
and suppose that the completed ring K is a division ring (this is so when K is a valued 
division ring, GT, IX, § 3.3) then the Hausdorff completion E of E carries the struc- 
ture of a complete topological vector space on K (GT, III, § 6.5); we say that E, with 
this structure, is the Hausdorff completion of the topological vector space E, or simply 
the completion of E when E is Hausdorff. 


5. Neighbourhoods of the origin in a topological vector space over a valued division 
ring 


DEFINITION 3. — Let K be a valued division ring and E a left vector space over K; 
we say that a subset M of E is balanced if, for all x € M and all € K such that |A < 1, 
it is true that Xx € M (or in other words if MM < M when |d| < 1). 


PROPOSITION 2. — In a topological vector space E over a valued division ring K, the 
closure of a balanced set M, is a balanced set. 


If B is the set of €€ K with |&| < 1; then B is closed in K. But B x M is mapped 
into M by the continuous mapping (A, x) Ax; and therefore B x M is mapped 
into M (GT, I, § 2.1, th. 1) which proves that M is balanced. 


When M is an arbitrary set in the vector space E over a valued division ring K, 
the set M, of the Ax with x e M and Ae K such that |A| < 1, is clearly the smallest 
balanced set containing M; M, is called the balanced envelope of M. 


PROPOSITION 3. — Let K be a valued locally compact and non-discrete division ring 
and E be a Hausdorff topological vector space (resp. a topological vector space) over K. 
For every compact (resp. precompact) set H in E, the balanced envelope of H is compact 
(resp. precompact). 

If B denotes the ball |§| < 1 in K, the balanced envelope of H is H,, the image 
of B x H under the continuous mapping m:(A, x)» Ax. If E is Hausdorff, if B is 
compact and if H is compact then so is B x H and therefore H,. If H is precompact 
the restriction of m to B x H is uniformly continuous (I, p. 5, Remark 2) and as 
B x H is precompact, so also is its image under m(GT, I, § 4.2, prop. 2). 


Note that the balanced envelope of a closed set is not necessarily closed. For example, 
in R’, the balanced envelope of the hyperbgla defined by the equation xy = 1 is not 
closed. 


The union of a family of balanced sets in E is balanced, which implies that for 
every set M of E there is a largest balanced subset N of M called the balanced core of 
M;; also N is not empty if and only if 0¢M. To say that xe N means that for all 
eK such that |A] < 1, we have Axe M, or again (if 0 M) that, for all we K with 
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|p| > 1, we have xe uM. If Oe M, the balanced core N of M is therefore the inter- 


section f) uM. This shows in particular that if M is closed, so also is N. 
[mn] >1 


DEFINITION 4. — Let K be a non-discrete valued division ring and E be a left vector 
space on K with two subsets A and B. We say that A absorbs B if there exists a > 0 
such that XA > B for every X € K with |A| > a (or equivalently if pB < A forp #0 
and |p| < «~*). A set A of E is called absorbent if it absorbs every set consisting of a 
single point. 


Let A be a balanced set of E; for it to absorb a set B of E it is sufficient that there 
exists A # 0 such that AA > B; in fact, for |p| > |A|, we have AA = (An *) pA, and 
as pA is balanced and |Ay~?| < 1, it follows that AA c pA, and thus Bc pA. In 
particular for a balanced set A of E to be absorbent, it is necessary and sufficient 
that for every xe E, there exists A 4 0 in K such that Axe A. Every absorbent set 
of E generates the vector space E. Every finite intersection of absorbent sets is an 
absorbent set. 


PROPOSITION 4. — In a topological vector space E on a non-discrete valued division 
ring K there exists a fundamental system B of closed neighbourhoods of 0 such that : 

(EV, Every set Ve is balanced and absorbent. 

(EV,,) For every VeB and. #0 in K, we have Ve & (invariance of 8 under 
homotheties of non zero ratio). 

(EV) For every Ve, there exists We 8 such thatW+WcV. 

Conversely, let E be a vector space on K, and let 8 be a filter base on E satisfying 
the conditions (EV,), (EV) and (EV). Then there exists a topology (and it is unique) 
on E, compatible with the vector space structure of E, and for which & is a fundamental 
system of neighbourhoods of 0. 


By axiom (EVTj,) we show firstly that the balanced core, V,, of V, a neighbourhood 
of 0, is itself a neighbourhood of 0. For there exist « > 0 and a neighbourhood W 
of 0 such that, if |A| < « and x € W, then Ax € V. Since K is non-discrete, there exists 
pH # O in K with |p| < « and pWis a neighbourhood of 0 for which uW c V. Also 
if ve K and |v| < 1 then |vp| < « and thus vuW > V. Hence pW 23 V, and V, 
is a neighbourhood of 0. Also as V is closed so also V, is closed. Thus the set B of 
closed balanced neighbourhoods of 0 form a fundamental system of neighbourhoods 
of 0 in E. By (EVT)) every neighbourhood of 0 is absorbent ; furthermore & satisfies 
(EV,,) (cf L p. 3, cor.); finally, because of the continuity of (x, y)h»> x + y at the 
point (0, 0), every fundamental system of neighbourhoods of 0 in E satisfies (EV,,). 
The set B satisfies the conditions of the proposition. 

Now let E be a vector space over K, and ¥ be a filter base on E satisfying (EV), 
(EV,,) and (EV). The axiom (EV,) shows firstly that for all V ¢ 8B, we have -V=V 
and 0 € V;; these relations and the axiom (EV,,) show that % is a fundamental system 
of neighbourhoods of 0, for a topology on E compatible with the additive group 
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structure of E (GT, III, § 1.2). On the other hand the axioms (EVT}), (EVTj,) and 
(EVT;,) are immediate consequences of (EV,) and (EV,,), thus the topology defined 
above satisfies the axiom (EVT), and the proposition is proved. 


Remarks. — 1) In a normed space on a non-discrete valued division ring the set of 
open balls (resp. closed balls) with centre 0 is a fundamental system of neighbourhoods of 
0 which satisfy the conditions (EV,), (EV,,) and (EV,,). 

2) When the division ring of scalars K is the field R or the field C, every filter base 
B on E which satisfies just the two axioms (EV,) and (EV,,) is a fundamental system 
of neighbourhoods of 0 for a topology compatible with the vector space structure of E. 
In fact, we need only prove that, in these conditions, for every 4 # 0 in K and every 
Ve there exists We B such that AW c V. Now from (EV,,) there exists W, « B 
with 2 W, c V, and we deduce, inductively, that for every positive integer n, there exists 
W,, € B such that 2"W,, < V. As V is balanced, if we take n so large that 2” = |2”| > |Al, 
then W = W,, satisfies the condition, as required. 

This result does not hold for every non-discrete valued division ring K, for in such a 
division ring it is no longer necessarily true that |me| = m for every positive integer m 
(c indicates the unit element ofthe division ring ; cf: I, p. 22, exerc. 1). 

3) If K is a discrete division ring, conditions (EVT;) and (EVTj,) are true for any 
topology on E. Arguing as in prop. 4, one easily sees that if E is a topological vector 
space on K, then there exists B, a fundamental system of closed neighbourhoods of 0 
in E satisfying conditions (EV,,) and (EV,,,). Conversely, if a filter base B on a vector 
space E over K is such that 0 belongs to all the sets of B and (EV,,), (EV,,) are true, 
then B is a fundamental system of neighbourhoods of 0 in a topology compatible 
with the vector space structure of E. 


6. Criteria of continuity and equicontinuity 


Let E and F be topological vector spaces over the same division ring K; for a 
linear mapping f of E in F to be continuous, it is sufficient for it to be continuous 
at the origin (GT, III, § 2.8, prop. 23). This proposition generalizes as follows : 
PROPOSITION 5. — Let E;(1 < i < n) and F be topological vector spaces on a non- 


discrete valued field K. In order that a multilinear mapping f of | | E;in F shouldbe conti- 
i=1 


n 
nuous in the product space | | E, it is sufficient for it to be continuous at (0, 0, ..., 0). 
i=1 


Let (a,, ay, .... d,) be an arbitrary point of [] E,; we must show that for every 
i=1 
neighbourhood W of 0 in F there exist neighbourhoods V, of 0 in E; (1 <i <n) 
such that the relations z;e V imply 


f(a, + 24,4 + 2,...,4, + Z,) —M(GQy, ad, 4,) EW. 
Now, we can write 


f(A, + 245005 A +2) —f (ay, 5 a) = Yo Uy 
H 
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where H varies over the 2” — 1 subsets of the set of integers { 1, 2, ..., 7}, excluding 
the set { 1, 2,...,} itself, and where m4, = f(1, Yo, -.., y,), With y;, = a, if ie H and 
y; = 2, if i¢ H. There exist 2” — 1 balanced neighbourhoods W,, of 0 in F such 
that oy W, © W; on the other hand as f is continuous at (0, 0, ..., 0) by hypothesis, 


there exists in each E, a neighbourhood U, of 0(1 < i < n) such that the n relations 
x, € U; imply that f(x, ..., x,) EM Wy. As U; is absorbent, there exists A, # 0 in K 
H 


such that ,a; ¢ U;. Let A be an element of K such that |A| > [] |A,|~ * for each subset 
icH 


H; we show that the neighbourhoods V; = 4~” U,, fulfill the required condition. 
We can write u, = pf(x,,..., x,) where x,¢ U; for] <i<nandp=A7~"([[ A; + 


icH 
p being the number of integers of { 1, 2,....1} not in H. From the above |p| < 1 
hence u4,¢€ pW, < Wy, since W,, is balanced. The proposition is established. 


PROPOSITION 6. — With the same DIOS onE,(1 <i <n) andonF asinprop.5, in 
order that a set & of multilinear maps of ll E, in F be equicontinuous it is sufficient 
i=1 

that the set be equicontinuous at (0, 0, ..., 0). 
For, in the demonstration of prop. 5 the U; (1 <i <n) can be taken such that 
the relation x,¢ U; (1 <i <n) imply fQ,,..., x,) ne W,, for every mapping fe &. 
H 


7. Initial topologies of vector spaces 


PrRoposITION 7. — Let (E,),-, be a family of topological vector spaces on a topological 
division ring K. Let E be a vector space on K and for eachve I, let f, be a linear map- 
ping of E in E,. Then the coarsest topology on E which makes each function f. conti- 
nuous, is a topology F compatible with the vector space structure of E. Further, if 
for every x EE, b(x) denotes the point (f(x) of the product space F = I E,, then 


the topology J is the inverse image of the topology of the subspace $(E) of F under 
the linear mapping 9. 


The last part of the proposition is a particular case of GT, I, § 4.1, prop. 3. The 
proposition then follows from the next lemma. 


Lemma. —- Let M and N be two vector spaces, and g a linear mapping of M in N. 
If FZ, is a topology compatible with the vector space structure of N, then the inverse 
image of 7, by g is compatible with the vector space structure of M. 

We show: for example, that (A, x) > Ax is continuous at each point (A, Xo) of 
K x M. Put yp = g(Xo). Every neighbourhood of 0 in M contains a neighbourhood 


of the form yu) where U is a neighbourhood of 0 in N; by hypothesis there exists 

a neighbourhood V of 0 in K and a neighbourhood W of 0 in N such that the rela- 

tions A—A, € V, and y—yy € W imply Ay—Agyp € U. Thus the relations A—A, € V, 
= 1 cay 

x—X,Eg(W) imply Ax—AyxX,_ € g(U). We can show similarly that (x,y) x—y 

is continuous in M x M. 
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For each index 1 ¢ I, let 8, be a fundamental system of neighbourhoods of 0 in E,. 
From the definition of the topology 7, the filter of Relea ou peo. of 0 for this 


topology is ecient by unions of sets of the families a (8); in other words, the 
sets of the form n re (V,,) form a fundamental system of neighbourhoods of 0 for 7 


the (y)1 <e<n enw any finite sequence of indices of I, and, for each index k, V,, 
any set of B,,. 


COROLLARY 1. — Let G be a topological vector space on K. In order that a set H of 
mappings of G in E be equicontinuous, it is necessary and sufficient that, for all. €1, 
the set fou where u varies in H should be equicontinuous. 

This is a particular case of GT, X, § 2.2, prop. 3. 


CorROLLary 2. — If the spaces E, are Hausdorff, then in order that F be Hausdorff, 
it is necessary and sufficient that, for every x #0 in E, there should exist an index 
tel, such that f(x) # 0. 

For (E) is then a Hausdorff space, and in order that 7 be Hausdorff, it is evi- 
dently necessary and sufficient that o be injective ; note that we can then identify E 
(with 7) with the subspace (E) of [| E, by the mapping 9. 


vel 


CoROLLARY 3. — Suppose the E, are complete and $(E) is closed in F = [| E,. Then 


vel 


E is complete in the topology J 


For the subspace (E) of F is then complete (GT, II, § 3.4, prop. 8 and § 3.5, 
prop. 10), therefore the same is true of E in the inverse image topology (GT, I, § 7.6, 
prop. 10 and GT, II, § 3.1, prop. 4). 


* Example. — Let 2'(R) be the space of distributions on R; for p a number such that 
l1<p< +o, let j:L?(R) —- Z'(R) be the canonical injection, which is continuous 
(when L?(R) carries its normed space topology and Y’(R) the strong topology). For 
every distribution f € Z’(R), denote the derivative of f by D(f); recall that f + D(f) 
is a continuous endomorphism of Y’(R). Then let E be the vector subspace of L?(R) 
formed from those fe L?(R) for which D(f) ¢ L?(R), and confer on E the coarsest 
topology making the canonical injection i:E — L?(R) and the mapping D:E — L?(R) 
continuous (L?(R) carries its normed space topology). For this topology, the space E 
is complete. For, the image of E in F = L?(R) x L?(R) by the mapping :ft>(f, D(f)) 
is closed, since it is the trace on L?(R) x L?(R) of the image G of Z'(R) in 9'(R) x J'(R) 
by the mapping 


oo: (Ff, DY); 


now G is the graph of 6), therefore closed in Z’(R) x Y’(R) (GT, I, § 8.1, cor. 2 of 
prop. 2), and as o(E) is the inverse image of G by i x i, which is continuous, we see that 
(E) is closed in F. ,. 


CoroLiary 4. — Let E be a vector space over a topological division ring K, and let 
(7), be a family of topologies compatible with the vector space structure of E; then 
the upper bound 7 of the topologies 7, is compatible with the vector space structure 
of E. 
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For, if E, denotes the topological vector space obtained from E by the topology 
F,, and f, the identity map of E on E,, then 7 is the coarsest topology making the f, 
continuous. 


§ 2, LINEAR VARIETIES IN A TOPOLOGICAL VECTOR SPACE 


1. The closure of a linear variety 


Recall (A, II, § 9.3) that in a vector space E over a division ring K, a non-empty 
affine linear variety (called « linear variety » when this can cause no confusion) is the 
image under a translation of a vector subspace of E. 


PROPOSITION 1. — In a topological vector space E, the closure of a linear variety is 
a linear variety. 

Since every translation is a homeomorphism of E, it is sufficient to demonstrate 
the proposition for a vector subspace M of E, and in this case, the proposition has 
been proved in I, p. 4. 


CorOLLaRyY. — In a topological vector space E, every hyperplane is either closed or 
everywhere dense. 

In fact, the closure of a homogeneous hyperplane H can only be H or the whole 
space E, since it is a vector subspace containing H (prop. 1). 

A hyperplane H is closed in E if, and only if, §H contains an interior point. 

The vector subspace M generated by a set A, in a topological vector space E, 
is the set of linear combinations of points of A (A, II, § 1.7, prop. 9); the closure of 
M in E is, by prop. 1, the smallest closed vector subspace containing A; we say that 
this is the closed vector subspace generated by A. 


DEFINITION 1. — A set A, in a topological vector space E, is total if, and only if, the 
closed vector subspace generated by A coincides with E (i.e. the set of linear combi- 
nations of elements of A is everywhere dense). 


Examples. — 1) In the normed space @(1; C) (on the field C) of functions, continuous 
on I=(0, 1), with values in C, the restrictions to I of the functions x" (ne N) form 
a total set, by the Weierstrass-Stone theorem (GT, X, § 4.2, th. 3). Similarly, the res- 
trictions to I of the functions e?""* (n € Z) form a total set (GT, X, § 4.4, prop. 8), in 
the subspace P of (I, C) formed of functions such that f(0) = f(1). 

2) Every absorbent set in a topological vector space E over a non-discrete valued 
division ring (and in particular every neighbourhood of 0 in E) is a total set since it 
generates E (I, p. 7). Thus a linear variety that is not dense in E is necessarily a nowhere 
dense set in E(GT, IX, § 5.1) since its closure cannot contain an interior point. 


DEFINITION 2. — A family (a,),..; of points of a topological vector space E is called 
topologically independent if for any « € I, the closed vector subspace generated by the 
a, with # «, does not contain a,. 
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Example. — 3) In the normed space @(I; C) of continuous functions defined over 
I = (0, 1), the restrictions to I of the functions e?""* (n € Z) form a topologically inde- 


pendent family. If f(x) is the linear combination >) ¢, e2*x (where all but finitely 
k#n 
many of the c, are zero) then 


1 
{ |e2nnix — f(x0|? dx =1 4+ Y le, |? >1 
0 k#n 


and, a fortiori, by the mean value theorem 


sup Je2nnix — f(x)| > 1 


which shows that e?*"* does not belong to the closed vector subspace of ¢(1; C) gene- 
rated by e?*™™, k £ n. 


The set of elements of a topologically independent family is called a topologically 
independent set of E. Every subset of a topologically independent subset is topolo- 
gically independent; every subset consisting of a single point x 4 0 is topologically 
independent if E is a Hausdorff space. 

A topologically independent family is independent (in the algebraic sense; cf. A, 
Il, § 7.1, Remark), but the converse is incorrect. 


Example. — 4) In the normed space @(1; C) of functions that are continuous over 
I = (0, 1), the restriction to I of the functions x" (n € N) form an algebraically inde- 
pendent family. But there exists a sequence of polynomials (p,) such that p,(x?) con- 
verges uniformly to x in I (GT, X, § 4.2, lemma 2) which shows that x belongs to the 
closed vector subspace of @(1; C) generated by the functions x?" (n € N). 


Remarks. — 1) The family of topologically independent sets of a topological vector 
space is not necessarily inductive for the relation of inclusion (I, p. 25, exerc. 2); this 
situation is thus different to that for algebraically independent sets. Moreover there 
does not necessarily exist in E a maximal topologically independent subset (I, p. 25, 
exerc. 4), thus there does not necessarily exist a subset that is both tota/ and topolo- 
gically independent. 

2) Let M be a closed vector subspace of E and (d)),., a topologically independent 
family in the quotient space E/M. If a, is any element of the class d,, then from def. 2, 
and the fact that the canonical mapping of E on E/M is continuous, it follows that 
the family (a,),.; is topologically independent. But note that if N is the closed vector 
subspace generated by the a, it can happen that MON # {0} (I, p. 25, exerc. 2), and 
hence the sum M + N is not necessarily direct in the algebraic sense (nor a fortiori 
in the topological sense). 


2. Lines and closed hyperplanes 


PROPOSITION 2. — Every Hausdorff topological vector space E of dimension | over a 
non-discrete valued division ring K is isomorphic to K,; in fact, for every a # 0 in E, 
the mapping & +> &a of K, on E is an isomorphism (in other words every linear mapping 
of K, on E is an isomorphism). 

As the mapping & +> €a of K, on E is bijective and continuous (I, p. 1, def. 1), it 
is sufficient to show that it is bicontinuous. Let « be a real number > 0, we show 
that there exists a neighbourhood V of 0 in E such that if ae V then |E| < «. AsK 
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is not discrete, there exists an element &, eK such that 0 < |E,| < a; but, as E is 
Hausdorff, there is a neighbourhood V of 0 such that &,a does not belong to V. 
We can suppose that V is balanced (I, p. 7, prop. 4). But then if Ga € V and |€| > |&| 
we have |E)&~*| < 1, and E,a = (Eo§_ +) (Ea) EV; since this last statement is false 
we see that Eae V implies |E| < || < « This completes the proof. 


COROLLARY 1. — In a Hausdorff topological vector space E, over a non-discrete 
valued division ring K, every vector subspace D of dimension 1 is isomorphic to K,. 


COROLLARY 2. — Let E be a topological vector space over a non-discrete valued divi- 
sion ring. Every vector subspace D (of dimension 1) which is the algebraic complement of 
a closed homogeneous hyperplane H is also the topological complement of H. 

In D, the set {0} is closed, being the intersection of D and the closed set H; D is 
therefore Hausdorff. But as E/H is also Hausdorff, the canonical mapping of D 
on E/H, which is linear, is also an isomorphism by prop. 2, from which the conclusion 
follows (GT, II, § 6.2). 


THEOREM 1. — Let E be a topological vector space over a non-discrete valued division 
ring. Let H be a hyperplane in E defined by the equation f(x) = & where f is a linear 
form not identically zero. Then H is closed in E if and only if f is continuous. 

The condition is evidently sufficient (GT, I, § 2.1, th. 1); we show that it is necessary. 
We can suppose that H is a closed homogeneous hyperplane with the equation 
f(x) = 0. The quotient space E/H is then a Hausdorff topological vector space of 
dimension 1 on K. We can write f = go, where @ is the canonical mapping of 
E on F/H and g is a linear mapping of E/H on K, ; from prop. 2, g is continuous, 
thus the same is true of f. 


COROLLARY. — Every continuous linear form on E that is not identically zero is a 
strict morphism of E on K,. 


Remark. — There are examples of normed topological vector spaces over a complete 
non-discrete valued division ring, in which every continuous linear form is identically 
zero (I, p. 25, exerc. 4); in such a space therefore, every hyperplane is everywhere dense 
(I, p. 11, corollary). ; 


3. Vector subspaces of finite dimension 


THEOREM 2. — Every Hausdorff topological vector space E, of finite dimension n, 
over a complete non-discrete valued division ring K, is isomorphic to K"; in 


fact, for every basis (€;); <i<, Of E on K, the linear mapping (&;)}> > &e; is an iso- 
i=1 


morphism of K® on E. 


Proposition 2 of I, p. 12, implies that th. 2 is trueforn = 1; we argue by induction 
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on n. Let H be the vector subspace of E generated by e,, é,..., e the induction 


2D: n—-1> 
ne 


hypothesis is that the mapping Gieiea: 1 > &e, is an isomorphism of K?~? 
i=1 

on H. The subspace H, being isomorphic to a product of complete spaces, is complete 

(GT, I, § 3.5, prop. 10); hence it is closed in E (GT, II, § 3.4, prop. 8). Let D be 


the subspace Ke, complementary to H in E; E is the topological direct sum of H and 
D(I, p. 13, cor. 2), therefore the mapping 


n 
(E31 <i<n >» ei 
i=1 


of K""1 x K, on E is an isomorphism. 


When zn > | the hypothesis that K is complete is essential for the validity of theorem 2. 
In fact, let K be a non-complete valued division ring, and let K be its completion : 
for each a # 0 of K the set K.a is everywhere dense in K, since x + xa is a homeo- 
morphism of K on itself. If a ¢ K, the subspace K + Ka of the topological vector space K 
on K is of dimension 2 on K, but it is not isomorphic to K? since every subspace of 
dimension | in K + Ka is dense in K + Ka. 


COROLLARY 1. — In a Hausdorff topological vector space E over a complete non- 
discrete valued division ring K, every vector subspace F of finite dimension is closed in E. 

For, if F is of dimension n then it is isomorphic to K”; it is therefore complete 
and hence closed in E (GT, II, § 3.4, prop. 8). 


COROLLARY 2. — Let K be a complete non-discrete valued division ring, and E be a 
Hausdorff topological vector space of finite dimension over K. If F is any topological 
vector space over K, then every linear mapping of E in F is continuous. 


CorOLLARY 3. — In a Hausdorff topological vector space E, over a complete non- 
discrete valued division ring, every finite independent set is topologically independent. 


COROLLARY 4. — Let E be a topological vector space over a complete non-discrete 
valued division ring. If M is a closed vector subspace of E and F is a vector subspace of E 
of finite dimension, then the subspace M + F is closed in E. 

Write for the canonical homomorphism of E on the quotient space E/M (neces- 


sarily Hausdorff). Then the subspace M + F is identical with O(O(F)). Now 9(F) 
is of finite dimension in E/M, therefore (cor. 1) @(F) is closed in E/M, and, in conse- 


quence, $(6(F) is closed in E. 


We note that, if M and N are any two closed vector subspaces in a Hausdorff topo- 
logical vector space E, then M + N is not necessarily closed in E, * even if E is a Hilbert 
space , (cf. IV, p. 64, exerc. 13, d)). 


PROPOSITION 3. — Let E be a topological vector space over a complete non-discrete 
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valued division ring K. Let M be a closed vector subspace of finite codimension n in E. 
Then every subspace N that is an algebraic complement of M in E is also a topological 
complement. 

In N, the set {0} is closed, since it is the intersection of N and the set M which 
is closed in E; thus N is Hausdorff. As E/M is also Hausdorff, the canonical mapping 
of N on E/M, which is linear and bijective, is bicontinuous (I, p. 14, cor. 2), from 
which the proposition follows. 


CoROLLARY. — Let E and F be two topological vector spaces over a complete non- 
discrete valued division ring. If F is Hausdorff and of finite dimension, then every 
continuous linear mapping of E on F is a strict morphism. 


Remark. — The results of Nos 2, 3 are no longer valid when K is discrete. For example, 
let K, be a non-discrete valued division ring and K be the discrete division ring obtained 
by endowing K, with the improper absolute value on K,. Then K, is a topological 
vector space of dimension | over K, but it is not isomorphic to K,. However, we can 
show that the results of Nos 2, 3 are valid even when K is discrete, provided that we 
impose on the topological vector spaces considered, the property of having a funda- 
mental system of balanced neighbourhoods of 0 (i.e. neighbourhoods V such that 
K.V = V)(L, p. 27, exerc. 14) ; this condition (which is always satisfied when K is a non- 
discrete valued division ring cf. I, p. 7, prop. 4) is not valid for all topological vector 
spaces over K as the preceding example shows. 


4. Locally compact topological vector spaces 


THEOREM 3. — Let K be a complete non-discrete valued division ring. If E is a Haus- 
dorff topological vector space over K, which is such that some neighbourhood V of 0 
in E is precompact, then E is of finite dimension. If E # { 0 }, then both K and E are 
locally compact. 

In proving the first assertion, we need consider only the case when E is complete ; 
for E is an everywhere dense subspace of its completion E, and the closure V of V 
in E is compact and is a neighbourhood of 0 in E (GT, IIL, § 3.4, prop. 7). 

We can suppose then that there is a compact neighbourhood V of 0 in E. Let 
« € K be such that 0 < |a| < 1; then there are finitely many points a, € V such that 


Ve UG; + aV). 


Let M be the finite dimensional subspace of E generated by the gq; ; it is closed in E 
(I, p. 14, cor. 1). In the Hausdorff topological vector space E/M the canonical image 
of V is a compact neighbourhood W of 0, such that W < «W; hence «7! W < W,. 
and, by induction on n, «~" W c W for every positive integer n. As W is absorbent, 
we conclude that W = E/M;; and thus E/M is compact. To complete the proof of 
the first assertion in the theorem, it is sufficient, therefore, to establish the following 
lemma. 


Lemma 1.— Any compact topological vector space E over a non-discrete valued divi- 
sion ring, is just the set {0}. 
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Since E is complete we can suppose K is complete (I, p. 6). If E #4 {0} then E 
contains a line that is closed in E (I, p. 14, cor. 1) and therefore compact. This line is 
isomorphic to K, (I, p. 12, prop. 2) and hence K must be compact. Now the mapping 
E+ |E| of K in R is continuous and thus the image of K must be bounded, on the 
other hand there exists y e K with |y| > 1, and the set |y"| = |y|",1 € N, is unbounded. 
This contradiction shows that E = {0}. 


To prove the second assertion in the theorem, if E 4 {0} then from the first part 
of the theorem E is isomorphic to K? with n > 0; now K is complete, hence so is E, 
and thus E is locally compact. But K, is isomorphic to a line in E (I, p. 12, prop. 2) 
which is necessarily closed in E (I, p. 14, cor. 1); it follows that K is locally compact. 


Remark. — The result of th. 3 is no longer true if K is a discrete division ring as is shown 
by the example of R (with the usual topology) considered as a topological vector space 
over the discrete field Q. 


§ 3. METRISABLE TOPOLOGICAL VECTOR SPACES 


1. Neighbourhoods of 0 in a metrisable topological vector space 


We say that a topological vector space E is metrisable if its topology is metrisable. 
Relative to the structure of its additive group and of its topology, E is, therefore, 
a metrisable group (GT, IX, § 3.1). 

We know that, for a topological group to be metrisable, it is necessary and suffi- 
cient that there exists an enumerable fundamental system of neighbourhoods of 
the neutral element e, whose intersection is the single element e (GT, IX,§ 3.1, 
prop. 1). 

Also we know that the uniform structure of a metrisable topological vector 
space E, can be defined by an invariant distance d(x, y) = |x — y|, where x > |x| 
is a continuous mapping of E in R, which satisfies the conditions : 1) |— x| = |x|; 
2) |x + y| < |x| + ly]; 3) the relation |x| = 0 is equivalent to x = 0 (GT, IX, 
§ 3.1, prop. 3). 


We saw (GT, IX,§ 3.1, prop. 2) how such a distance d could be defined using a decreas- 
ing sequence (W,,) of neighbourhoods of 0 in E, forming a fundamental system of neigh- 
bourhoods and such that W,,, + W,.1 + Wii, < W,- When E is a metrisable 
vector space over a non-discrete valued division ring K, we can also suppose that the W,, 
are balanced (I, p. 7, prop. 4) ; if we revert to the process of definition of d(Joc. cit.) we can 
see that the relation |A| < 1 implies that |Ax| < |x|. Further the conditions (EVT)) and 
(EVT}) of I, p. 2 imply both that |Ax,| tends to 0 as X tends to 0 in K for every x) € E, 
and that |A,x| tends to 0 as |x| tends to 0 for every A) € K. Conversely, if the function |x| 
possesses all the preceding properties and if W, is the set of x e E such that |x| < 27", 
then the W, form a fundamental system of balanced neighbourhoods of 0 for a metrisable 
topology on E that is compatible with the vector space structure of E. 


Remark, — One of the most important classes of metrisable vector spaces are the 
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normed spaces (I, p. 3). But it must be noted that there exist metrisable vector spaces 
whose topology cannot be defined by a norm (I, § 3, exerc. 1) ; we shall study important 
examples later. 


2. Properties of metrisable vector spaces 


Every vector subspace of a metrisable topological vector space E is metrisable; 
the same is true of every quotient space E/M of E by a closed vector subspace M 
(GT, IX, § 3.1, prop. 4). Every product of an enumerable family of metrisable topo- 
logical vector spaces is metrisable (GT, IX, § 2.4, cor. 2). If Ky is a complete valued 
division ring, and K is a subdivision ring everywhere dense in Ky, the completion E of 
a metrisable vector space E over K is a metrisable vector space over K, (I, p. 6 and 
GT, IX, § 2, No. 1, prop. 1). Finally, if E is a metrisable vector space that is complete, 
then for every closed vector subspace M of E, the quotient space E/M is complete(GT, 
IX, § 3.1, prop. 4). 


3. Continuous linear functions in a metrisable vector space 


THEOREM 1 (Banach). — Let E and F be two metrisable vector spaces over a non- 
discrete valued division ring K, and let u be a continuous linear mapping of E in F. 
Suppose that E is complete. Then the following conditions are equivalent : 

(i) u is a strict surjective morphism. 

(ii) F is complete and u is surjective. 

(iii) The image of u is not meagre in F (GT, IX, § 5.2). 

(iv) For every neighbourhood V of 0 in E, the set u(V) is a neighbourhood of 0 in F. 

Firstly (i) implies (ii), for let u be a strict surjective morphism and N be the kernel 
of u. Then u induces an isomorphism of E/N on F. But E is metrisable and complete, 
hence E/N is complete (GT, IX, § 3.1, prop. 4), therefore F is complete. 

Next (ii) implies (iii). Let F be complete and u be surjective. The image of u is 
precisely F and therefore not meagre in F from Baire’s theorem (GT, IX, § 5.3). 

The following lemma shows that (iii) implies (iv). 


Lemma 1. — Let E and F be two topological vector spaces over a non-discrete valued 
division ring K, and let u be a continuous linear mapping of E in F such that the image 
of E is not meagre. Then, for every neighbourhood V of 0 in E, the set u(V) is a neigh- 
bourhood of 0 in F. 

Let W be a balanced neighbourhood of 0 in E such that W +WcV(L, § 1.5, 
prop. 4). Let « be an element of K such that |x| > 1; then E is the union of the sets 
a”W where n varies in N; in fact, for all x e E, there exists B e K such that x e BW 
(I, p. 7, prop. 4) and there exists an integer n > O such that |B] < ||", then x e a"W 
since W is balanced. Hence, u(E) is the union of the sequence of sets u(a"W) = a"u(W), 
and as u(E) is not meagre in F, one at least of the sets a"u(W) possesses an interior 
point (GT, IX, § 5.3, def. 2) and therefore u(W) has an interior point. 
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Let y) be an interior point of u(W); since — u(W) = u(W), and therefore 
— uW) = u(W) it follows thatO = yy + (— yo) isaninterior point of u((W) + u(W). 
As vector addition is a continuous mapping of F x F in F, the set u(W) + u(W) 
is contained in the closure of the set 


u(W) + u(W) = u(W + W) c UV); 
hence u(V) is a neighbourhood of 0 in F. 


Before proving that (iv) implies (i) we prove the following lemma, where we make 
the convention that, in all metric spaces, B,(x) denotes the closed ball of centre x 
and radius r. 


Lemma 2. — Let E and F be two metric spaces, and suppose that E is also complete. 
Let u be a linear mapping of E in F having the following property: whatever the number 
r > 0, there exists a number p(r) > 0 such that, for all x e E, we have 


Byn(¥d) < u(B,(>)) . 


In these conditions, for all a > r, the image u(B,(x)) contains the ball B,,(u(>)). 


ioe) 
Let (r,) be an infinite sequence of numbers > 0 such thatr,; = randa= )' r,. 
=1 


For each index » there exists a number p, > 0 (with p, = p(r)) such that 


B PALe9)) = u(B,, (x) 


for all xe E; we can, and will, suppose that lim p, = 0. 


Let x, be a point of E, and y bea point of B,,,,(u(xo)). We shall show that y belongs 
to u(B,(Xo)). 

For this, a sequence (x,),5 Of points of E is defined inductively such that, for 
all n > 1, we have x, € B, (x,_,) and u(x,) € B, | .(y). If the x, have been defined 
for 0 <i <n — | satisfying these relations, then we have ye B, (u(x,_,)); since 


B, (ux, v) = u(B,, (x, — v) ’ 


there exists a point x, € B,,(x,-) whose image u(x,) belongs to the neighbourhood 

B,,,,(”) of y, which establishes the existence of the sequence (x,,). 
Since the distance of x, from x,,, 1s less than r,., + f,42 + °° + %,4p, Which 

is arbitrarily small when n is large, the sequence (x,) is a Cauchy sequence in E. 


As E is complete, the sequence (x,) converges to a point x of E. The distance of 


X9 from x is less than )’ r, = a, thus xe B,(x)). But u is continuous, thus the 
n=1 

sequence u(x,) converges to u(x); also u(x,) eB 

lemma is proved. 


(y), hence y = u(x), and the 


Pn+1 
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We return to the theorem and show that (iv) implies (4). Suppose that wu satisfies 
condition (iv). For each of the spaces E and F, consider a distance that is invarient 
under translation and defines its topology (I, p. 16). By hypothesis, the set u(B,(0)) 
is a neighbourhood of 0 in F for every r > 0, and thus there exists a number p(r) > 0 
such that B,,,(0) < u(B,(0)). By translation we conclude that B,,,(u(x)) < u(B,(x)) 
for all r > 0 and all x e E. From lemma 2, for every pair of real positive numbers 
(a,r),a > r > 0, we have B,,(0) < u(B,(0)); thus w is a strict morphism of E on F. 
We have shown that (iv) implies (i) and the proof of the theorem is completed. 


COROLLARY 1. — If E and F are two complete metrisable vector spaces over a non- 
discrete valued division ring, then every bijective continuous linear mapping of E on F 
is an isomorphism. 


In particular, if E and F are two complete normed spaces, there exists a number 
a > 0 such that ||u(x)|| > a.||x|| for all xe E. 


CorOLLaRy 2. — Let E be a vector space over a non-discrete valued division ring, 
let 7, and 7, be two topologies on E compatible with its vector space structure and for 
each of which E is metrisable and complete. Then, if 7, and 7, are comparable, they 
are identical. 


COROLLARY 3. — Let E and F be two complete metrisable vector spaces over a non- 
discrete valued division ring. In order that a continuous linear mapping u of E in F 
should be a strict morphism, it is necessary and sufficient that u(E) be closed in F. 

The condition is necessary, because if u is a strict morphism, the image u(E), 
being isomorphic to the quotient E/u~1(0), is complete (I, p.17) and therefore 
closed in F. The condition is sufficient, since, if u(E) is closed in F, then u(E) must 
be a complete metrisable vector space and thus by theorem 1 vw is a strict morphism 
of E on u(E). 


COROLLARY 4. — Let E be a complete metrisable vector space over a non-discrete 
valued division ring. If M and N are two closed vector subspaces, that are (algebraic) 
complements in E, then E is the direct topological sum of M andN. 

For M x N is a complete metrisable vector space and the mapping (y, z) > y+z 
of M x N on E is continuous and bijective, therefore an isomorphism (cor. 1). 


COROLLARY 5 (The closed graph theorem). — Let E and F be two complete metrisable 
vector spaces over a non-discrete valued division ring. In order that a linear mapping 
u of Ein F be continuous, it is necessary and sufficient that its graph, in the product space 
E x F, be closed. 

The condition is necessary since the graph of a continuous mapping into a Haus- 
dorff space is closed (GT, I, § 8.1, cor. 2). To see that it is sufficient, note that it 
implies that the graph G of u, which is a closed vector subspace of the complete 
metrisable space E x F, is itself metrisable and complete. The projection zt> pr,(z) 
of G on E is a bijective, continuous linear mapping, therefore an isomorphism 


TVS I.20 TOPOLOGICAL VECTOR SPACES § 3 


(cor. 1); since its inverse mapping is x +> (x, u(x)), it follows that uw is continuous 
in E. 


We can express this corollary in the following form : u is continuous if the following 
situation holds: if the sequence (x,) of points of E both converges to 0 and is such that 
the sequence (u(x,)) converges to y, then it is necessarily the case that y = 0. 


Example. — Let E be a vector subspace of the space of real-valued functions defined 
on] = (0, 9 ; let || f|| be a norm on E, under which E is complete, and such that its 
topology is finer than the topology of simple convergence. Suppose further that E 
contains the set @ (1) of functions infinitely differentiable on I; we shall show that 
there exists an integer k > 0, such that E contains the set @*(I) of all functions with 
a continuous k-th derivative in I. 

For every pair of integers m > 0, n > 0, let V,,,, be the set of functions fe ¢ (I) 
such that | f(x)| < 1/mfor 0 < A < nand for all x eI. The V,,,, form a fundamental 
system of neighbourhoods of 0 for a metrisable topology compatible with the vector 
space structure of @*(1), further @ °(I) is complete in this topology (FVR, II, p. 2, 
th. 1). Let u be the canonical mapping of @*(1) in E; we show that wu is continuous. 
From cor. 5 above it is sufficient to prove that if a sequence (f,) converges to 0 in  °(I) 
and to a limit f in E then necessarily f = 0. But this is immediate since, by hypothesis, 
f is the simple convergence limit of (f,). Hence there exists an integer k > 0 anda 
number a > 0 such that the relation 


pf) = sup [f(o)| <a 


OSh<k 


implies || f|| < 1 for all fe @~(1). 

But p, is a norm on the space @*(I) and @ “(I) is a subspace that is everywhere dense 
in @*(1) for this norm (the set of polynomials being already everywhere dense in @*(I), 
an immediate consequence of the Weierstrass-Stone theorem). By what has gone before, 
the identity mapping of @ *(I) (carrying the norm p,) in E, is continuous, and so it 
can be extended continuously to the whole space @*(I) (since E is complete). This 
proves our assertion. 


PROPOSITION 1. — Let E, F be two topological vector spaces over a non-discrete valued 
division ring K. We suppose that : 


1) E ts metrisable and complete. 

2) There exists a sequence (F,) of complete metrisable vector spaces over K and, 
for each n, an injective continuous linear mapping v, of F,, in F such that F is the union 
of the subspaces v,(F,,). 

Then let u be a linear mapping of E in F. If the graph of u is closed in E x F, then 
there exists an integer n and a continuous linear mapping u, of E inF,, such thatu=v, © u, 
(which implies that u is continuous and that u(E) © 1,(F,)). 

Let G be the graph of u in E x F. For all n, we consider the continuous linear 
mapping w, :(x, y) (x, v,(y)) of E x F, in E x F; as Gis closed, the set w7 1(G)=G, 
is a Closed vector subspace of E x F,,; if p, is the restriction to G, of the first projec- 
tion pr,, we have p,(G,) = u ‘(v,(F,)). AS p, is continuous and G, is complete 
(since G,, is closed in the complete space E x F,), p,(G,,) is, by theorem 1, either 
meagre in E or it is the whole of E. But, by hypothesis, E is the union of the p,(G,), 
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and as E is complete, the p,(G,,) cannot all be meagre in E by Baire’s theorem (GT, 
IX, § 5.3, th. 1). Therefore there exists an integer n such that p,(G,) = E, or in other 
words u(E) c »,(F,,). Further, as v, is injective, G, is the graph of a linear mapping 
u, of E in F,, and by the closed graph theorem (I, p. 19, cor. 5) u, is continuous ; it 
follows then from the definitions that u = v, © u,. 


Exercises 


§1 


1) Let E,=Q* be the vector space over the p-adic field Q, (GT, III, § 6, exerc. 23) which is 
the product of an enumerable infinity of factor each identical with Q,. Let P < E, be the 
set ZN, and let E be the vector subspace of E, generated by P. On the additive group P we 
consider the product compact topology of the topologies of the factors Z, > and we denote 
by & the filter of neighbourhoods of 0 in P for this topology. Show that ¥’is a fundamental 
system of neighbourhoods of 0 in E for a topology Z compatible with the additive group 
structure of E, that satisfies (EVT;) and (EVTj,,) but not (EVTj,) (prove that the homothety 
x + x/p is not continuous in E). 


2) Let K be a non-discrete topological division ring, K, the division ring K with the discrete 
topology. The discrete topology on Ky is compatible with its additive group structure, and 
when we consider K, as a vector space over K, it satisfies the axioms (EVTj,) and (EVTj,) 
but not (EVT)). 


3) For every real number « > 0, let G, be the topological group R/xZ, and let G be the 
topological product group [] G, (« varying in the set of number > 0). For every xeR, 


let ¢,(x) be the canonical image of x in G,; the mapping $ : x — (t,(x)) is a continuous injective 
homomorphism of R in G. We consider on R the topology that is the inverse image by 
of that of G, and denote by E the topological group formed by R with this topology. Show 
that when E is considered as a vector space over R its topology satisfies (EVT;) and (EVT;,) 
but not (EVTj,). 


4) Let E be a vector space over a division ring K with a valuation; we suppose that E carries 
a metrisable topology compatible with its additive group structure. Suppose further that 
this topology satisfies axioms (EVT;) and (EVTj;); show that if one of the two metrisable 
groups K, E is complete then the topology also satisfies (EVTj,,) and is, in consequence, compa- 
tible with the vector space structure of E (cf. GT, IX, § 5, exerc. 23). 


5) Let K be a non-discrete valued field, and S be an arbitrary infinite set. 
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a) Let D = (a,) be an enumerable infinity of elements of S. For every A € K such that |A| < 1, 
let uw, be the element of the normed space &(S), (I, p. 4, Example) of bounded mappings of 
S in K, such that u,(a,) = 4” for alle N and u,(b) = 0 for b ¢ D. Show that the family (u,) 
is algebraically independent. 

b) Deduce that every basis of the vector space #,(S) has the same cardinality as KS (using a) 
show that the cardinal of every basis of Z,(S) is at least equal to Card (K); note on the other 
hand that Card(#,(S)) = Card(K$) and use A, II, § 2, exerc. 22). 

c) Show in the same way that every basis of the vector space f;(S) has the cardinality of (K x S)%. 


6) Let K be a non-discrete valued division ring. Show that, for the space €,(N) of absolutely 
summable sequences x = (&,,) of elements of K, the norms |x||, = >. |&,| and ||x/| = sup |, 
n=0 n 


are not equivalent (cf. GT, IX, § 3.3, prop. 7) ; show that @x(N) with the norm ||x|| is never com- 
plete even if K is complete ; what is its closure in R(N) ? 


“| 7) * Let A be a ring with a discrete valuation, v the normed valuation of the division ring 
of fractions K of A; take the absolute value a’ on K, where 0 < a < 1. Let E be a normed 
vector space over K, for which the norm satisfies the ultrametric inequality 


Ix + yll < sup(Ilxll, lly). 


a) Denote by M the set of those x € E for which ||x|| < 1, and by z a uniformizer of A; M 

is an A-module, and M/zM a vector space on the residual division ring k = A/nzA of A. 

Let (e,),<; be a family of elements of M such that the images of e, in M/nM form a basis of 

this vector k-space. Show that (e,) is an independent family in E and that the vector subspace F 

of E generated by (e,) is dense in E. 

b) If we put ||x|], = sup l&,|, for every x = )° &e, in F, show that on F the norms ||x|| and 
XR 


\|cl|, are equivalent. iu 

c) Let K be complete. Deduce from a) and 5) that, if L is finite, the completion E of E is iso- 
morphic to K"; if L is infinite E is isomorphic to the subspace @,(L) of Z,(L) formed of the 
families (€,) such that lim &, = 0 for the filter of complements of finite subsets of L. 

d) We suppose K and E complete; let G be a second normed complete space over K whose 
norm satisfies the ultrametric inequality. Show that on replacing (if necessary) the norm of 
L(E; G) (GT, X, § 3.2) by an equivalent one, then “(E; G) is isometric to the vector space 
of families (y,),.;, of elements of G such that sup ly, | < + 00, carrying the norm sup yl 


(which is also an ultrametric norm). 


8) Let E be a topological vector space over a non-discrete topological division ring K. In 
order that there should exist a neighbourhood of the point (0,0) in K x E such that the 
mapping (A, x) +> Ax should be uniformly continuous in this neighbourhood, it is necessary 
and sufficient that there exist a neighbourhood V, of 0 in E such that the sets AV, form a 
fundamental system of neighbourhoods of 0 in E, where ) varies in the set of elements + 0 
of K. When K is a division ring with a non-discrete valuation and E is Hausdorff, show that 
the uniform structure of E is then metrisable. 


9) Generalize prop. 5 of I, p. 8, to the case where the spaces E; ( < i < n) and F are topo- 
logical vector spaces over an arbitrary non-discrete topological field. 


10) Let E be a complete Hausdorff topological vector space over a non-discrete valued divi- 
sion ring K. Denote by F a vector subspace of E, and by 7 the topology on F induced by the 
topology 7’ of E; let B be a fundamental system of closed, balanced neighbourhoods of 0 
for the topology 7. Let F, be the vector subspace of E, generated by the closures V in E (rela- 
tive to 7’) of the sets V € B; the sets V form a fundamental system of neighbourhoods of 0 
for a topology 7, on Fo, compatible with the vector space structure of F, ; for this topology, 
F, is complete, and the topology induced by 7%, on F is identical with 7. 
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11) In a topological vector space E over a non-discrete topological division ring K there 
exists a fundamental system & of closed neighbourhoods of 0, satisfying the conditions (EV,,) 
and (EVj;) as well as the two following : 

(EV,,) For each V € &, there exists W e B anda neighbourhood U of 0 in K such that UW c V. 
(EV,,) For every xe E and every Ve &, there exists 1 # 0 in K such that Axe V. 
Conversely, let E be a vector space over K and let % be a filter base on E satisfying the condi- 
tions (EV,,), (EV},). (EV) and (EV,,). Show that there is a topology on E (and one such only), 
that is compatible with the vector space structure of E, and for which ¥% is a fundamental 
system of neighbourhoods of 0. 


12) Let K be a discrete field, E the division ring of fractions of the ring of formal series 
A = K[[X, Y]] in two indeterminate variables on K (A, IV, p. 36). For everyn > 0, let V, <A 
be the set of formal series of total degree at least equal to n. Show that in E, the sets V, form 
a fundamental system of neighbourhoods of 0, for a topology compatible with the vector 
space structure of E (over K), for which E is metrisable and complete; if further K is a finite 
field, then E is locally compact. Show that the K-bilinear mapping (u%, v) wv of E x E in 
E is continuous at the point (0, 0) but that there exists uy € E such that v upp is not conti- 
nuous in E (for example uy = 1/X). 


13) Let E bea vector space of infinite dimension over R, and let T be the family of all absorbent 
and balanced sets of E. Show that T does not satisfy axiom (EV,,) (in other words is not a 
fundamental system of neighbourhoods of 0 for a topology compatible with the additive 
group structure of E). For this, consider an infinite independent family (e,),,5, in E; for every 


integer n > 1, let A, be the set of points )° t,e, such that |t,| < 1/n for 1 <i<n; let A 
i= 

be the union of the A,, and V be a subspace complementary to the subspace of E generated 

by the e,, and write C for the set A + V; show that there exists no set Me such that 

M+McC. 


4, 14) Let K be a Hausdorff topological division ring, (E,),.; an infinite family of Hausdorff 
topological vector spaces on K, none of which is the single point 0. We consider on F = |] E, 


tel 


the topology 7, compatible with the additive group structure of F, for which a fundamental 
system of neighbourhoods of 0 is formed by the products [| V,, where, for each iel, the 


tel 
set V, is a neighbourhood of 0 in E (this topology is strictly finer than the product topology ; 
cf. GT, Ill, § 2, exerc. 23). We denote by 7, the topology induced by 7 on the subspace 
E = © E of F; E is closed in F for the topology 7, and if each of the E, is complete, then 


tel 

F is complete for the topology 7, therefore E is complete for the topology 7, (GT, III, § 3, 
exerc. 10). 

a) Show that if there exists in K a neighbourhood of 0 bounded on the right (GT, III, § 6, 
exerc, | 2) (in particular if K is a division ring with a valuation), the topology 7, is compatible 
with the vector space structure of E. If, further, K is not discrete, then E is not a Baire space 
for any topology that is finer than 7, and compatible with the vector space structure of E. 
b) Moreover, if there does not exist in K any neighbourhood of 0 bounded on the right (see 0) 
give an example of a family (E,) such that the topology 7, is not compatible with the vector 
space structure of E. 

c) LetA = R[X] be the ring of polynomials in one variable on R. For every sequence s=(,),, 50 
of real numbers > 0, denote by V, the set of polynomials )) a,X* e A such that |a,| < ¢, 

k 


for all k. Let T be the set of the V, where s varies in the set of sequences of numbers > 0. 
Show that T is a fundamental system of symmetric neighbourhoods of 0 for a topology compa- 
tible with the ring structure of A. Let K = R(X) be the division ring of fractions of A; denote 
by G the family of subsets of K of the form U(1 + U)~', where U varies in the set of the V, 
not containing 1 ; show that © is a fundamental system of neighbourhoods of 0 for a topology 
compatible with the division ring structure of K, and that there does not exist in K any neigh- 
bourhood of 0 that is bounded. 
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da) For every Hausdorff topological division ring K, show that there exists a set I such that 
on F = K/ the topology 7, defined above, is not compatible with the vector space structure 
of F. 


§ 2 


1) Let S be an arbitrary infinite set. 

a) Show that the smallest cardinal of any total set in the normed space &(S) of bounded 
mappings of S in R (I, p. 4, Example) is equal to 24 (consider the set of characteristic func- 
tions of subsets of S and note that there exists an enumerable set everywhere dense in R). 
b) Show that the smallest cardinal of any total set in the normed space ¢'(S) (I, p. 4, Example) 
is equal to Card(S). 


2) In the product topological vector space E = RN over the field R, denote by e, (néN) 
the elements of the canonical basis of the direct sum R™. Write a) = eg, a, = &y + (/nie, 
forn > 1. Show that, for every integer n > 0, the a; such thatO0 < i < n forma topologically 
independent family in E, but that the infinite family (a,),5, is not topologically independent. 
If M is the closed vector subspace Ray, the classes a, of the a, in E/M form a topologically 
independent family (for n > 1), but the closed vector subspace N generated by the a,, with 
index n > 1, in E contains M. 


3) Let E be a topological vector space over R, and f a homomorphism of the additive group 
of E in R. Show that if there exists a neighbourhood of 0 in E in which f is bounded, then 
f is a continuous linear form in E. This is so in particular when f is semi-continuous (lower 
or upper). 


4) Denote by K the field R with the absolute value p(E) = |&|1/?. Let E be the vector space 


over K of the real valued regulated functions defined over I = (0, 1), continuous on the 
1 


right everywhere and zero at the point 1 ; show that on E the mapping x + ||x|| = { |x(2)|*/2dt 


0 
is a norm. Show that for every function x > 0 in E, there exists in E two functions x, > 0, 


x, = Osuchthatx = ica + x,)and |Jx,|| = |x, |] = a \|x||. Deduce that every continuous 


linear form on E is identically zero. 


5) Let K bea Hausdorff topological division ring of which the topology is locally retrobounded 
(GT, II, § 6, exerc. 22). Extend prop. 2 of I, p. 12 and th. 1 of I, p. 13 to topological vector 
spaces over K; similarly extend th. 2 of I, p. 13 and prop. 3 of I, p. 14 when K is also complete. 


6) Let K be the topological division ring obtained by transferring the usual topology of Q? 
to the field Q(./2) by the mapping (x, y)hx + y ver 

a) Let E be the set Q(,/2) with its vector space structure over K and with the topology induced 
by that of R. Show that E is a Hausdorff topological vector space, of dimension 1 on K, but 
that it is not isomorphic to K,. 

b) Let F be the topological vector space E x E over K; in F, the hyperplane E x {0} is 
closed but there is no continuous linear form f on E x E such that this hyperplane is given 
by the equation f(x) = 0. 


7) Let K be a valued division ring which is non-discrete and non-complete, let E be the 
topological vector subspace K + Kaof K where a ¢ K, and let F be the product space K x E. 
In F, the subspace M = K x {0} is closed and of codimension 2. Let N be the complementary 
subspace to M in F generated by the vectors (0, 1) and (1, a); show that F is not the direct 
topological sum of M and N. 
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“1 8) Let p be a prime number, Q, the field of p-adic numbers (GT, III, § 6, exerc. 23). Let 
Ey be the topological product space Q, x R; if K denotes the field Q with the discrete topo- 
logy, then Ey is a topological vector space over K. Let M be the vector subspace formed by 
the elements (r, r) where r varies in Q; further let 6 be an irrational number and N the vector 
subspace formed by the elements (0, r6) where r varies in Q. Let E be the subspace M +N 
of E, ; show that N is a closed hyperplane in E, but that there does not exist a complementary 
topological subspace to N (note that M is everywhere dense in E,). 


9) Let X be a Hausdorff topological space, and let V be a vector subspace of finite dimension 
n of the space @(X; R). 

a) Show that there exist n pair-wise disjoint, open sets U; (1 < i < n) in X, such that any 
function fe V which is identically zero in each of the U,, is identically zero in X (use A, II, 
§ 7.5, cor. 3). 

b) Let x;¢ U; for 1 < i <n. Deduce from a) that there exists a constant c > 0 such that, 
for every function fe V, we have 


sup [f@9| <¢ Y [FDI 


xeX 


10) Let K be a locally compact non-discrete valued division ring, and E a left vector space of 
finite dimension over K. Denote by Jt(E) the set of norms on E, which is a subspace of the 
space @(E ; R) of mappings of E, continuous (in the canonical topology), in R. 

a) When we give to @(E; R) the compact convergence topology * (for which it is a Fréchet 
space) ,, the set NE) is closed in @(E; R), and locally compact. 

b) Let po be an element of J¢E); show that there exists a continuous mapping (A, p) > 1,(p) 
of (0, 1} x NCE) in NCE) such that m(p) = p and 1,(p) = po for every pe NCE). 


11) With the hypotheses of I, p. 23, exerc. 7 show that if K and E are complete then every closed 
subspace of E has a topological complement (proceed as in a), /oc. cit.). 


@ 12) Let K bea locally compact valued division ring whose absolute value is non-discrete 
and ultrametric. We call a norm on the left vector space E over K an u/tranorm if it satisfies the 
ultrametric inequality (II, p. 2). 

a) Let E be a finite dimensional left vector space over K, let « be an ultranorm on E and H 
a hyperplane in E given by the equation ¢ x, a*> = 0. Show that there exists a point xy E E 
at which the function x + |< x, a*>|/a(x) attains its upper bound in E\ {0}; show that then 


a(x) = sup(o( ae ) Ak a>] 26+) } . 


— > XX 
(Xo, a* > (Xo, a* >| 


Deduce that there exists a basis (a,;) of E and a family (r,) of real numbers > 0 such that, for 
all x = )) Ga, we have a(x) = sup(r;|§;|). We say that « is in the standard form relative to 


the basis (a,). 
b) Let a* be the norm on E* the dual of E canonically associated with « by 


a*(x*) = sup |< x, x*>|/oe(x) ; 
x#0 


it is an ultranorm. Show that for all x, #0 in E, there exists x%¢E* such that 
(Xo) = |< xq, X¥ >|/o*(x8). 

c) Let a, B be any two ultranorms on E. Show that there exists a basis of E such that relative 
to this basis « and f are both of the standard form (consider a point x, ¢ E\ {0} at which 
«/B attains its maximum; then use 5) and proceed by induction on dim E). 

d) Let %,(E), the set of ultranorms on E, be considered as a subspace of M(E) (exerc. 10). 
Show that ¥t,(E) is closed in J(E). Let a be an element of M,(E); for each a € N,(E) and 
for0 <1¢ <1, let P,(d be the set of B € It,(E) such that B(x) < a (x)'~‘a(x) for all xe E. 
Show that P,(‘) is not empty and that x? = sup P,(7) is an ultranorm. Further, the mapping 
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(t, 0) ++ x* of (0, 1} x 9(E) in N,(E) is continuous and such that m3 = a) and n% = o 
(use ¢)). 

* e) Let A be the ring of the absolute value of K, m its maximal ideal such that k = A/m 
is a finite field with g elements (CA, VI, § 5, No. 1, prop. 2). For every ultranorm « on E, the 
image X, of the set of values of log a(x) for x € E\ {0} under the canonical mapping in the 
quotient group R/(Z. log q) is a finite set having at most m = dim E elements (use a)); the 
number of these elements is denoted by r(a) and called the rank of a. Show that r is a lower 
semi-continuous mapping of 9,(E) in N and that the set Jt,(E) of the « for which r(a) =n 
is open and everywhere dense in 9t,(E) (use a) and c)). 

f) Suppose that r(a) = n; let (a,) be a basis of E relative to which « is of the standard form ; 
show that there exists a neighbourhood V of & in It>(E) such that every B € V has the standard 
form relative to (a;) (use 5)) ; deduce that there is a neighbourhood W c V ofa homeomorphic 
to an open set in R”. 

g) For every basis (a;) of E, show that the set of ultranorms « that have a standard form relative 
to (a,) is closed in 9t,(E). Deduce that if « € 9t,(E) has a standard form relative to (a,) the 
same is true of all elements of the connected component containing « in It,(E). , 


“7 13) * We keep the general hypotheses and the notations of exerc. 12. 

a) Let L be a free sub-A-module of E of dimension n = dim E. For all x e E\ {0}, the set 
of the ae A such that ax € L is a fractional ideal of K of the form m’ (/ a positive or negative 
integer); putting a(x) = q" and «(0) = 0, show that « is an ultranorm on E. It is said to be 
associated with the free A-module L. 

b) Conversely, if « is an ultranorm on E, the set L, of the x e E such that a(x) < 1 is a free 
A-module of dimension n. If [a] is the norm associated with L,, we have a < [a] < qa, and 
[a] is the lower bound of the norms associated with free A-modules and which are > a. We 
have [qa] = q.[a], and a(x) = inf(q™‘[g‘a] (x)) for all xe E, where ¢ varies in the interval 
(0, 1). Further, the function 1 > [q'q] (x) is left continuous in this interval. 

c) With the same notations, show that for 0 < ¢ < 1, there are at most v distinct ultranorms 
among the [q‘«]. Conversely, let L be the set of ultranorms associated with the free A-modules 
of dimension n, and let (@,)) <,<, be an increasing family of ultranorms of L such that «, =qa%. 
Show that there exists a basis of E relative to which all the «, have the standard form (ifue A 
is an element of valuation 1, and L, the free A-module of the x € E such that «,(x) < 1, consider 
the vector spaces L,/uL, on k). Deduce further, that if, for all x € E, tt a,(x) is left-continuous 
in (0, 1) then there exists a unique ultranorm « such that a, = [g‘o] for all te (0, 1). 

d) The linear group GL(E) operates continuously in 9t,(E); show that it operates properly. 
For all a € N,(E), the stabiliser S, of « in GL(E) is the intersection of the stabilisers of the 
[q’'x] for O < t < 1; deduce that S, is an open compact subgroup of GL(E), and hence that 
the orbit of each a € Nty(E) is a closed, discrete subspace of M,(E). 

e) For every ultranorm « € 3t,(E) consider the decreasing sequence of the dimensions of the 
vector k-spaces L,/uL,, where L, is the A-module of the x e¢ E such that [q'a] (x) < 1, and 
t varies from 0 to 1; we call this sequence, the sequence of invariants of x. In order that « and B 
belong to the same orbit in 9t,(E), it is necessary and sufficient that X, = X, (exerc. 12, e)) 
and that the sequence of the invariants of « and of B should be the same (use exerc. 12, 5)). 
J) Deduce from e) that the space of the orbits 3t,(E)/GL(E) is isomorphic with the space 
of the orbits T"/S,, where the symmetric group operates on the right on T" by 
(2s ZF Cais: ss ago 

14) Generalize the results of No. 2 and No. 3 to topological vector spaces E over a discrete 
division ring K, such that there exists a fundamental system of balanced neighbourhoods 
of 0 in E (ie. of neighbourhoods V such that K.V = V). 


15) Let E be a normed space of finite dimension m over R or C. Ascribe to the dual E*, the 


norm defined by ||x*|| = sup |x, x*>| (GT, X, § 3.2). Show that there exists a basis (e;) 
yxy <i 


' For the exercises 12 and 13, see O. GOLDMAN and N. Iwanort, The space of p-adic 
norms, Acta math., 109 (1963), pp. 137-177. 
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of E such that, if (e*) is the dual basis, we have |le,|| = |le*|| = 1 for all i (Let (@,) be a basis 
of E formed of vectors of norm 1; consider, the determinant det(€,,) for each system of n 


vectors x, = )) &,,a, of norm 1, and consider such a system for which the absolute value of 


. J . . 
this determinant is maximal.) 


§ 3 


1) a) Show that, ifa Hausdorff topological vector space E over a non-discrete valued division 
ring K is such that every neighbourhood of 0 contains a vector subspace that is not the single 
point 0, then the topology of E cannot be defined by a norm, In particular, a product of an 
infinite sequence (E,) of Hausdorff topological vector spaces on K, none consisting of the 
single point 0, has a topology that cannot be defined by a norm. 

b) Consider the product vector space E = KN; for all x = (&,) € E, put 


bl = 2-10 + ED 


Show that the topology of E is defined by the distance d(x, y) = |x — yl, that |Ax| < |x| if 
[Al < 1, |Ax| < fA. |x| if [A] = 1 and that, for all x) € E, |Axo| tends to 0 with [A]. 


2) Let E and F be two complete, metrisable vector spaces over a non-discrete valued division 
ring, and let 7, be the topology of F. Let 7 be a Hausdorff topology on F, coarser than Zo. 
Show that if the linear mapping u of E in F is continuous for the topology 7 on F, it is still 
continuous for the topology 7, on F (use the cor. 5 of I, p. 19). 

Deduce that if 7, and 7, are two distinct topologies on a vector space E over a non-discrete 
valued division ring, compatible with the vector space structure of E, and for each of them 
E is metrisable and complete, then there does not exist a Hausdorff topology on E 
coarser than 7, and 7,. Give an example of two such topologies on an infinite dimensional 
vector space E (note that there exist bijections of E on itself such that both the bijection and 
its inverse are not continuous for a normed space topology on E). 


3) Let E and F be two Hausdorff topological vector spaces over a non-discrete valued division 
ring ; and suppose that E is metrisable and complete. Let u be a continuous linear injection of E 
in F, and let G be a vector subspace of u(E); suppose that there exists on G a topology 7 
which is finer than the topology induced by that of F, is compatible with the vector space 
structure of G and for which G is metrisable and complete. Show that the mapping inverse to u, 
restricted to G, is continuous for 7 (use I, p. 19, cor. 5). 


4) Let E, F be two complete metrisable vector spaces over a non-discrete valued division ring 
and let u be a continuous linear mapping of E in F. Show that if there exists in F a closed com- 
plementary subspace to u(E), then u(E) is closed in F (use I, p. 19, cor. 5). 


5) Let E and F be two complete metrisable vector spaces over a non-discrete valued division 
ring and let u be a linear mapping of E in F. Let N be the set of cluster points of u in F with 
respect to the filter of neighbourhoods of 0 in E; show that N is a closed vector subspace 
of F, and that, in order that u be continuous, it is necessary and sufficient that N be the single 
point 0 (use J, p. 19, cor. 5). Show that N is the smallest of the closed vector subspaces M of F 
such that, if d denotes the canonical homomorphism of F on F/M, then ¢ o w is a continuous 
mapping of E in F/M. 


6) Let E be a complete metrisable vector space over a non-discrete valued division ring K. 
a) Let p be a lower semi-continuous mapping of E in the interval (0, + co) of R such that 
D(AX) = |A|.pOd for A # 0 in K and xe E, such that p(0) = 0 and p(x + y) < p(x) + p(y) 
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for any x, y in E. Show that if p is finite in E, then p is continuous (consider the closed set 
B of x €E such that p(x) < 1, and use Baire’s theorem). 

b) Let (p,) be a sequence of mappings of E in (0, + co) satisfying the conditions of a). Show 
that if none of the p, are finite in E then there exists a point x € E such that p,(x) = + 00 
for all n (same method as above). 


7) Let E be a complete metrisable vector space over a non-discrete valued division ring K. 
We say that a vector subspace M of E is paracomplete if there exists on M a complete 
metrisable vector space structure for which the canonical injection of M in E is continuous. 
a) Let M, N be two paracomplete subspaces of E such that M + N and Mo N are closed 
in E. Show that M and N are closed in E. (Taking quotients by M 4 N reduces the question 
to the case where M 1 N = {0}, and we can consider then the mapping (x, y)hb x + y of 
M x N in BE). 

b) Show that if E is the union of an increasing sequence of paracomplete subspaces, (M pyro 
then there exists an index j such that M, = E. (Use Baire’s theorem (GT, IX, § 5.3, th. 1) and 1 
p. 17, th. 1). 


8) Let E be a Banach space over a non-discrete valued division ring K. We say that a vec- 
tor subspace M of E is strongly paracomplete if there exists a norm ||X||,, on M for which 
M is a Banach space and the canonical injection of M in E is continuous. 

a) Show that if M and N are two strongly paracomplete subspaces of E, then M + N and 
MoN are also strongly paracomplete subspaces. (On M +N, consider the norm 
IXIl_an = inf(lllly + llvlly), where the lower bound is taken over all pairs (u, v) such that 
x =u+v, uEeM and veN.) 

b) Let M, N be two strongly paracomplete subspaces of E such that N and M + N areclosed. 
Show that M = M +(MAN) and MAN = MOAN (use exerc. 7, Q). 


9) a) Let a, b be two points of a normed space E on the field R. Denote by 5(A) the diameter 
of a bounded set A in E (using the norm metric on E) and define inductively the sequence 
(B,),>1 Of bounded sets in E satisfying the following conditions : B, is the set of those x e E 
such that ||x — al] = ||x — bj] = 4lla — 6]; for n > 1, B, is the set of those xe B,_, such 
that |x — yll < 486(B,_,) for all ye B,_ a Show that the intersection of the B,, is just the 
single point 4(a + b) (note that 8(B,,) < 35(B,_ ;)). 

b) Deduce from aq) that if u is an isometry of | the real Banach space E on the real Banach space 
F, then wu is an affine linear mapping of E on F. 


CHAPTER II 


Convex sets and locally convex spaces 


In §§ 2 to 7 of this chapter, we shall be concerned only with vector spaces and affine 
spaces over the field of real numbers R, and when we speak of a vector space or an affine 
space without giving its division ring of scalars explicitly, then it is to be understood 
that this division ring is the field R. For vector spaces on C, see § 8. 


§ 1. SEMI-NORMS 
Throughout this paragraph, K denotes a non-discrete valued division ring. 


1. Definition of semi-norms 


DEFINITION 1. — Let E be a left vector space over K. A mapping p of E in 
R, = (0, + ol, is called a semi-norm on E if it satisfies the following axioms : 
(SN,) If xeE and XEK then p(rx) = |A| p(x). 
(SN,) Jf xe E and y cE then p(x + y) < p(x) + p(y). 


Since p(x)<p(y)+p(x—y) and p(y)<p(x)+p(y—x), from p(y—x)=p(x—y), 
we deduce 


(1) |p(x) — p(y)| < p(x — y). 


Examples. — 1) A norm on E is a semi-norm p such that the relation p(x) = 0 
implies that x = 0 (I, p. 3). 


2) For every linear form f on E, the function x + |f(x)| is a semi-norm on E. 
3) Ifp,(1 < i <n) isa finite set of semi-norms on E, then clearly p(x) = sup p,(x) 
1<i<n 


and p"(x) = > a,p,(x) (where the «, are > 0) are both semi-norms on E. 
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A mapping p of E in R, is called an ultra-semi-norm if it satisfies (SN, and the 
following axiom : 

(SNj,) Jf x €E and ye FE, then p(x + y) < sup(p(x), p(y). 

Clearly an ultra-semi-norm is a semi-norm. 

To say that the absolute value on K is ultrametric (CA, VI, § 6.2) means that it is 
an ultra-semi-norm on the left vector space K,, which is not identically zero. 


PROPOSITION 1. — Let E be a left topological vector space over K and let p be a semi- 
norm on E. The following conditions are equivalent : 

a) p is continuous in E. 

b) p is continuous at the point 0. 

c) p is uniformly continuous. 

d) For each real number « > 0, the set W(p, «), of those x € E for which p(x) < a 
is open in E. 

e) There exists a real number a > 0, such that W(p, «) is a neighbourhood of 0 inE. 

f) For every real number « > 0, the set V(p, «), of those x € E for which p(x) < a, 
is a neighbourhood of 0 in E. 

In fact, the implications c) > a) > b) = d) > e) = f) = c) follow immediately 
from (SN,) and inequality (1). 


COROLLARY. — If p is a continuous semi-norm on E and q is a semi-norm such that 
q <p, then q is continuous in E. 


When p is an ultra-semi-norm on E, then the sets W(p, a) and V(p, «) are both open 
and closed. For, we have seen that W(p, a) is open; on the other hand if z is a cluster 
point of W(p, a), then there exists ye W(p, «) such that p(y — z) < a, and from (SNj) 
we have p(z) < a, thus W(,, «) is closed. Also, V(p, a) is closed since p is continuous; 
further if p(x) < ao and p(y) < a, then p(x + y) < a by (SNj), and this shows that 
V(p, &) is open. 


2. Topologies defined by semi-norms 


Let p be a semi-norm on the vector space E over K; for every « > 0 let V(p, «) 
be the subset of those x of E for which p(x) < «. Clearly, if xe V(p, 0) and’ eK 
is such that |A| < 1, then Ax € V(p, a), in other words V(p, «) is balanced. Further, 
for every X) € E, there exists a non-zero scalar pe K such that |p| > p(%)) «3, 
therefore 1. *x, € V(p, «) that is to say V(p, a) is absorbent. Finally, from (SN,), 
we have V(p, «/2) + V(p, «/2) < V(p, a), and from (SN,) that for every non-zero 
scalar X in K we have AV(p, a) = V(jp, |A| a). We conclude from these remarks, by I, 
p. 7, prop. 4, that, when « varies in the set of numbers > 0 (or only in a sequence of 
strictly positive numbers tending to 0) then the sets V(p, «) constitute a fundamental 
system of neighbourhoods of 0 for a topology compatible with the vector space 
structure of E ; we say that this topology is defined by the semi-norm p. A vector space 
E with such a topology is called a semi-normed space. Note that if W(p, «) is the 
subset of x of E such that p(x) < a, then the W(p, «) constitute (where « > 0, or « 
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varies in a strictly positive sequence of numbers tending to zero) a fundamental 
system of neighbourhoods of 0 for the topology defined by p. 

If T is a set of semi-norms on E, then the upper bound of the topologies defined by 
the semi-norms p €T is compatible with the vector space structure (I, p. 10, cor. 4). 
A fundamental system of neighbourhoods of 0, for this topology, is given by the finite 
intersections (.) V(p;, «;) where p,; € T and a; > 0. This topology is said to be defined 


by the set of semi-norms YT. It is the coarsest topology on E amongst those that are 
invariant under all translations and for which the semi-norms p € I are continuous. 

Let E be a topological vector space over K : a system of semi-norms on E, say I, 
is called a fundamental system of semi-norms if the topology on E is the same as the 
topology defined by T. 

Let E bea vector space over K, with the topology defined by a set of semi-norms I. 
For every semi-norm p, we have p(x — z) < p(x — y) + p(y — 2), which shows that 
the function (x, y) > p(x — y) is a pseudometric on E(GT, IX, § 1.1) : it follows from 
the definitions that, when p varies in I, the set of these pseudometrics defines the 
uniform structure of the topological vector space E. 


Remarks. — 1) The topology defined by a finite set of semi-norms D; (ad <i<n”) 
on E, can be defined by the single semi-norm p = sup p;. But a topology defined by 


1<i<n 
an infinite set of semi-norms cannot, in general, be defined by a single semi-norm (III 
p. 37, exerc. 2). 

2) Let (7), be a family of topologies on a vector space E over K, each of which 
is defined by a family of semi-norms I’,. Then the topology defined by the set of semi- 
norms T = UT, is the upper bound of the topologies 7, 

el 

3) If IT, is a set of semi-norms directed by the increasing order relation defined between 
two semi-norms p, q on E by « there exists 2 > 0 such that p < Aq», then a funda- 
mental system of neighbourhoods of 0, for the topology defined by Ig, is obtained by 
taking the sets V(p, «) where pe IT, and « > 0. If I is any set of semi-norms on E, then 
a filtered set of semi-norms, defining the same topology as I, is the set [, of upper 
envelopes of all finite families of semi-norms belonging to I. 

4) Even if K = R, the topology of a topological vector space over K cannot always 
be defined by a set of semi-norms (cf. II, p. 24, corollary). 


o 


Example. — Let @”(R) be the vector space over R of real valued functions that are 
infinitely differentiable in R. For every function and every pair of integers n > 0 
m > 1, put 


(2) Pani f) = sup [f(0)| 


—ms<t<m 


> 


with f = f. Obviously the p, ,, are semi-norms on @ (R). In order that the functions 
f, tend to 0 (following a filter on the set of indices) in @°(R) for the topology 7 
defined by the semi-norms p,,,,, it is necessary and sufficient that for all integers n > 0, 
the functions f tend to 0 (following &) uniformly on every compact subset of R. We 
say that 7 is the topology of compact convergence for the functions f ¢ @ @(R) and all 
their derivatives (cf. Il, p. 9). 


PROPOSITION 2. — Ona vector space E, let be the topology defined by a set of semi- 
norms T. 
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(i) The closure of {0} in E, for 7, is the subset of x e E for which p(x) = 0 for 
every semi-norm p ET. 

(ii) If Z is Hausdorff and T is enumerable, then Z is metrisable. 

The proposition follows immediately from the definitions and from GT, IX, § 2.4, 
cor. |. 


Note that if 7 is metrisable, it may be that 7 cannot be defined by a single norm; 
this is the case in the example given above (cf. IV, p. 18, Example 4). 


Let E be a vector space over K, with the topology defined by a set of semi-norms I. 
Let E be the Hausdorff completion of E (I, p. 6), and I’ be the set of mappings f of E 
in R, where p varies in T (GT, Il, § 3.7, prop. 15). By the principle of extending 
inequalities, the functions p ¢ I are semi-norms on E, and the functions A(x — y) 
form aset of pseudometrics defining the uniform structure of E(GT, LX, § 1.3, prop. 1). 
We see, therefore, that I is a fundamental set of semi-norms defining the topology 
of E. 


3. Semi-norms in quotient spaces and in product spaces 


Let E be a topological vector space over K, whose topology is defined by I, a set 
of semi-norms. Clearly, the restrictions of the semi-norms of I to a vector sub-space 
M of E, define the topology induced on M by that of E. 

Let ¢ be the canonical mapping of E on the vector quotient space E/M. We show 
that, for every semi-norm p on E, the function 


(3) P(z) = inf p(x) 
O(x) =z 


is a semi-norm on E/M. In fact, it is clear that p satisfies the condition (SN,); on the 
other hand, if z’, z” are two vectors of E/M, we have : 


inf p(x) < inf p(x’ + x") 
(x)= 2! +2" O(x’) = 2’ ,(x”) = 2” 
= inf (p(x’) + p(x") 


(x)= 2’ (x) = 2” 
= inf p(x’) + inf p(x") 
(x')= 2" (x")= 2" 
which shows that p verifies (SN,,). We say that p is the quotient semi-norm of p by M. 


The same reasoning proves that, if p is an ultra-semi-norm, then so also is p. 
This being so, we have (in the notation of No. 2) 
(4) o(W(p, )) = Wp, a). 


for every a > 0. In fact, to say that p(z) < «, means that there exists x € E such that 
o(x) = z and p(x) < o, from which the relation (4) follows. 
We deduce from this, that, if the set of semi-norms I is directed (II, p. 3, Remark 3), 
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then the quotient topology on E/M is defined by the set of semi-norms p, when p 
varies inT. 

If N is the closure of {0} in E, the topology of E/N is defined by the quotient semi- 
norms p, where p varies in I (even if T is not filtered) : here p(x) = p(x) for every x 
belonging to the class x mod N. Note that E/N is none other than the Hausdorff 
space associated with E (I, p. 4). 

Let E be a vector space over K and (E,),., be a family of vector spaces over K, 
where E, has the topology 7, defined by a set of semi-norms I’. For each ie I, let f 
be a linear mapping of E in E,; clearly when p, varies in the set T,, then the p, o f, 
form a set I’ of semi-norms on E. The topology 7 on E, defined as being the coarsest 
of all those which make all the mappings f, continuous (I, p. 9) is then defined by 
the set of semi-norms I’ = UT", this follows from the definition of neighbourhoods 


vel 


of 0 for Z (GT, I, § 2.3, prop. 4). 


If the p, are ultra-semi-norms, then so are the p, o f. 


Let E be a vector space over K, with the topology 7 defined by a family of semi- 
norms (/,),-;; for every1 € I, let 7, be the topology defined by the single semi-norm p,, 
and denote by E, the space obtained from E using the topology 7,. Then the topology 
Z is the inverse image by the diagonal mapping A : E > [|| E, of the product topo- 


tel 


logy on I E, (I, p. 9, prop. 7). For each eI, write N, for the closure of {0} in E,, 


and by E = E/N,, the normed space defined by the norm p, corresponding to p, 
(II, p. 4, formula (3)):; if >, : E> F, is the canonical mapping and  : (x)+>(o,(%,)) 
the product mapping, we know that the product topology on || E, is the inverse 


tel 


image by ¢ of the product topology on | | F, (GT, 1. § 3.9, prop. 18). The topology 7 
tel 


is, therefore, the inverse image under the composite mapping oo A of the product 
topology on | | F.. In particular, if 7 is Hausdorff then it follows from II, p. 3, prop. 2 


tel 
that the mapping 6 0 A is injective, therefore : 
PROPOSITION 3. — Every Hausdorff topological vector space E over K, whose topology 
is defined by a Set of semi-norms, is isomorphic to a sub-space of a product of Banach 
spaces. 
If, further, the topology of E is defined by an enumerable set of semi-norms, then E 
is metrisable (1, p. 16). 


4. Equicontinuity criteria of multilinear mappings for topologies defined by semi- 
norms 


PROPOSITION 4. — Let E,; (1 < i < n) and F be topological vector spaces over K; 
we suppose that, for every i, the topology of E, is defined by a directed set of semi*norms 
T,, and that the topology of F is defined by a set of semi-norms 1. Then a set H, of 
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n 
multilinear mappings of I] E, in F is equicontinuous if, and only if, for each semi-norm 
i=1 
qéTI, and each index i, there exists a semi-norm p,¢1,, and a number a > 0, such 


that for each function ue H and point (x;) € [| E,, 
i=1 


(5) Q(UlX,, Xy5 -++5 Xp) <S -Py(%y) P2(Xq) --- Py(X) - 


The condition is sufficient since it implies that H is equicontinuous at (0, 0, ..., 0) 
and therefore everywhere (I, p. 9, prop. 6). 

We show that the condition is necessary. By hypothesis, for every semi-norm q¢IT 
and every number B > 0, we have q(u(x,, x2, ..., X,)) < B for every function ue H 
provided that p,(x;) < a; are true for each index i, 1 < i < n, and certain appro- 
priately chosen numbers «; > 0 and semi-norms p,éIT;. As K is non-discrete, 
we can also suppose that, for every 7, we have a; = |A,| < 1 where A; e K. Then let 


n 
(x,,X,..., X,) be any point of [] E;, and for each index i, let m, € Z be an integer 
i=1 


such that p(x,) < |A,"**1; this can be written as p(A;™x,) < [A,| I <i<n), 
therefore, by hypothesis, we have 


(6) G(U(X1, X25 ---5 X)) < BIA, | [A|" ... [A 1" - 


Suppose firstly that one of the p,(x,) is zero, then we can take m, € N arbitrarily 
large, therefore q(u(x,, X2,..., X,)) = 0. If, on the contrary, all the p,(x,) are # 0, 
take the integer m, such that |A,""*? < p,(x,) < |A,!™*1 for each i; then we have 
ll? < |A,|~2p,(x,), from which, by (6), the relation (5) follows with 


a = BIg | [ol --- gl) - QED. 


CorROLLary. — The set H is equicontinuous if, and only if, for every semi-norm q eT, 


there exists a neighbourhood of 0 in [| E,, in which the functions q o u, for ue H, 
. i=i 


are uniformly bounded. 

The condition is evidently necessary, and the demonstration of prop. 4 shows 
that it implies an inequality of the form (5) for all ue H, and therefore the equicon- 
tinuity of H. 


We state explicitly the particular case of prop. 4 for linear mappings. 


PROPOSITION 5. — Let E, F be two topological vector spaces over a non-discrete 
valued division ring K; suppose that the topology of E (resp. F) is defined by a set 
of semi-norms T (resp. I’). Let H be a set of linear mappings of E in F. The following 
conditions are equivalent : 

a) H is equicontinuous. 
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b) For every semi-norm q €I", there exists a finite family (p;), <:<, of Semi-norms 
belonging to T and anumber a > 0 such that, for all x € E andallue H, 


(7) q(u(x)) < a. sup px). 


1<i<n 


c) For every semi-norm q € 1", the mapping sup (q ° u) is a continuous semi-norm 


uceH 


on E. 


COROLLARY 1. — Suppose that J, 7’ are two topologies on a vector space E over K. 
defined, respectively, by two sets of semi-norms T and 1’. 7 is finer than J’ if, and 
only if, for every semi-norm q €Y", there exists a finite family (p,), <;<, of semi-norms 
belonging toY andanumber a > 0 such that, for all x € E, we have q(x) < a. sup p,(x). 


1<i<n 
In fact this shows that the identity mapping of E with topology 7, on E with 
topology 7 ', is continuous. 


COROLLARY 2. — Suppose that the topology 7 of a topological vector space E over K is 
defined by a directed set of semi-norms TY ; for each semi-norm p € 1, let E, be the space 
obtained from E using the topology defined by p. The set E’ of linear forms on E that 
are continuous for 7 is the union of the sets E,,, where E, is the set of continuous linear 
forms inE, (p €T). 


§ 2. CONVEX SETS 


1. Definition of a convex set 


For any two points x, y of an affine space E, the set of points Ax + py where 
120, 20,4 +p = 1 is called the closed segment with end points x and y; it 
reduces to a point when x = y. The complement of x in this segment is called the 
segment with end points x, y which is open at x and closed at y; it is empty if x = y. 
Finally the complement of {x, y} in the closed segment with end points x, y is called 
the open segment with end points x, y; it is empty when x = y. 


DEFINITION 1. — A subset A of an affine space E is convex if, for every two points 
x, y of A, the closed segment with end points x, y is contained in A. 

As(1 — A)a + Ax = a + A(x — Q), this definition is equivalent to the following: 
the set A is convex if, for every point ae A, the transform of A by a homothety of 
centre a and ratio A where 0 < i < 1, is contained in A (in other words, A is stable 
for these homotheties). 


Examples. — 1) Every linear affine variety of E (and in particular the empty set) is 
convex. 
2) The only non-empty convex sets in R are the intervals (GT, IV, § 2.4, prop. 1). 
3) Let E bea vector space and ||x|| a norm on E;; the unit ball B, formed by the points x 
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such that ||x|| < 1, is convex since the relations ||x|| < 1, |»|| < 1,implyfor0 <a <1 
that 


Ax + — Ay] <A lll +0 -A ly <A+0-AH=1. 


Remark. — Let A be a convex subset of a vector space E; for any scalars x > 0 and 
B > 0 we have aA + BA = (a + B)A. In other words, for any xe A, ye A, there 
exists ze A such that (« + B)z = ox + By; in fact this relation can be written 

__4 a B aL Bo 
eS eep Fee Sop Teepe ee ge oe 
from which the assertion follows, on using def. 1. 


y and we have 


PROPOSITION 1. — Let(x,) be a family of points of a convex subset A; every barycentre 
 A,x, of the x, formed using positive masses }, (such that Yr, = 1 andi, = 0 except 


for finitely many of the indices, cf. A, 11, § 9.3) belongs to A. 
Clearly we need only consider the case when the indices are 1, 2,...,p anda, > 0 
for each i; the proposition is trivial if p = 1; we prove the result by induction on p. 


pri pri}. 
Put p= ¥ A,>0, and y= » Ma the induction hypothesis implies that y € A. 
i=1 i= 


Pp 
Now as 4, = 1 — p and Y AX; = wy + — p) x,» its follows from def. 1 that 


i=1 


p 
>. 1.x; belongs to A. 


i=1 


PROPOSITION 2. — Let E and F be two affine spaces and f be an affine linear mapping 
of E in F; then the image of a convex subset of E under f, and the inverse image of a 
convex subset of F under f are both convex. 

The image under f of the closed segment with end points x, y is the closed segment 
with end points f(x), f(y), hence the first statement. We deduce that the inverse 
image of a closed segment of F under f contains each closed segment whose end 
points belong to it; the second statement of prop. 2 follows. 

In particular the image of a convex set under a homothety or a translation is a 
convex set. 


PROPOSITION 3. — In the affine space E, let H be a hyperplane defined by the relation 
g(x) = 0, where g is a non-constant affine function on E. Then the half-spaces defined 
by the relations g(x) > 0, g(x) < 0, g(x) > 0, g(x) < 0 are convex. 

For these are the inverse images under g of intervals of R and thus are convex. 


With the notations of prop. 3 the points of a subset M of an affine space are on the 
same side (resp. strictly on the same side) of the hyperplane H if M is contained in one 
of the half-spaces defined by g(x) > 0, g(x) < 0 (resp. g(x) > 0 or g(x) < 00. 


PROPOSITION 4. — The points of A, a convex subset of an affine space E are strictly 
on the same side of a hyperplane H if, and only if, A does not meet H. 
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Clearly the condition is necessary. Conversely suppose that it is satisfied and let 
g(x) = 0, be an equation defining H (g is an affine linear mapping of E in R). The 
set g(A) is convex in R, therefore it is an interval, and 0 ¢ g(A). Hence g(x) is of fixed 
sign for all xe A. 


2. Intersections of convex sets. Products of convex sets 


PROPOSITION 5. — The intersection of any family of convex subsets of an affine space E 
is convex. 
The proposition follows immediately from def. 1 of I, p. 7. 


PROPOSITION 6. — Let (E,),-; be a family of vector spaces, and for each vel, let A, 
be a non-empty subset of E,. Then the set A = [| A, is convex inE = [|E,, if, and 


tel tel 
only if, for all. € I, the set A, is convex in E,. 
In fact, each projection pr, is a linear mapping and we have A, = pr,A and 


=f 
A =.{ pr(A,); the proposition follows from props. 2 and 5 above. 


tel 


CoROLLARY. — In the space R" every parallelotope (GT, VI, § 1.3) is a convex subset. 
For it is the image under an affine linear mapping of a rectangular parallelepiped, 
and this last is convex by prop. 6. 


PROPOSITION 7. — Let A and B be two convex subsets of the vector space E. For any 
real numbers «, B the set aA + BB (set of points of the form ax + By, where x varies 
in A, and y in B) is convex. 

For «A + BB is the image of the convex subset A x B of E x E under the linear 
mapping (x,y) ax + By of E x Ein E. 


3. Convex envelope of a set 


DEFINITION 2. — Given a subset A of an affine space E, we call the intersection of all 
convex sets containing A, the convex envelope of A, that is to say (I, p. 9, prop. 5) 
it is the smallest convex set containing A. 


PROPOSITION 8. — For any family (A,), of convex subsets of an affine space E, the 
convex envelope of UA, is precisely the set of linear combinations )\4,x,, where 


(is Fe 
tel tel 


x,EA,, A, > O for alli e1(a, = 0 except for finitely many indices) and’), = 1. 
tel 
Denote the set of these linear combinations by C, clearly C is contained in every 
convex set which contains all the A, (II, p. 8. prop. 1); on the other hand A, < C 
for every t. All that remains to be proved is that C is convex. Let x = )' A,x,, 


y = ¥ py, be two points of C and « be a number such that 0 < « < L, write 
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Y, = oA, + (1 — &) p, for every te I, and let J be the set (finite) of the indices 
of I for which y, # 0. We can write ax + (1 — a) y = )) y,2,, where 
te] 


Z = (oAx + (1 — a) wy) 


belongs to A, for allie J; but) y, = a> A, + (1 — & DY p, = 1, and we see that 
teJ 


tel tel 


ax + (1 — a) yeC. The proposition is proved. 


Coro.iary 1. — The convex envelope of a subset A of E is identical with the set of 
linear combinations ¥ i;x;, where (x;) is any finite family of points of A, the numbers 


A; > 0, for all i and Yi, = 1. 


The dimension of the affine linear variety (A, I, § 9.3) generated by the convex 
set A is called the dimension of A. 

Let E be a vector space. The convex envelor.: C, of the balanced envelope of a set 
A in E is called the balanced convex envelope (or the symmetric convex envelope) 
of A; clearly it is the smallest symmetric convex set that contains A; it is also the 
convex envelope of A U (— A), since every point of the balanced envelope of A 
belongs to a segment with extremities a and — a where ac A. The set C coincides 
with the set of linear combinations }’ A,x,; where x, ¢ A and > |A,| < 1; for it is clear 


that this set of points is convex and contains A and — A;; it is sufficient to prove 

that it is contained in C, and for this we need consider only those linear combinations 

for which p = > |A,| > 0; we can then write )A,x, = p- > a,y; with o, = A,/p 
i i 


i 


and y, = x,, if A; > 0; and a, = — Aju; y; = — x; if A; < 0; clearly } a; = 1, 


and our assertion is proved. 


COROLLARY 2. — Let f be an affine linear mapping of the affine space E in the affine 
space F; for each subset A of E, the convex envelope of f(A) is the image under f of the 
convex envelope of A. 

There is a similar statement for linear mappings and balanced convex envelopes. 


4. Convex cones 


DEFINITION 3.— A subset C of an affine space E is a cone with vertex Xq if C is invariant 
for all homotheties of centre x, and ratio > 0. 

We shall suppose in this No. and in the one following, that we have chosen the vertex 
of the cone being considered, as origin in E; i.e. we suppose that E is a vector space, 
and when we speak of a cone, it is to be understood that this cone has vertex 0. The 
set of points of the form Aa for X > 0 (resp. 4 > 0), where a is a non-null vector, is 
called an open half line (resp. closed half-line) originating at 0. 

A cone C of vertex 0 is said to be pointed if 0 € C, and non-pointed otherwise. A 
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pointed cone is either the single point {0} or is the union of a set of closed half-lines 
originating at 0. A non-pointed cone is the union (possibly empty) of open half lines 
originating at 0. If C is a non-pointed cone, then C U {0} is a pointed cone. If C isa 
pointed cone, then C—{0} is a non-pointed cone. 

If Cis anon-pointed convex cone, then C U {0} is a pointed convex cone. However, 
if C is a pointed convex cone, C — {0} is not necessarily convex. We say that a pointed 
convex cone is proper if it does not contain any line passing through 0. Then 


PROPOSITION 9. — A pointed convex cone C is proper if and only if the non-pointed 
cone C’, which is the complement of 0 in C, is convex. 

If C contains a line through 0 then clearly C’ is not convex. Suppose now that C 
is proper and let x, y be two points of C’. The closed segment with end points x, y 
is contained in C; ifit contains 0 thenAx + (1 — A) y = OforsomedA withO < A < 1, 
therefore x = py with » < 0. Thus C contains the line through 0 and x, contrary 
to hypothesis. 


PROPOSITION 10. — A subset C of E is a convex cone if and only ifC + C < C and 
AC < C for alld > 0. 

For the condition AC c C for all A > 0 characterises the cones. If C is convex 
we have C+ C =4C +4C =C (IL p. 8, Remark). Conversely, if the cone C is 
such thatC + C < C,thenfor0 <A < l,wehaveAC + (1 —A)C=C4+CcG 
which shows that C is convex. 


CorROLLARY 1. — Jf C is a non-empty convex cone, the vector space generated by C 
is the set C — C (the set of points x — y where x, y vary in C). 

For, if V = C — C, then V is non empty, we have AV = V for all A # 0, and 
VtiV=C4+C—-(C4+C)c¢ C— C= V, which shows that V is a vector sub- 
space. Finally every vector subspace that contains C also contains V. 


COROLLARY 2. — If C is a pointed convex cone, the largest vector subspace contained 
in C is the set Cn(— C). 
For, if W = Cn (— OC), then W is non-empty and AW = W for all A ¥ 0, also 


W+Wwe(C+On(—-(C +O) ec Cn(—-O==W, 


which shows that W is a vector subspace. Clearly every vector subspace contained 
in C is also contained in W. 


Obviously, if f is a linear mapping of E in a vector space F, then f(C), the image 
of a convex cone C in E, is a convex cone in F. Every intersection of convex cones 
(with vertex 0) in E is a convex cone. For every subset A of E the intersection of 
convex cones containing A (these exist, E itself is one such cone) is the smallest 
convex cone that contains A; it is called the convex cone generated by A. 


PRoposiTION 11.— Let (C,),_, be a family of convex cones in E; the convex cone gene- 
rated by the union of the C, is identical with the set of points }' x,, where J is any finite 


teJ 


subset of | and x,eC, for allve J. 
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In fact, it is obvious that C, the set of such points, is a convex cone containing 
the union of the C,, and that it is contained in any convex cone which contains 
this union. 


COROLLARY. — For any subset A of E, the convex cone generated by A, is identical 
with the set of linear combinations )" ;x;,, where (X;);-) is any finite non-empty family 


veJ 


of points of A, and where x, > 0 for allie J. 

It is sufficient to see that, if a convex cone contains a point x # 0 of A then it also 
contains the half-line C,, of the points 4.x where A varies in the set of positive numbers 
and that C, is a convex cone. 


PROPOSITION 12. — /f A is a convex set in E, then the convex cone generated by A 
is identical with C = WU 2A. 


1>0 
The set C is clearly a cone; it is sufficient to show that C is convex. Let Ax, ny be 


two points of C(A > 0, up > 0,xe A, ye A). Let «, B be two numbers > 0 such that 
a+ B= 1. Then oAx + Buy = (oA + Bu)z, with zeA, and oA + Bu > 0; 
hence aAx + Buy eC. 


Remarks. —1) With the hypotheses of prop. 12, if 0 ¢ A, then the cone C is non-pointed, 
thus C u {0} is proper. 

2) Let A be any convex set in E; consider the convex set A, = A x {1} in the space 
F = E x R and the convex cone C with vertex 0 that is generated by A,. Prop. 12 
shows that A, is the intersection of C and of the hyperplane E x {1} in F. Every 
convex set in E can, therefore, be considered as the projection on E of the intersection 
of a convex cone with vertex 0 in F and the hyperplane E x {1}. 


5. Ordered vector spaces 


A preorder structure, on a vector space E, denoted by x X yor y = x, is compatible 
with the vector space structure of E if it satisfies the following two axioms; 

(EO) If xX y then x +2z2%Xy 42 for all zek. 

(EO,) If x = 0 then Xx = 0 for every scalar > 0. 

The vector space E, carrying these two structures, is called a preordered vector space 
(resp. an ordered vector space when the relation of preorder on E is an order). 

Note that axiom (EO,) means that the preorder structure and the additive group 
structure of E are compatible, that is to say, E carrying these two structures, is a 
preordered group (A, VI, p. 3). 


Example. — On the space E = R® of all finite real-valued functions defined over A, 
the relation of order given by « for all te A, x(t) < (2) » is compatible with the vector 
space structure of E. 


PROPOSITION 13. — (1) The set P, of elements = 0, of a preordered vector space E, 
is a pointed convex cone. 

(ii) Conversely, if P is a pointed convex cone in E, then the relation y — x €P isa 
preorder relation on E, and the preorder structure that it defines is the only one that is 
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compatible with the vector space structure of E and for which P is the set of elements > 0. 

(iii) The relation y — x € P, with P a pointed convex cone, is an order relation on E 
if and only if P is a proper cone. 

(i) Axioms (EO,) and (EO,) imply P + P c P and AP c P for all A > 0. As 
0 <P, it follows that P is a pointed convex cone (II, p. 11, prop. 10). 

(ii) Conversely, if P is a pointed convex cone, the relation P + P c P implies 
that the relation y — x ¢ Pisa preorder compatible with the additive group structure 
of E(A, VI, p. 3, prop. 3); clearly writing it x < y, the set P is identical with the set of 
x ~ 0; further the relation AP < P forall A > 0 shows that axiom (EO,)) is satisfied. 

(iii) To say that P is proper means that P 1 (— P) = {0} (Ip. 11, cor. 2), hence 
that y — x ¢ Pisan order relation. 


Example. — * Let H be a real Hilbert space; in the vector space #(H) of continuous 
endomorphisms of H, the positive hermitian endomorphisms form a proper pointed 
convex cone: this cone. therefore, defines an order structure compatible with the 
vector space structure of AH) and for which the relation 4 < B means that B — A 
is a positive hermitian endomorphism. , 


For any pointed convex cone P in the vector space E, the set P ~ (— P) is a vector 
subspace, H, of E (II, p. 11, cor. 2). The canonical image P’ of P in E/H is a convex 
cone and the inverse image of P’ in E is P. Thus P’ 4 (— P’) = {0}, and P’ defines 
an order structure on E/H that is compatible with its vector space structure. 

A linear form f on a preordered vector space E is said to be positive ifx = 0inE 
implies f(x) > 0. Or, alternatively, if the convex cone P of elements > 0 in E is 
contained in the half space of those x for which f(x) > 0. Clearly, in the dual E* to E, 
the set of positive linear forms is a pointed convex cone. 


6. Convex cones in topological vector spaces 


PROPOSITION 14. — In a topological vector space E, the closure of a convex set (resp. 
of a convex cone) is a convex set (resp. a convex cone with the same vertex). 

For, let A be a convex set; the mapping (x, y)> Ax + (1 — A) y, whereO < A < 1, 
is continuous inE x EandmapsA x Ain A; thus(GT,1,§2.1, th. 1)itmaps A x A 
in A, which shows that A is convex. Similarly, if C is a convex cone with vertex 0 
then C + C c C and AC c C for all A > 0. 


DEFINITION 4. — For any set A of a topological vector space E, the intersection of 
all the closed convex sets containing A is called the convex closed envelope of A; it is 
the smallest convex closed set containing A. 

From prop. 14, the convex closed envelope of A is the closure of the convex enve- 
lope of A; it is clearly the same as the convex closed envelope of A. 

Similarly we call the smallest symmetric, convex, closed set that contains A, the 
symmetric convex closed envelope (or the balanced convex closed envelope) of A; 
it is the closure of the symmetric convex envelope of A (II, p. 10); it is also the sym- 
metric convex closed envelope of A. 
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PROPOSITION 15. — Let A; (1 < i < n) be a finite number of compact convex sets in 
a Hausdorff topological vector space E. Then the convex envelope of the union of the 
A, is compact (and is, therefore, the same as the convex closed envelope of this union). 

Let B be the compact set in R” defined by the points (A,,A,,...,4,) where 
4,20(i<i<n), and Y A,=1. Define a continuous mapping of B x [] A;cR"xE” 


i=1 i=1 


in E by the formula (A,, Ag, --5 Ays Xp Xg5 +5 X,) 2 Y A,x;. The convex envelope C 
i=1 


of U A, is the image of B x ll A, under this mapping; as B x ll A, is compact 
i=1 i=1 i=1 
and E is Hausdorff, it follows that C is compact. 


CorOLLarRy 1. — In a Hausdorff topological vector space the convex envelope of a 
finite set is compact. 


COROLLARY 2. — In a topological vector space E, the convex envelope of a finite set 
is precompact. 

In fact, let 7 be the canonical mapping of E in its Hausdorff completion E; if C 
is the convex envelope of A, then j(C) is the convex envelope of the finite set j(A) 
in E, hence j(C) is compact (cor. 1) and therefore C is precompact (GT, II, § 4.2). 


PROPOSITION 16. — Let A be a convex subset, with at least one interior point xo, 
of a topological vector space E. For any point x € A, every point of the open segment 
with end points Xo, x lies in the interior of A. 

For any point y of this segment, let f be the homothety of centre y and ratiodr < 0, 
which transforms x, into x. If V is an open neighbourhood of x, contained in A, 
then f(V) is a neighbourhood of x and therefore contains a point f(z)<¢ A; now 


f(2) — y = MZ — y) = MZ — £2) + MF — y), 


hence y — f(z) = x 


thety g, of centre f(z) and ratio p = A/(A — 1); since 0 < p < 1, g transforms V 
into a neighbourhood of 0 contained in A. The proposition is proved. 


i (z — f(2), so that y is transformed into z by the homo- 


COROLLARY 1. — The interior A of a convex set A, is itself a convex set; if A is not 
empty, then it coincides with the interior of A, and A is a convex set that coincides with 
the closure of A 

It follows from prop. 16, that if A is not empty, then it is a convex set and every 
point of A isa cluster point of A. Next we show that every interior point of A belongs 
to A. Let x be an interior point of A and suppose, for definiteness that x = 0. Let V 
be a symmetric neighbourhood of 0 that is contained i in A and let ye Aa V; now 
— yeA, and therefore, by prop. 16, we see that Oe A, if y 4 0; this is obviously 
true if y = 0. 
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COROLLARY 2. — The interior Cc of a convex cone C, is itself a convex cone; if C 
is not empty then it coincides with the interior of G, and C isa pointed convex cone 
that coincides with the closure of C. 

- Since homotheties of ratio > 0 and centre 0 transform C into itself, they do the 
same for C, thus C i is a cone; the remainder of the corollary follows from cor. 1 and 
the obvious remark that if C is not empty then C contains the vertex of C. 


Let H be a closed hyperplane in the topological vector space E over R; it has an 
equation of the form f(x) = a, where f is a continuous linear form that is not iden- 
tically zero in E(I, p. 13, th. 1). The closed half spaces defined respectively by f(x) < « 
and f(x) > o are therefore closed convex sets; their complements defined respec- 
tively by f(x) > a and f(x) < «, are open convex sets. We say that these half-spaces 
are the closed (resp. open) half spaces determined by H 


PROPOSITION 17. — In a topological vector space E, let A be a set with at least one 
interior point, and such that all its points lie on the same side of an hyperplane H. 
Then H is closed, the interior points of A lie strictly on the same side of H, and the 
cluster points of A lie on the same side of H. In particular open (resp. closed) half spaces 
are determined by closed hyperplanes. 

In fact suppose that H contains the origin and that f(x) = 0 is an equation of 
H; suppose, for definiteness, that f(x) > 0 for all x e A. The half space formed by 
the points y such that f(y) > — 1 contains at least one interior point, and, by trans- 
lation, the same is true of the half space of points y such that f(y) > 0; this shows 
that H is closed (I, p. 11, corollary). Then we know that f is a strict morphism of E 
on R (I, p. 13, corollary), therefore f(A) is an open set in R. This set cannot contain 0 
or it would contain numbers < 0 contrary to hypothesis; it is thus contained in the 
open interval J0, + cof. On the other hand, the half space of those y for which 
f(y) > Ois closed and contains A, therefore it contains A. 


CorROLLARY. — Let P be a pointed convex cone, with at least one interior point, of the 
topological vector space E. Then each linear form f that is not identically zero on E, 
and is positive for the preorder structure defined by P (II, p. 13), isnecessarily continuous, 
Further, if x is interior to P then f(x) > 0 and if x is a cluster point of P then f(x) > 0. 

Apply prop. 17 to the case A = P where H is the hyperplane with the equation 
f(x) = 0. 


Remark. — In a topological vector space E, every convex set C is connected. In 
fact, if ae C, then C is a union of segments with end point a and closed at a; these 
are connected and the result follows from GT, I, § 11.1, prop. 2. 


7. Topologies on ordered vector spaces 


Let E be an ordered vector space. A topology on E is compatible with the ordered 
vector space structure of E if it is both compatible with the vector space structure of E 
and subject to the following axiom : 

(TO) The convex cone of the x with x > 0, is closed in E. 
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An ordered vector space E with a compatible topology is called an ordered topolo- 
gical vector space. 


Examples. — The space R" with its usual topology and the order structure that is the 
product of the order structure of its factors is an ordered topological vector space. On 
the other hand, for n > 2, when R” carries the lexicographical order (S, HI, § 2.6), the 
usual topology is not compatible with the ordered vector space structure of R”. 
Let A be a set; the vector space 4A; R) of real valued bounded functions defined 
on A, with the topology defined by the norm ||x|| = sup |x()| and the order structure 
teA 


induced by the product order structure of R“. is an ordered topological vector space. 


In an ordered topological vector space E, the set of elements x < 0 is closed: 
since translations are homeomorphisms, we deduce that, for all ac E, the set of 
elements x > a(resp. x < a) is closed. Since {0} is the intersection of the sets x > 0 
and x < 0, it follows that {0} is closed and that E is Hausdorff. 


PROPOSITION 18. — Jn an ordered topological vector space E, let H be a set directed by 
the relation <. If the section filter of H has a limit in E, then this limit is the upper bound 
of H. 


For, let b = lim x; for every ye H, the set of x e H such that x > y is a set of 
xeH 


the section filter of H, therefore 5 is a cluster point of this set; but as the set x > y 
is closed in E, we have b > y, thus 5 is an upper bound of H. On the other hand, 
if a is an upper bound of H, then H is contained in the closed set x < a; as bisa 
cluster point of H, we have 6 < a, which completes the proof (II, p. 72, exerc. 42). 


8. Convex functions 


DEFINITION 5. — Let X be a convex subset of the affine space E. A real-valued finite 
Junction, defined over X is convex (resp. strictly convex) if for any two distinct points x, 
y of X and any real number 2,0 < 2X < 1, we have: 


(1) fax + (1 — dA) y) < AF) + — %) fC) 
(resp. 
(2) F(Ax +1 — A) y) < AFG) + — A) fO)). 


When E = R, this definition of convex function is the same as that in FVR, I, 
p. 32. Further, f is convex (resp. strictly convex) in X if, and only if, for every affine 
line D c E, the restriction of f to X m D is convex (resp. strictly convex) in X 74 D. 


Examples. — If f is an affine linear function on E, then f and f? are convex functions 
on E; this is obvious for f since 


fx + —aA)y) = Af) + -— aA) FO); 
on the other hand, if « = f(x), B = f(y), then; 
ha? + (1 — A) B? — (Aw + (1 — A) BY = AC — AV (a — B)? SO 
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for 0 < A < 1; further, the restriction of f? to an affine line D < E is strictly convex 
if f\D is not a constant. 


A real-valued function f, defined over X, is concave (resp. strictly concave) if — f 
is convex (resp. strictly convex). That is to say, for every two distinct points x, y of X 
and every number A, such that 0 < 2 < 1, we have 


Sax + (lL — A) y) = AFH) + — A) fO) 
(resp. 


f(Ax + (= A) y) > AF) +1 — A) fO)). 
A mapping of X in R is affine if it is both convex and concave (cf. II, p. 78, exere. 11). 


PROPOSITION 19.— Let X be a convex set of the affine space E ; and let f be a real-valued 
function defined over X. Denote the set of points (x, a)& E x R for which x eX and 
J (x) < a (resp. xe X and f(x) < a) by F (resp. F’). Then the following conditions 
are equivalent : 

a) The function f is convex. 

b) The set F in the affine space E x R is convex. 

c) The set F' in the affine space E x R is convex. 

We show that a) = c). Let (x, a) and (y, 5) be two points of F’ and 0 < A’ < 1, 
then f(x) < a, f(y) < 6 and if f is convex 


S(Ax + — Dy) < ASCs) +1 — A) f(y) < Aa +1 — AS 


which shows that the point A(x, a) + (1 — 4) (y, 5) of E x R belongs to F’. Thus 
F’ is convex. 

Next we show that c) = 5). If(x, a), (y, 6) are two points of F then for every ¢ > 0, 
(x,a +s) and (y, b + €) belong to F’ and, if 0 < A < 1, the same is true of 
(Ax +(1 —A)y, Aa + (1 — A) b + £); by the definition of F this implies that 
(Ax + (1 — A) y, Aa + (1 — A) |B) belongs to F. 

Finally 6) = a), for (with the above notation), if (Ax +(1 —A) y, Aa+(1 —A) b) 
belongs to F then 


f(ax+d —A)y) < Aa t+ — Ab 


provided a > f(x) and 6 > f(y); hence (1) follows and f is convex. 


CoROLLARY. — If f is convex in X, then for all «ER, the set of x EX such that 
f(x) <a (resp. f(x) < a) is convex. 

In fact, it is the projection on E of the intersection of F (resp. F’) and the hyper- 
plane Ex {a} n ExR. 


PROPOSITION 20. — Let f be a convex function, defined over a convex set X of the affine 
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space E. Then for every family (X;); <i<p Of P points of X and every family Con zie: 


Dp 
of p real numbers, all > 0, such that )° h, = 1, we have : 
i=1 


Pp 


@) f(X x) < Sate. 


i=1 i= 
If f is strictly convex and if, > 0 for all i, then 


Pp 


(4) AY box) < YM CD. 


unless all the x; are equal. 
The inequality (3) follows from II, prop. 19 above and II, p. 8, prop. 1. Suppose 
that the x, are not all equal (which implies p > 2) and that the A, are all > 0; then the 


point z = y X,x, differs from at least one x;. Suppose for definiteness that z # x,, 
i=1 
p 


A; 
write z= Ayx, + (1 — 44) y, where y, = ) 7 x 
ine | 


x;. Then y, # x, and, as 
0 <A, <1, we have, by hypothesis, 


F< Af) +d -— AY FOD- 


D Xr: 
But by (3) f(y) < & i a f(x,), and the inequality (4) follows. 
i=2 1 


9. Operations on convex functions 


Let X be a convex set of an affine space E. If f,(1 < i < p) are finitely many convex 
functions defined over X and c, (1 <i <p) are numbers > 0 then the function 


{= p cf, is convex over X. 
=1 


If( 7 ) is any family of convex functions defined over X and if g, the upper envelope 
of the family in X, is finite then g is convex. 

Finally if H is a set of convex functions defined over X, and @ is a filter on H that 
converges simply in X to the finite real valued function fo, then f9 is convex over X. 


10. Convex functions over an open convex set 


PROPOSITION 21. — Let f be a convex function, defined over the non-empty open convex 
set X in the topological vector space E. Then f is continuous if, and only if, it is bounded 
above when restricted to some non-empty open subset U of X. 

The condition is obviously necessary, we prove that it is sufficient. Let x) e X 
be a point such that f is bounded above in a neighbourhood V of x); we show 
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firstly that f is continuous at x,. By translation, we can restrict ourselves to the case 
when x, = 0 and f(x,) = 0; moreover we can suppose that the neighbourhood 
V is balanced (I, p. 7, prop. 4). Suppose that f(x) < ain V; for every ¢,0 < « <1, 
we observe that if xesV, then x/ee V and — x/ee V. Applying inequality (1) of 
Il, p.16 to the points x/e and 0 and to the number A = «, we see that 
f(x) < ef (x/e) < ea; applying it to points xand — x/e and the number A = 1/(1 +8), 
gives f(x) > — ef(— x/e) > — ea. Thus f(x) is arbitrarily small in sV, if ¢ is 
sufficiently small, and f is continuous at x = 0. 

Now let y be some point of X ; since X is open, there is a number p > 1 such that 
z = py belongs to X. Let g be the homothety x > Ax + (1 — A) z of centre z and 


ratio’ = 1 — . which transforms 0 into y; for every point g(x) € g(V), we have 


from (1) 
f(g) < AFC) + — dA) ff) < dra +1 — A) fF). 


Thus f is bounded above in a neighbourhood of y and hence, by the first part, is 
continuous at y. The proposition is proved. 


COROLLARY. — Every convex function f defined over an open convex set X in R" is 
continuous in X. 

We can suppose that X is not empty. Then there exist, in X, + 1 affinely inde- 
pendent points a; (0 < i < n) and the convex envelope of these points, S, contains 


the open non-empty set formed of the points )’ A,a; with 0 < 4; < 1 for all i and 
i=0 


A; = 1. By IL, p. 17, prop. 20, f is bounded above in S and therefore is continuous. 
i) 


1M: 


In a topological vector space of infinite dimensions there exist, in general, linear 
non-continuous forms (II, p. 80, exerc. 25) and thus convex functions that are not conti- 
nuous at any point. 


11. Semi-norms and convex sets 


Let E be a vector space over R; a mapping p of E in R is positively homogeneous 
if, for every X > 0 and all x e E we have 


(5) PAX) = Ap(x). 


A positively homogeneous function p on E is convex if, and only if, it satisfies 
axiom (SN,,) of II, p. | for all x, y of E; 


(6) P(x + y) < P(x) + p(y). 


In fact, if p is convex, then for x, y in E, 


P(G(x + ¥)) < 5px) + SPC) 
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and, by (5), this relation is equivalent to (6). Conversely, if (6) holds, then we also 
have for all A such that 0 < 2’ < 1, 


PAX + (1 — A) Y) < p(Ax) + P(A — A) yy) = A(X) + C1 — A) PCV) 


using (5). 

A convex positively homogeneous function on E is called sub-/inear. 

If p is a sub-linear function defined on E; then, by II, § 2.8, corollary, for alla > 0, 
the set V(p, a) (resp. W(p, a)) of points xe E for which p(x) < a (resp. p(x) < a) 
is convex ; further this set is absorbent, since for all x € E, there exists 4 > 0 such that 
PAX) = AP(X) < a. 

There is a partial converse of this result : 


PROPOSITION 22. — Let A be a convex set, containing 0, in the vector space E. For 
all x EE, put 
(7) Px) = inf p 


p>O,xepA 


(0 < pa(x) < cw). The function py, satisfies 
(8) Pix +y)< Pal) =k Pal) > Pa(Ax) = Apa(x) 


for all x, y inE andi. > 0. If V(p,, &) (resp. W(p,, &)) denotes the set of x EE for 
which p(x) < a (resp. p(x) < a), then 


(9) W(pa, NcAc V(Pa; 1). 


If A is absorbent then p, is finite (therefore sublinear). 

Since the relations xe pA and Ax eApA are equivalent when ) > 0, we have 
PA(ax) = dp,(x) for A > 0. Let x, y be two points of E. If x (resp. y) is not absorbed 
by A then p,(x)= +00 (resp. p,(y)= + «) and the inequality p,(x +y) <pa(x) +p,4(y) 
is obviously true. Suppose there exist a > 0, B > 0 such that xe aA, and ye BA; 
thenx+yeaA+BA=(a+fB)ACIL p..8, Remark); and thus p,(x +y)<pa(x)+pa,(y). 
The inclusion A c V(p,, 1) is clearly true. The inclusion W(p,, 1) < A follows 
because A is convex and contains 0. Finally if A is absorbent then p, is obviously 
finite. 


The function p, defined by (7) is called the gauge of the convex set A. If A is absor- 
bent and symmetric, then p, is a semi-norm. 


PROPOSITION 23. — Let E be a topological vector space. If A is an open convex set 
which contains 0, then p, is finite and continuous, and A = W(p,, 1). If A is a closed 
convex set containing 0, then p, is lower semi-continuous and A = V(px,, 1). 

If A is open and contains 0, then it is absorbent. For x ¢ A, there exists p < 1 
such that x/p € A, and thus p,(x) < 1; this, combined with (9) gives A = W(p,, 1). 
Since the convex function p, is bounded above in the open set A, it is continuous 
in E (CII, p. 18, prop. 21). 
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Suppose A is closed and contains 0. For every x € E with p,(x) < I, we have 
x € pA for all p > 1, therefore x € A since A is closed; remembering (9), this shows 
that A = V(p,, 1). For all p > 0, pA is therefore the set of x such that p,(x) < p; 
as p,(x) > 0 in E, this shows that p, is lower semi-continuous in E (GT, IV, § 6.2). 


A positive sublinear function p over E is the gauge of each convex set A where 
Wp, 1) c Ac V(p, 1). 


§ 3. THE HAHN-BANACH THEOREM (ANALYTIC FORM) 


1. Extension of positive linear forms 


PROPOSITION 1. — Lez E he a preordered vector space and V be a vector subspace of E 
such that every element of E is bounded above by an element of V. Given a linear form f 
on VN that is positive for the preordered vector space structure of V (induced by that of E) 
there exists a non-empty set S, of positive linear forms on E, each being an extension 
of f. Ifh eS, then the values h(a) for aé E lie in the interval (, a”), where 


(1) a = sup f(z), o«” = inf f(y). 


zeV,z<a yeViy2a 


L. Special case. 


Suppose firstly that E = V + Ra. Since the proposition is trivial if ae V. we 
confine ourselves to the case a¢ V. The conditions on V imply that the set A” of 
ye Vsuch thata < yis not empty; similarly the set A’ of ze V such that — z > — a 
(ie. z < a) is not empty. For ye A” and ze A’, we have z < a < y, and thus by 
hypothesis f(z) < f(y). Thus a’, x” are finite and a < «”. Any linear form f, on E 
that extends f is completely determined by f,(a) and for all 4 e R and all x € V, we 
have 


Sy + ra) = f(x) + Afi (@. 
Thus f, is positive if and only if the relations 


(2) xeV, AER, x+rAazoO0 
imply 
(3) f(x) +~Af,(@ = 0. 


As f(ux) = pf(x) and the relations x > 0 and px > 0 are equivalent for p > 0, 
it is sufficient to show that (2) implies (3) in the particular cases } = 0,4 = 1 and 


i = — 1. Ford = 0, the fact that (2) implies (3) follows from the hypothesis that f 
is positive. For 4 = 1, to say that (2) implies (3) means that for — x e A’, we have 
S(@ = f(— x), te. f\(@ = a’; for 7 = — 1, (2) implies (3), means that for x € A”, 


we have f(x) > f,(@), ie. f,(a) < «”. The proposition is therefore proved in this 
case. 
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HI. General case. 


Let & be the set of pairs (W, g) where W is a vector subspace of E containing V 
and g is a positive linear form on W which is an extension of f. We order & putting 
(W, g) < (W’, g’) if W < W' and if g’ is an extension of g. Clearly § is inductive and 
by th. 2 of S, HI, § 2.4, there is a maximal element (Wo, go). Suppose W, # E. Then 
there exists a vector b ¢ Wo, and, if W, = W, + Ré, the special case above shows 
that there exists a positive linear form on W, which is an extension of g,; this con- 
tradicts the hypothesis that (Wy, g,) is maximal. Thus W, = E, and the first part 
of the proposition is proved. When ae V, the second assertion is obviously true 
with « = a” = f(a); if, on the contrary, a¢ V and one puts V, = V + Ra, the 
second assertion follows from the special case I of the proof. 


CoROLLARY. —- /n a topological vector space E with a compatible preorder structure, 
let P be the set of elements > 0 in E. Let V be a vector subspace of E containing at least 
one interior point xX. of P. Then every positive linear form on V can be extended to a 
positive linear form on E., 
By prop. | it is sufficient to show that for every x € E, there exists x’ € V such that 
x’ — x € P. Now let U be a neighbourhood of 0 in E such that x,» + U < P. Then 
x +X, + Uc x + P, and, hence there exists e such that 0 < ¢ < 1 and the point 
y = Xo + (1 — &) x belongs to x + P; then every point of the form x + A(y — x) 
belongs to x + P for X} > 0. If we take 4 = I/e, then x + A(y — x) = Axe V, 
from which the conclusion follows. 
The conclusion of the corollary is not necessarily valid if one does not assume that V 


contains an interior point of P, even if E is of finite dimension and if P ~ V contains 
points interior in V (II, p. 91, exerc. 25, 5)). 


2. The Hahn-Banach theorem (analytic form) 


THEOREM | (Hahn-Banach). — Let p be a sub-linear function on a vector space E. 
Let V be a vector subspace of E and f a linear form on V such that, for all y eV, we 
have f(y) < p(y). Then there exists a linear form h on E that is an extension of f and 
such that h(x) < p(x) for xeE. 

The set of pairs (x, a) such that p(x) < a is a convex subset P of the vector space 
E, =E x R(IL p. 17, prop. 19), and it is clearly a pointed cone. Let V, be the sub- 
space V x R of E, and g(y, a) = — f(y) + a for each point (y, a) e V,. Then g 
is a positive linear form for the preorder structure on V, defined by P 1 V,; for if 
(y,a)ePOV,, then a > p(y) > f(y), therefore g(y, a) > 0. Next let (x, a) € E,; 
we show that (x, a) is less than a point of V, for the preorder defined by P. If(x’, a‘)e V, 
then (x, a) < (x, a’) if, and only if, p(x’ — x) < a’ — a, taking a’ > p(— x) +. a, 
we see that (0, a’) of V, satisfies the requirements. Thus we can apply prop. I of II, 
p. 21; there is a linear form u on E, extending g and positive for the preorder defined 
by P. Therefore u(0, 1) = g(0, 1) = 1 and uw is of the form u(x, a) = — A(x) +4, 
where / is a linear form on E that extends /; further, for all x € E and all a > p(x), 
we have A(x) < a, therefore h(x) < p(x). Q.E.D. 
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COROLLARY |. — Let p be a semi-norm on the vector space E. Let V be a vector sub- 
space of E and f a linear form on V such that | f(y)| < p(y) for all y eV. Then there 
exists a linear form h defined on E which is an extension of f and is such that \h(x)| < p(x) 
forxeE. 

For a semi-norm q and a linear form g on E, the relation g < q is the same as 
lg| < q. The corollary follows from th. 1. 


COROLLARY 2. — Let p be a semi-norm on the vector space E. Given a point xX, € E, 
there exists a linear form defined over E, such that f (x9) = p(X9) and that | f(x)| < p(x) 
for all x €E. 

Apply cor. 1 to the vector subspace, V, generated by x, and to the linear form 
5X9 > Ep(Xp) defined over V. 


COROLLARY 3. — Let V be a vector subspace of the normed space E and let f be a conti- 
nuous linear form over V ; then there exists a continuous linear form h defined over E 
which extends f and is of the same norm (GT, X, § 3.2). 

Apply cor. 1, taking p(x) = || f|l.|lxl], which gives ||A|| < || f||; but clearly 
\Al| > fll, and the corollary follows. 


The conclusion of cor. 3 is not necessarily valid for continuous linear mappings 
of a normed space into an arbitrary normed space (IV, p. 55, exerc. 16, c) and V, p. 65, 
exerc. 22). 


§ 4. LOCALLY CONVEX SPACES 


1. Definition of a locally convex space 


DEFINITION |. — A topological vector space is locally convex (real) if there exists a 
fundamental system of neighbourhoods of 0 that are convex sets. 

Such a space is called a locally convex space. Its topology is called a locally convex 
topology. 

The topological vector spaces over R which we study in the rest of this book are 
nearly all locally convex. 

If V is a convex neighbourhood of 0 in the locally convex space E, then V qn (— V) 
is a symmetric convex neighbourhood of 0. As the closure of a convex set is convex 
(II, p. 13, prop. 14) it follows from I, p. 7, prop. 4 that the neighbourhoods of 0 in 
E which are closed, symmetric and convex, form a fundamental system of neigh- 
bourhoods invariant under homotheties of centre 0 and ratio ¥ 0. 


PROPOSITION 1. — Let S be a filter base on a vector space E formed from sets that 
are absorbent, symmetric and convex. Then the set & of transforms of the sets of S 
by homotheties of ratio > 0 is a fundamental system of neighbourhoods of 0 for a locally 
convex topology on E. 

Clearly % is a filter base satisfying (EV,) and (EV,) of I, p. 7, prop. 4; it also satis- 
fies (EV) since if V ¢ S then$V + $V = V. 
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Note that if 7 is the locally convex topology on E having ¥% for a fundamental 
system of neighbourhoods of 0, then the sets(1/n) V, where n varies in the integers > 0 
and V varies in S, form a fundamental system of neighbourhoods of 0 for the topo- 
logy 7. Then 7 is Hausdorff, if and only if, for every x # 0 in E there exists an 
integer n and a set Ve G, such that nx ¢ V; if, further, S is enumerable, then the 
topology 7 is a metrisable locally convex topology. Conversely, it is clear that if 
J isa metrisable locally convex topology, then there exists an enumerable funda- 
mental system of closed symmetric convex neighbourhoods of 0 for 7. 


COROLLARY. — The topology J of a topological vector space E, is defined by a set 
of semi-norms (II, p. 3) if, and only if, Z is locally convex. 

The condition is necessary since every semi-norm on E is a convex function, and 
so, for a > 0, the set of x e E for which p(x) < 4, is convex (II, p. 17, corollary). 
Conversely if V is a symmetric, closed, convex neighbourhood of 0 in E, the gauge 
p of V is a semi-norm on E such that V is the set of points x of E satisfying p(x) < 1 
(II, p. 20, prop. 23). 


This shows further that a locally convex topology 7 is defined by the set of all 
semi-norms that are continuous for 7. Further, if Z is metrisable, then it is defined 
by an enumerable set of semi-norms. 

From the corollary to prop. 1, all the results of § 1 on topologies defined by sets 
of semi-norms apply in particular to locally convex topologies over real vector spaces. 
A locally convex Hausdorff space E has a completion E that is locally convex. A 
complete, metrisable locally convex space is called a Fréchet space; every Banach 
space is a Fréchet space. 


PROPOSITION 2. — Let f be a continuous linear form defined over a vector subspace M, 
of a locally convex space E; then there exists a continuous linear form h that is defined 
over E and is an extension of f. 
From the corollary above and II, p. 7, cor. 2, there exists a continuous semi-norm 
p on E, such that | f(»)| < p(y) for all ye M. By the Hahn-Banach th. (II, p. 23, 
cor. 1) there exists a linear form / on E that extends f and is such that |A(x)| < p(x) 
for all x € E, and this implies that / is continuous (II, p. 6, prop. 5). 
Remark, — If g is a continuous linear mapping of M in the product space R', then there 
exists a continuous linear mapping / of E in R! that is an extension of g; for writing 
g = (g,), where the g, are continuous linear forms defined over M, there is an extension 
h, of g, for each te I, such that A, is a continuous linear form over E. The continuous 
linear mapping / = (h,) has the required properties. 
Note that if F is a locally convex Hausdorff space and g a continuous linear mapping 
of M in F, then there does not necessarily exist a continuous linear mapping of E in F 


which is an extension of g (IV, p. 55, exerc. 16, c)). However there does exist such an exten- 
sion when M is finite dimensional (cf. cor. 2, below). 


CoROLLARY 1. — Let E be a locally convex space. If Xy € E is not in the closure of 
{0}, then there exists a continuous linear form f defined over E with f(x 9) # 0. 


Apply prop. 2 to the one dimensional vector space M generated by x, and to the 
linear form &x, + &€ defined over M, which, by I, p. 12, prop. 2, is continuous. 
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COROLLARY 2. — Let M be a finite dimensional vector subspace of E, a locally convex 
Hausdorff space. Then there exists a closed vector subspace N of E, which is the topo- 
logical complement of M in E. 

There exists a topological complement to M in E if, and only if, the identity mapping 
of M on itself can be extended to a continuous linear mapping of E on M, which 
mapping is then necessarily a continuous projector (GT, III, § 6.2, corollary). Now, 
this follows from the remark above since M is isomorphic to a space R” (I, p. 13, 
th. 2). 


PRoposiTION 3. — In a locally convex space E, the balanced convex envelope of a 
precompact set is itself a precompact set. 

Let A be a precompact set in E. Given V, a balanced convex neighbourhood of 
0 in E, there exist finitely many points a,¢ A (1 < i < n) such that A is contained 
in S, the union of the neighbourhoods a, + V (1 < i.< n). Thus C, the balanced 
convex envelope of A, is contained in T the balanced convex envelope of S; but T 
is contained in B + V, where B denotes the convex envelope of the finite set of points 
a;, — a; (1 <i <n). Now B is precompact (II, p. 14, cor. 2); hence there exist 
finitely many points 5, ¢ B (1 < k < m) such that B, is contained in the union of 
the neighbourhoods b, + V. Then C is contained in the union of the neighbourhoods 
b, + 2V, and the proposition is proved. 


Note that, in an infinite dimensional locally convex Hausdorff space, the convex 
envelope of a compact set is not necessarily closed (II, p. 74, exerc. 3). 


COROLLARY. — If, in a locally convex Hausdorff space E, a compact set X is contained 
in a complete convex set (complete in the uniform structure induced by that of E) then 
the convex closed envelope of X is compact. 

For this envelope is a closed subset of a complete space, therefore it is complete, 
but it is also precompact and Hausdorff. 


However in a non complete locally convex Hausdorff space, the convex closed 
envelope of a compact set need not be compact (II, p. 87, exerc. 2). 


2. Examples of locally convex spaces 


1) The space R” is locally convex since the open cubes with centre 0 are convex 
(II, p. 9, prop. 6). This is, therefore, also true for all real topological vector spaces 
of finite dimension ; in fact it follows from the above and I, § 2.3, th. 2 provided that E 
is Hausdorff; if not, the Hausdorff space F associated with E is of finite dimension, 
therefore locally convex, and the inverse images of convex neighbourhoods of 0 in F 
under the canonical mapping E > F are convex and form a fundamental system of 
neighbourhoods of 0 in E. 

2) Let E be a vector space in R, and B be the family of a// subsets of E that are 
absorbent, symmetric and convex. By prop. | of II, p. 23 we see that B is a funda- 
mental system of neighbourhoods of 0 for a locally convex topology 7, on E that 
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is the finest of all locally convex topologies on E. This topology is Hausdorff; for 
let x # 0 be any point of E; there exists a basis (i,),., of E with an « eI such that 
e, = x; the set of points y = } y,e, such that |y,| < 1 is absorbent, symmetric and 


a 


convex. It does not contain x. From I, p. 24, corollary, it follows that 7,, is also 
the topology defined by the set of a// semi-norms on E, thus every semi-norm is 
continuous in 7,. 

In particular, if vis a linear mapping of E in any locally convex space F, the inverse 
image, under u, of every convex neighbourhood of 0 in F is an absorbent convex 
set in E; therefore it is a neighbourhood of 0 for 7, and thus uw is continuous for 7,,. 

Given a convex set C in E, we say that a point ae C is an internal point of C if, 
for every line D containing a, the intersection D > C contains an open segment 
which contains a; in other words — a + C is absorbent. The point a of the set A 
in E is interior to A for 7, if, and only if, there exists a convex set C withae C < A, 
and such that a is an internal point of C. 


More generally, let V be an affine linear variety in E, and C be a convex set contained 
in V; a point ae C is an internal point of C relative to V if, in the vector subspace 
Vo = — a+, the point 0 is an internal point of the set C) = —a+C. 


When E is of finite dimension, the topology .7,, is just the canonical topology on E 
(I, p. 13, th. 2); which shows that every internal point of a convex set C in E, is interior 
to C for the canonical topology (cf I, p. 74, exerc. 5). 

3) Let A be a symmetric convex set in the vector space E over R. The vector 
subspace F generated by A is also the convex cone generated by A, since — A = A; 
this set is the set of Ax where x e A and 2X € R;; the set A is absorbent in F and the 
sets XA where 4 > 0, form a fundamental system of neighbourhoods of 0 for a 
locally convex topology on F (said to be defined by A), which is defined by the semi- 
norm Ppa, the gauge of A (IL, p. 20, prop. 22); we write E, for the locally convex 
space obtained by giving F this semi-norm. The space E a 18 Hausdorff if, and only 
if, p, is a norm or alternatively A does not contain any line. If B is a second symmetric 
convex set in E and if A c B, then clearly E, < Ex, and the canonical injection of 
E, in Eg, is continuous for the topologies defined respectively by A and by B. Further, 
if f is a linear mapping of E in a real vector space E’, then f(A) is convex and sym- 
metric in E’ and f is a continuous linear mapping of E, on Ej,). 

Finally, note that if E carries a topology 7 compatible with its vector space struc- 
ture, and if V is a symmetric convex neighbourhood of 0 for 7, then the vector space 
generated by V is identical with E, since V is absorbent, and the identity mapping 
of E in E, is continuous. 


3. Locally convex initial topologies 


PROPOSITION 4. — Let E be a vector space and let (E,),.; be a family of locally convex 
spaces. For eachv el, let f, be a linear mapping of E in E, ; then the topology F 
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on E, which is the coarsest making each mapping f continuous, is a locally convex 
topology. 

Using II, p. 24, corollary, this is a particular case of the corresponding property 
for topologies defined by semi-norms (II, p. 5). 

In particular, every vector subspace of a locally convex space, and every product 
space of locally convex spaces, is locally convex. Every projective limit of locally 
convex spaces is locally convex. 

Every enumerable product of Fréchet spaces (and in particular every enumerable 
product of Banach spaces) is a Fréchet space. 

Every locally convex Hausdorff space E is isomorphic to a subspace of a product 
of Banach spaces and this subspace is closed if E is complete (II, p. 5, prop. 3). Every 
Fréchet space is isomorphic to a closed subspace of an enumerable product of Banach 
spaces (loc. cit.). 


4. Locally convex final topologies 


PROPOSITION 5. — Let E be a vector space, and (F,),<.4 be a family of topological 
vector spaces and for eacha € A, let g, be a linear mapping of F, in E. 

(i) Denote by B the family of absorbent, symmetric convex subsets V of E such that 
gq ‘(V) is a neighbourhood of 0 in F,, for every «; the family B is a fundamental system 
of neighbourhoods of 0 in E for a topology J that is compatible with the vector space 
structure. 

(ii) A linear mapping f of E in a locally convex space G (resp. a semi-norm p on E) 
is continuous for 7 if and only if, for every index a, f og, (resp. p ° g,) is continuous 
in F,. 

(iii) The topology 7 is the finest of the locally convex topologies on E for which 
the g, are continuous. 

Further, the topology Z is the only locally convex topology on E that satisfies 
condition (ii) for linear mappings (resp. for the semi-norms). 

As % is a filter base invariant under homotheties of ratio > 0, the assertion (i) 
follows immediately from II, p. 23, prop. 1. By the definition of B, the topology 7 
is the finest of locally convex topologies on E making the g, continuous ; whence (iii). 
Finally, it is clear that if f is continuous, so is f o g, ; conversely if the fo g, are conti- 
nuous for every a, then for each symmetric convex neighbourhood W of 0 in G, 
the set g, '(f ~'(W)) is a neighbourhood of 0 in F, for each a Now f~ '(W) is 
absorbent, symmetric and convex thus f ~1(W) is a neighbourhood of 0 in 7, and 
f is continuous. Similarly if p is a semi-norm on E such that po g, is continuous 
for every «, and if U is the set of points x € E such that p(x) < 1, then, for every a, 
the set g, ‘(U) is a convex neighbourhood of 0 in E, that is symmetric and absorbent; 
thus U is a neighbourhood of 0 in E and p is continuous (II, p. 2, prop. 1). 

The last statement follows from S, IV, § 2.5, criterion CST 18. 

We say that 7 is the Jocally convex final topology of the family of topologies 7, 
of the F,, for the family of linear mappings g,. 
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It may happen that 7 is not the finest of the topologies on E compatible with its 
vector space structure and making the f, continuous (II, p. 75, exerc. 15; see also II, p. 75, 
exerc. 14). 


In the most important caseE = > 9,(F,), we get a fundamental system of neigh- 
aeA 


bourhoods of 0 for 7 as follows ; for each a € A, let V, be a symmetric neighbourhood 
of 0 for 7,, form the union of the g,(V,) for a € A and denote the convex envelope 
in E of this union by I'((g,(V,))) ; since every element of E is of the form )° x,, where J 


ae J 


is a finite subset of I and x, € g,(F,), it is immediate that I((g,(V,))) is an absorbent 
symmetric convex set in E (each of the V, is absorbent in F,); as I((g,(V,))) contains 
all the g,(V,,), it is a neighbourhood of 0 for 7. On the other hand, it is clear that for 
every symmetric convex neighbourhood V of 0 for 7, we have V > T((V + g,(F,))), 
from which our assertion follows. 


CoROLLARY 1. — With the notations of prop. 5, let H be a set of linear mappings of E 
in the locally convex space G. Suppose that E is the sum of its subspaces g,(F.,,); then 
H is equicontinuous for 7, if, and only if, for every a, the set f o g, where f varies in H, 
is equicontinuous in F,. 

Remembering I, p. 9, prop. 6 the argument is similar to that of (ii) prop. 5. Let 
W be a symmetric convex neighbourhood of 0 in G and note that if the set fog,, 


where f € H is equicontinuous, then the intersection  g, '(f ~‘(W)) is a symmetric 
SfcH 
convex neighbourhood of 0 in F,. As this intersection is the same as g, 1(M f ~*(W)) 
fH 


and the set | f~*(W) is symmetric and convex, everything depends on showing 
feH 


that it is also absorbent. Now, by hypothesis, every x ¢ Ecan be written as )" g,,(z,,), 
i=1 

where z,,€ F,,. To show that there exists 1 > 0 such that f(1x) € W for all fe H, 

it is sufficient to consider the case x = g,(z,) with z, e F, (since we can pass to the 

general case by replacing W by W/n). But this case follows from the fact that 

g, (A f~*(W)) is a neighbourhood of 0 in F,. 


feH 


CoROLLARY 2. — Let (J,),.;, be a partition of the index set A. Let (G,),.4 be a family 
of locally convex spaces and (F,),<1, be a family of vector spaces. For each Xe L, let 
h, be a linear mapping of F,, in a vector space E; for eachXe L andaeJ,, let g,, be 
a linear mapping of G, in F,. Write f, = h,o g,,. Suppose that each F, carries the 
finest locally convex topology that makes the g,,, (« €J,) continuous. Then, the finest 
locally convex topology on E that makes the f, continuous, is identical with the finest 
locally convex topology making the h, continuous. 

This is a particular case of S, IV, § 2.5 criterion CST 19, and can also be proved 
directly using prop. 5. 
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Examples of locally convex final topologies. 


I. Quotient space. 

Let M bea subspace of the locally convex space F, and ¢ be the canonical mapping 
of F on F/M. As the quotient topology on F/M is locally convex and is the finest 
of all the topologies (locally convex or not) which make @ continuous, it is also the 
locally convex final topology for the family consisting of the single mapping 9. 


Il. Inductive limits of locally convex spaces. 

Let A be an ordered set directed to the right and let (E,, f,,) be an inductive system 
of vector spaces relative to the set A (A, II, § 6.2); let E = jim E, and let f,:E, > E 
be the canonical linear mapping for each « € A. Suppose that each E, carries a locally 
convex topology 7,, and further suppose that for « < B, the mapping f,,:E, > E, 
is continuous. Then we say that the locally convex final topology 7 of the family (7,) 
relative to the linear mappings /f, (resp. the space E carrying the topology 7) is the 
inductive limit of the family (7,) (resp. the inductive limit space of the system (E,, f5,), 
or simply of the locally convex spaces E,). Recall that E is the union of the vector 
subspaces f,(E,) and that when « < f, we have f,(E,) < f,(E,); if we endow f(E,) 
with the final topology for the mapping f, (which is the same as identifying f,(E,) 
with the quotient space E,/f, 1(0)), the topology 7 is also the final topology of the 
family of the topologies of the f,(E,), relative to the canonical injections (II, cor. 2 
above). Further, the continuity of f,, for « < B implies that the canonical injection 
Jeu: SAE.) + f,(Eg) is continuous, so that E is also the inductive limit of f,(E,) 
carrying the preceding topologies relative to the injection j,,. 


Example. — Let X be a locally compact space and E = #(X; R) the vector space of 
finite continuous real valued functions defined over X with compact support. For 
every compact subset K of X, let E, be the vector subspace of E formed by those func- 
tions f € E which are such that x ¢ K > f(x) = 0. Denote by Z, the topology induced 
on Ex and by 7, the topology of uniform convergence on X. The inductive limit 7 of 
the topologies 7, is finer than 7,; we can show that if X is paracompact and not 
compact, then 7 is strictly finer than 7, (cf INT, IIL, 2nd ed., § 1.8). The importance 
of 7 lies in the fact that the linear forms on E that are continuous in 7 are precisely 
the real measures on X (INT, III, 2nd., § 1.3). 


Remark. — In the last example, the topology induced by 7 on E, is identical with Z,, 
since by definition it is coarser than Z, and, since 7 is finer than 7,, the topology 
induced by 7 on Ex is finer than that induced by 7,,, that is to say Z,. 

This reasoning generalises immediately to an inductive limit of locally convex topo- 
logies (7,) when there is a locally convex topology 7’ on E such that 7, is the topology 
induced on E, by 7’. 

More generally one can ask, when we suppose that E, < E, and 7, is the topology 
induced by 7,, under what circumstances 7 induces 7, on each of the E,. In general 
this is not so (II, p. 80, exerc. 26); but we shall see in the Nos following two important 
situations where this does occur. 


5. The direct topological sum of a family of locally convex spaces 


DEFINITION 2. — Let E be the vector space which is the direct sum (A, I, § 1.6) of 
the family of locally convex spaces (E,),-,. For each. € I, let f, be the canonical injection 
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of E, in E. By the topological direct sum of the family (E,) we mean the space E with 
the finest locally convex topology which makes each f, continuous (this topology is 
called the direct sum of the topologies of the E,). 

In the remainder of this No. we keep the same notations as in def. 2 (unless the 
contrary is expressly stated) and we identify, canonically, each E, with a subspace 
of E, by means of f. 

By the general description of neighbourhoods of a locally convex final topology 
given in II, p. 28, we can here obtain a fundamental system of neighbourhoods of 
0 in E for the direct sum topology, in the following manner ; for every family (V,),< 
where V, is a symmetric convex neighbourhood of 0 in E,, consider the convex enve- 
lope I'((V,)), of the union of the V, ; the I'((V,)) for all the families (V,) (or only taking 
V, for each1 to be in a fundamental system of neighbourhoods of 0 in E,) form a funda- 
mental system of neighbourhoods of 0 in E. 


Example. — Let (a,),.,; be a basis of the vector space E and consider the canonical 
topology (I, p. 2, Example 5) on each line Ra,; the direct sum of these topologies 
is the finest locally convex topology on E (II, p. 26); in fact, if V is an absorbent, 
symmetric, convex set in E, then V, = V - Ra, is a neighbourhood of 0 in Ra, and 
V clearly contains the convex envelope I((V,)). 


PROPOSITION 6. — A locally convex topology J on E is the direct sum of the topolo- 
gies of the E,, if and only if, the following property holds: a linear mapping of E in a 
locally convex space G (resp. a semi-norm p on E) is continuous, if and only if, for 
every el, the mapping go f, (resp. po f.) is continuous in E.. 

This is a particular case of prop. 5, II, p. 27. 


Recalling the definition of the direct sum of a family of vector spaces (A, II, p. 12, 
prop. 6), we can say that the topology 7 is the only one for which the canonical 
mapping g+>(gof) is a bijection 


(1) £(E;G) >|] £E,; G) 


tel 
for every locally convex space G. 


CorOLLary. — With the notation of prop. 5, Il, p. 27, suppose that E is the sum of the 

gAF,). Let F be the topological direct sum of the family (Faaca» and let j,:F, > F 

be the canonical injection; suppose that g:F — E is the linear mapping such that 

9 ° Jy = Gq for all we A. If N is the kernel of g, then the canonical bijection FIN > E 

associated with g is a topological isomorphism of F/N on E with the topology 7. 
This is a particular case of II, p. 28, cor. 2 remembering II, p. 29, Example I. 


PROPOSITION 7. — The canonical injection j:E > || E, is continuous when E carries 
tel 
the direct sum topology of the E, and || E, carries the product topology. When | is 


tel 
finite, this mapping is an isomorphism of topological vector spaces. 
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The first assertion follows from the fact that the canonical injections E, > [| E, 


tel 
are continuous for each « € I. If I is finite then jis the identity mapping, and it is suffi- 
cient to show that the product topology 7’ is finer than the direct sum topology 7. 
Now, let V be a convex neighbourhood of 0 for 7 ; each set V - E, is a convex neigh- 
bourhood of 0 in E,; if 7 is the number of elements of I, then the set V contains the 


1 Aie es . 
set nov © E,), which is a neighbourhood of 0 for 7’, and the proposition is 


proved. 
When I is infinite, if, for each finite subset J of I, we write E, for the space I] E,, with 


weJ 


the product topology, then E is the inductive limit of the E, (identified as subspaces of E). 


PROPOSITION 8. — Let N, be a subspace of E,, for every ie |, 
(i) The topology inducedonN = ¥\N, by the direct sum topology J on E is identical 


with the direct sum of the topologies of the N,. 
(ii) The canonical mapping h of the topological direct sum space of the E,/N, on 
E/N (A, IL § 1.6, formula (26)) is an isomorphism between topological vector spaces. 
(i) With the notations introduced above, we consider x = }’ i,x, belonging to 


NoaT((V)) (QA) is a family of numbers = 0 of which at most finitely many are 
non-zero, such that ) A, = 1, and x, € V,, foralli € I). Since the sum of the N, is direct, 


we have 1.x, EN, for alltel; therefore, for all 1 such that 4, > 0 we also have 
x, EN, V,, and x belongs to the convex envelope I'((N, - V,)), thus (i) is proved. 

(ii) Denote canonical mappings as follows: f/:E,-E, h,:E,/N,-E/N, p,:E,>E/N, 
and p:E > E/N. For every te I, h,op, = po f and the proposition follows from 
IL, p. 28, cor. 2 and p. 29 Example I. 


Coro.iary 1. — IN, is closed in E, for every. el, then N = ¥.N, in closed in E. 


For, the canonical mapping p,:E — E, is continuous (II, § 4.5, prop. 6) for every 
vel, hence p, '(N,) is closed in E, and thus the same is true of the intersection 
N=) Pp, (N))- 

COROLLARY 2. — If each E, is Hausdorff, so also is E and each E, is closed in E. 

To prove the first statement apply cor. 1 taking N, = {0} forall. € I; for the second 

apply cor. | with N, = E, and N, = {0} for every k #1. 


We shall show in III, p. 21, cor. 2 that if the E, are Hausdorff and complete then 
so is their topological direct sum E. 
6. Inductive limits of sequences of locally convex spaces 


In this No. we shall consider an increasing sequence (E,,) of vector subspaces of a 
vector space E, such that E is the union of the E,,; we suppose that each E, carries a 


TVS 11.32 CONVEX SETS AND LOCALLY CONVEX SPACES §4 


locally convex topology 7, such that, for every n, the topology induced on E,, by 
T,,4,1 i8 coarser than 7, Cand we give to E the locally convex topology 7 that is the 
inductive limit of the sequence (7,) CL, p. 29, Example II); these hypotheses and nota- 
tions will be used throughout the rest of this No. without restatement. 

It may happen that each 7, is Hausdorff but that 7 is not; it may also happen that 
for each pair of integers n,m Stich that n < m, the subspace E, is closed in E,, (using 
topology 7,,) but that E, is not closed in E using 7 (IL p. 80, exerc. 26). 


Lemma 1. — Let § be a Cauchy filter on E (for 7); then there exists an integer k, 
such that for all N € & and every neighbourhood V of 0 in E, the subspace E, meets 
N+ V. 

We assume the contrary and obtain a contradiction. Suppose that for every k there 
exists a convex neighbourhood V, of 0 anda set M, € & such that 


(E, + V,) AM, = @. 


Clearly we can suppose that V,,, < V, for all k. Let V be the convex envelope of 
UE, 2 V,), this is clearly a neighbourhood of 0 for 7. For alln we have V < V,, +E, ; 
k 

in fact, every x € V can be written )’ A,x, where A; > 0, 1A; = 1 and x,E V, 0 E; 
for all i; now fori < nwe have x; € E,,, therefore )° 1,x; € E,,; and fori > n we have 
x; € V,, therefore }* 4,x; € V,, since V,, is convex, contains 0 and ¥" i, < 

iZn iZn 

V+E, c V, + E, for all n. This being so, let M € & be a set that is V-small. For 
some integer m, E,, © M is not empty; and we conclude that 


McE,+VcE, + Vii 


1. Hence 


as & is a filter, the set M,, meets M and therefore E,, + V 
which establishes the lemma. 


we have a contradiction 


m3 


ppceren 9. — Suppose that the topology induced on E,, by J,,,., is identical with 
ZT, for every integer n. Then 

@ The topology induced by FZ on E,, is identical with 7, for each n; if the 7, are 
Hausdorff then F is Hausdorff. 

(ii) Jf for every n, E, is closed inE,,, (for 7, ,), then E,, is closed in E (using 7) 
for every n. 

(iii) If each E, is complete (using 7,) then E is complete using J. 

(i) To prove the first assertion, it is sufficient to prove that the topology 7/, 
induced by 7 onE, is finer than 7,,. For this, let V,, be a convex neighbourhood of 0 
in E, for the topology 7, n> Weare eine to construct an increasing sequence of convex 
neighbourhoods of 0 in E,,,, for 7,,,,,say(V,+»)p>1, Such that V,,, OE, = V, 
for every index p > 1. Then the union V of the increasing sequence (V,,, ,) will be a 
convex set such that V 7 E, is a neighbourhood of 0 in E, (using 7,), for every 
index k; therefore V will be a neighbourhood of 0 in E for 7 and as VE, = V,, 
we have proved that 7, is finer than 7, 


No. 6 LOCALLY CONVEX SPACES TVS 1.33 


To define the V,,,., we proceed by induction on p using the following lemma : 


Lemma 2. — Let V be a convex neighbourhood of 0 in M, a vector subspace of a 
locally convex space F. Then there exists a convex neighbourhood W of 0 in F such 
thatW AM = V. Further, if M is closed in F, then, for every point x) €[ M, there 
exists a convex neighbourhood W, of 0 in F such thatW, A. M = V and xo ¢ Wo. 

In fact, by hypothesis there exists a convex neighbourhood U of 0 in F such that 
UnaMc V. Clearly, the convex envelope W of U u V in F is a neighbourhood of 0 
in F; we show that W 1 M = V. For, every point z € W is of the form Ax +(1—A) y 
with xe V,yeU,and0 <A < 1 (IL p. Y, prop. 8); ifzeM, and A 1 then neces- 
sarily ye M, therefore ye UM c V and hence ze V; the result is obviously 
true if A = 1. If M is closed in F, the space F/M is Hausdorff thus there exists a 
convex neighbourhood U, < U of 0 in F such that U, does not meet x, + M; 
then the convex envelope W, of Uy vu V fulfils the required conditions. 


Returning to the theorem, to prove the second part of (i) note that if x e E then 
xeE, for some n; if x ¢ 0 and J, is Hausdorff then there is a neighbourhood V, 
of 0 for J, , which does not contain x. We see that there is a neighbourhood V of 0 
for F such that VoE, = V,, hence x ¢ V, and it follows that 7 is Hausdorff. 

(ii) Let xe E—E,,; there exists m > n such that xe E,,, thus, as E, is closed in 
E,, for 7, (because of the hypothesis that 7, , induces 7, on E, for every 1) there 
exists in "the topology 7,, a convex neighbourhood v.. of 0 in E,, such that 
(x + V,,) 0 E, is empty. Now we saw in (i) that there exists a convex neighbourhood 
V of Ofor J such that VO E,, = V,,; and thus (x + V) OE, = x + V,, therefore 
(x + V) OE, = @, which proves (ii). 

(iii) From lemma 1, if § is a minimal Cauchy filter for 7 (GT, UH, § 3.2) then there 
exists a k such that the trace of & on E, is a filter %,; from (i) this last is a Cauchy 
filter for 7,, and thus %, converges in E, by hypothesis ; but as the filter on E generated 
by @, is finer than %, we see that & has a cluster point for 7 and thus converges for 
T. 

When for all 7 the topology induced on E, by 7,,, , is just 7,, we say that 7 is the 
strict inductive limit of the sequence (7,) and that the space E ‘with the topology .7 
is the strict inductive limit of the sequence of locally convex spaces E,,. 


Remarks. — 1) Suppose that E is the union of an increasing directed, non-enumerable 
family of subspaces (E,),.;, each E, having a locally convex topology 7,, such that, 
for E, < Eg, the topology induced on E, by 7, is identical with 7,. It may be the case 
that the topology induced on each E, by the topology 7 is equal to 7, and that the 
E, are Hausdorff and complete, but that E is not complete for Z (INT, Ill, 2nd ed., § 1, 
exerc. 2). 

2) Let F be a locally convex space, which is the union of an increasing sequence of 
vector subspaces (F,,), and for each index n, let 7, be the i Spoloey induced on F, by the 

A topology 7 of F. One should beware that in general 7 is not the inductive limit of 

the 7,. 

3) Suppose that E is the strict inductive limit of the sequence (E,); if F is a closed 
(in 7 ) vector subspace of E, it may be the case that the strict inductive limit of the topo- 


TVS II.34 CONVEX SETS AND LOCALLY CONVEX SPACES § 4 


logies induced by the 7, on F 1 E, is strictly finer than the topology induced by 7 (IV, 
p. 63, exerc. 10). 


PROPOSITION 10.— Let E, F be two locally convex spaces. Suppose that : 

1) There exists a family of Fréchet spaces (E,), and for each « a linear mapping 
gy: E, 2 E, such that the topology of E is the final locally convex topology for the 
family (g,). 

2) There exists a sequence of Fréchet spaces (F,,) and for each n a continuous linear 
injection j,:F, — F such that F = Uj,(F,)- 


Then every linear mapping u of E in F, whose graph is closedinE x F, is necessarily 
continuous. 

To prove that u is continuous, it is sufficient to show that for every «, the mapping 
uog,:E, — F is continuous (IL, p. 27, prop. 5). Now the graph of u o g, is the inverse 
image of the graph of u under the continuous mapping g, x 1,:E, x F>E ~x F, 
and therefore is, by hypothesis, closed in E, x F. We can, therefore, restrict ourselves 
to the case when E itself is a Fréchet space. But then the proposition is a particular 
case of I, p. 20, prop. 1. 


COROLLARY. — With the same hypotheses on E and F as in prop. 10 and assuming 
that E is Hausdorff, then every continuous surjective mapping v of F in E is a Strict 
morphism. 

Let N be the kernel of v and write N, = j, 1(N); then the mapping/’:F,/N, > F/N, 
deduced from j, by taking quotients, is injective and continuous, also F,/N,, is a 
Fréchet space (since N,, is closed) and F/N is the union of the images under /;. By 
hypothesis, in the canonical factorisation v:F > F/N % E, the linear mapping 
w is bijective and continuous and its graph in (F/N) x E is therefore closed (GT, I, 
§ 8.1, cor. 2 of prop. 2). By the remarks at the beginning and by prop. 10, the inverse 
mapping u of w is therefore continuous and the corollary is proved. 


* Prop. 10 and its corollary apply in particular when E is a complete bornological 
space (IH, p. 12) and F is the inductive limit ofa sequence of Fréchet spaces. , 


7. Remarks on Fréchet spaces 


We are going to consider prop. 2 of GT, IX, § 3.1 in the case of locally convex 
spaces. 


PROPOSITION 11. — Let E be a metrisable locally convex space. The topology of E 
can be defined by a distance that is invariant under translations, and for which the 
open balls are convex. 

Let (p,),en be a sequence of semi-norms that define the topology of E. Let d, 
be the pseudometric defined by d,(x, y) =inflp,(x —y), 1/n) for x, y in E; it is invariant 
under translations. For every n > 0, and every real number R > 0, let B,, be 
the set of x € E for which d,(x, 0) < R. If R > 1/n, then B,, = E, and in the other 
case B, p is formed from the xe E such that p,(x) < R; in all cases B,,.p 1S Convex. 
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For x, y in E define d(x, y) = sup d,(x, y). We see immediately that dis a distance, 
neN 


invariant under translations on E and defining the topology of E. For x) e¢ E and 
R > 0, the open ball with centre x, and radius R (for the distance d) is equal to 
NM (X%> + B,.,), therefore it is convex. 

neN 

PROPOSITION 12. — Let E and F be two Fréchet spaces and u a continuous linear 
mapping of E on F. Then there exists a section of u that is continuous though not neces- 
sarily linear. 

By prop. 11 there exists a distance d in E, invariant under translations, defining 
the topology of E and for which open balls are convex. Given y and y’ in F, let 6(y, y’) 
be the distance apart of the closed sets u~ '(y) and u~ '(y’) in E. As wu is a strict mor- 
phism (I, p. 17, th. 1) the remark of GT, IX, § 3.1 shows that 6 is a distance on F defin- 
ing the topology of F. We shall construct, inductively, a sequence of continuous map- 
pings (5,),cn Of F in E satisfying the following inequalities for all ye F : 


Q) (y, u(s,(y))) <2” 
(3) (3,9). 5,40) < 2-"*2 (only ifn > 1). 


Suppose then that either n = 0, or n > 1 and that s,_, has been constructed. 
Let yo € F; as u is surjective, the set u~ (9) is non-empty, and for n > 1, we have 
d(u~*(Vo), S,—1(%o)) < 2~"** by the induction hypothesis. Therefore there exists 
a point x) of E such that u(x9) = yo and for n > 1, d(xo, 8,_,()) < 27"*1. As 
the mapping s,_ , is continuous, the set of points y of F which satisfy the inequalities 
3(Y, Vo) < 27" and d(xo, s,_,(y)) < 27"*? is an open neighbourhood of y,. Hence 
there exist an open covering (V;),-; of F and constant mappings s, , of F in E which 
satisfy the inequalities (2) and (3) in V; where one replaces s, by s,;. As the space F 
is metrisable, there exists a continuous partition of unity (f;),.;, that is locally finite 
and subordinate to the covering (V,);-, (GT. IX, § 4.5, th. 4 and § 4.4, cor. 1). 
For every ye F, put s,(y) = ¥ f,(y).5,,(”). The mapping s, of F in E is continuous ; 

iel 
as the open balls are convex in E and in F, the mapping 5, satisfies the inequalities 
(2) and (3) for all ye F. 

From inequality (3) the mappings s,:F — E form a Cauchy sequence, for uniform 
convergence. As E is complete, the sequence (s,),-j converges uniformly to a conti- 
nuous mapping s : F > E(GT, X, § 1.6); formula (2) shows that wo s is the identity 
mapping of F, thus s is a continuous section of u. 


CoroLLary. — Jf L is a compact set in F, then there exists a compact set K in E 
such that u(K) = L. 
It is sufficient to put K = s(L), where s is a continuous section of w. 


Remarks. — 1) The corollary to prop. 12 can also be deduced from th. 1 of I, p. 17 
and prop. 18 of GT, IX, § 2.10. 
2) We keep the notations of prop. 12. Let p be a continuous semi-norm on E; 
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for all ye F, put g(yv) = inf p(x), so that q is a continuous semi-norm on F (II, 
u(x)=y 


p. 4). Let @ be a lower semi-continuous mapping of F in the interval Jo. + of 
of R. We show that there exists a continuous section s of u such that pos < q+. 

Let s) be a continuous section of u (prop. 12) and N the kernel of u. Let yo € F, 
then there exists 2) e N such that p(so(¥o) + Zo) < G(¥o) + (9). There exists an 
open neighbourhood W of y, in F such that p(so(y) + Zo) < q(y) + ()) for all 
y € W. Hence there is an open covering (W;),.; of F and constant mappings t,:F > N 
such that p(So(y) + ty) < g(v) + o(y) for all ye W;. As F is metrisable, there 
exists a locally finite continuous partition of unity subordinated to the covering 
(Wier SAY (9)ier (GT, IX, § 4.5, th. 4 and § 4.4, cor. 1). The mapping s of F in E 
defined by s(y) = so(y) + ¥ g,(y).t,y) fulfils the stated conditions. 

iel 


§ 5. SEPARATION OF CONVEX SETS 


1. The Hahn-Banach theorem (geometric form) 


THEOREM | (Hahn-Banach). — Let A be an open convex non empty set of the topo- 
logical vector space E and let M be a non-empty linear variety which does not meet A. 
Then there exists a closed hyperplane H which contains M and does not meet A. 
By translation the problem can be reduced to the case 0 € A, so that A is absorbent. 
Let p be the gauge of A (IL p. 20) so that A is the set of points x € E such that 
P(x) < 1. On the other hand, let V be the vector subspace of E generated by M; 
thus M is a hyperplane in V that does not contain 0, and hence there is a unique 
linear form f on V such that M is the set of points y ¢ V for which f(y) = 1. The 
hypothesis M 7 A = @ implies therefore that for all ye V for which f(y) = 1, 
we have p(y) > 1; as f and p are positively homogeneous we have f(y) < p(y) 
for all y € V such that f(y) > 0; finally as p(y) > Ofor all ye V, wesee that f(y) < p(y) 
for all y € V. By the analytical form of the Hahn-Banach theorem (II, p. 22, th. 1) 
there exists a linear form h on E which extends f and is such that, for all xe E, 
A(x) < p(x). Let H be the hyperplane in E with the equation A(x) = 1. Clearly 
HV = MandHoA = @. On the other hand the complement of H in E contains 
the open non-empty set A, therefore H is closed in E (I, p. 11, corollary). 
Q.E.D. 


Remarks. — 1) When 0 eM, th. 1 can be stated as follows : there exists a continuous 
linear form in E, such that g(x) = 0 in M and g(x) > 0 in A (IL p. 8, prop. 4). 


2) If we apply theorem | to the case where E carries the finest locally convex topology 
(II, p. 25, Example 2), and if, for the sake of simplicity, we suppose that 0 € A, then we 
get the following result (that superficially does not involve topology) : if A is an absor- 
bent convex set in the real vector space E and if M is a non-empty linear variety that 
does not meet A, then there exists a hyperplane H containing M and such that A lies 
on one side of H. This result is not valid for every convex set A (II, p. 65, exerc. 5). 
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2. Separation of convex sets in a topological vector space 


DEFINITION |. — Two non-empty sets A, B of a real topological vector space E are said 
to be separated by a closed hyperplane H if A is contained in one of the closed half- 
spaces determined by H and B is contained in the other closed half-space. 


DEFINITION 2. — Two non-empty sets A, B of a real topological vector space are 
said to be strictly separated by the closed hyperplane H if A is contained in one of the 
open half-spaces determined by H, and B is contained in the other open half-space. 


PROPOSITION 1. — Let A be an open non-empty convex set and let B be a non-empty 
convex set in a real topological vector space E; if A does not meet B then there exists 
a closed hyperplane that separates A from B. 

For the set C = A — B is open, convex (II, p. 9, prop. 7) and non-empty, also 
0¢C. By theorem 1 of II, p. 36, there exists a continuous linear form f 4 0 on E 
such that f(z) > 0 in C. Then, for all x e A, and y eB, we have f(x) > f(y). Write 
a= inf £0); a is finite and we have f(x) > « for all xe A and f(y) < o for all 


y €B; the closed hyperplane H with the equation f(z) = « separates A from B. 


Remarks. — 1) The hyperplane H does not meet A (II, p. 15, prop. 1; if A and B are 
two convex non-empty open sets that do not meet then there exists a closed hyper- 
plane that separates A strictly from B. 

2) However, when B is not open, it is not necessarily the case that there exists a 
closed hyperplane that separates A strictly from B, even if E is of finite dimension, 
and even if A does not meet B (II, p. 78, exerc. 12). 


DEFINITION 3. — For a subset A of a vector space E, a hyperplane H is called a support- 
hyperplane of A, if H contains at least one point of A and all the points of A lie on the 
same side of H. 

Let f be a linear form on E that is not identically zero; to say that the hyper- 
plane of the equation f(x) = o& is a support hyperplane of A means that « is either 
the smallest or the largest member of the set f(A) < R. In other words, there exists 
a support hyperplane of A parallel to the hyperplane of equation f(x) = 0, if, and 
only if, one of the bounds of the set f(A) is finite and belongs to f(A). 


PROPOSITION 2. — Let A be anon-empty compact subset of a topological vector space E. 
For every closed hyperplane H in E, there exists a support hyperplane of A parallel to H. 

For, if f(x) = y is an equation of H, where f is a continuous linear form in E, 
the restriction of f to A is continuous, therefore bounded and attains its bounds 
in A (GT, IV, § 6.1, th. 1). 


This demonstrates that there exist one or two support hyperplanes of A parallel 
to H; the first case can only arise when A is completely contained in a hyperplane 
parallel to H. 


PROPOSITION 3. — Jn a topological vector space E, let A be a closed convex set with 
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a non-empty interior. Then every support hyperplane of A is closed and every frontier 
point of A belongs to at least one support hyperplane of A. 

Every support hyperplane of A is closed, since all the points of A are on the same 
side of the hyperplane (II, p. 15, prop. 17). Also if x9 is a frontier point of A, then 
Xq does not belong to the open non-empty convex set A; after th. 1 of II, p. 36 there 
exists a hyperplane H that contains x, and does not meet A. As A is the closure 
of A (II, p. 14, cor. 1 to prop. 16), it follows from prop. 17 of II, p. 15 that H isa 
support hyperplane of A. 


3. Separation of convex sets in a locally convex space 


PROPOSITION 4. —- Let A be a closed non-empty convex set in a locally convex space E 
and let K be a compact non-empty convex set in E, that does not meet A. Then there 
exists a closed hyperplane H that strictly separates A from K. 

For there exists an open convex neighbourhood V of 0 in E such that A + V 
and K + V do not meet (GT, II, § 4.3, prop. 4). As A + V and K + V are convex 
and open in E, prop. 1 of II, p. 37 shows that there exists a closed hyperplane H 
that strictly separates A + V from K + V, and a fortiori A from K. 


Remark. — In a Hausdorff locally convex space E, let A and B be two closed non-empty 
convex sets that are disjoint, if E is finite dimensional then there exists a closed hyper- 
plane that separates A from (II, p. 78, exerc. 13); but this conclusion is not necessarily 
true when E is of infinite dimension (II, p. 78, exerc. 10 and 11). 


CoroLiarRy 1. — In a locally convex space, every closed convex set A is the inter- 
section of the closed half-spaces which contain it. 

In fact, for every point x ¢ A, there exists a closed hyperplane that separates x 
strictly from A (using prop. 4). 


COROLLARY 2. — In a Hausdorff locally convex space, every compact convex set A 
is the intersection of the closed half-spaces which contain it and which are determined 
by support hyperplanes of A. 

For, let x» € A; {Xp} is closed, therefore there exists a closed hyperplane H which 
separates x, strictly from A (prop. 4); let f(x) = a be an equation of H (fa conti- 
nuous linear form) and suppose that f(x) > a for all xe A. If we put y = inf f9, 


the half-space defined by f(x) > y contains A, is determined by the support hyper- 
plane of equation f(x) = y, and does not contain x,; whence the corollary. 


It is possible that a closed convex set that is not compact and has no interior point, 
in a locally convex space, does not have any closed support hyperplane (II, p. 86, exerc. 
18 : cf also V, p. 71, exerc. 11). 


CorOLLARY 3. — In a locally convex space, the closure of each linear variety M is 
the intersection of the closed hyperplanes that contain M. = 
For all x ¢ M, let H be a closed hyperplane that separates x strictly from M; 
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thus M is parallel to H; the closed hyperplane H,, containing M and parallel to H 
does not contain x. The corollary follows. 


CoROLLARY 4, — Let C be a closed convex set in a locally convex space E. A subset 
A of E is contained in C, if, and only if, for every real valued continuous affine function 
u in E such that u(x) > 0 for all x in C, we have u(y) => 0 for all y in A. 

The condition is obviously necessary. Conversely we show that it is sufficient; 
if a point xe A is not contained in C, there exists a closed hyperplane of equation 
f() = & separating x strictly from C; if we suppose for example that f(x) < a, 
then the continuous affine function u = f — « contradicts the hypotheses. 


COROLLARY 5. — Jn a locally convex space E, the closure of each convex cone C of 
vertex 0 is the intersection of closed half-spaces containing C determined by closed 
hyperplanes that pass through 0. 

For C is a convex cone of vertex 0 (II, p. 13, prop. 14). For x ¢C, there exists 
a closed hyperplane H that separates x strictly from C(prop. 4). Itis now Just necessary 
to apply the following lemma : 


Lemma 1. — If a cone A, with vertex 0, is contained in an open half-space determined 
by a hyperplane H, then it is contained in a closed half-space determined by a hyper- 
plane Ho, that is parallel to H and passes through 0. 

Let f(2) = o with a < 0 be an equation of H, so that f(z) = 0 is the equation 
of Hp. If there exists z e A such that f(z) < 0, then there would exist A > 0, such that 
S(AZ) = a, and as Aze A, this would contradict the hypothesis. 


4. Approximation to convex functions 


PROPOSITION 5. — Let X be a closed convex set in a locally convex space E. Then 
every lower semi-continuous convex function f defined in X is the upper envelope of a 
family of functions that are the restrictions to X of continuous affine linear functions 
in E. 

For, the set A c E x R of points (x, 4) such that x e X and ¢ > f(x) is convex 
(II, p. 17, prop. 19) and closed, since the function (x, f) > f(x) — t is lower semi- 
continuous. Then let x be any point of X and let ae R be such that a < f(x). By 
cor. 1 of II, p. 38, there exists a closed hyperplane H in E x R, that contains (x, a) 
and does not meet A. Every linear continuous form on E x R being of the form 


(z, 1) > uz) + At, 


where X€R and uw is a continuous linear form on E, it follows that H has an equa- 
tion of the form u(z) + At = a, and as H contains (x, a) we have « = u(x) + Aa. 
Now the point (x, f(x))¢ A does not belong to H and therefore 4 # 0. Dividing 
by — A, if necessary, we can write the equation of H as t — a = uz — x). As 
f(x) — a> 0, we have, therefore, f(z) > uWz— x) +a for all ze X and this proves 
the proposition. 
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Remarks. — 1) Itfollows from prop. 5 that f is the upper envelope of a directed increas- 
ing family of functions that are the restrictions to X of functions which are continuous 
and convex in E. 

2) Suppose further that X is a closed convex cone with vertex 0 and that f is posi- 
tively homogeneous. Then f is the upper envelope of a family of functions which are 
the restrictions to X of continuous linear forms in E. For, let (u,) be a family of conti- 
nuous affine linear functions in E of which the restrictions to X have f as their upper 
envelope. Put u, = v, +A,, where 2,¢R, and where v, is a continuous linear form 
in E. We have i, = u,(0) < f(0) = 0. On the other hand, if xe X, we have for every 
pn > 0, 

poy + 1g) = Wy + OCU) = Boh (HX) < WoW) = f09 
therefore u, < v, <f in X so that f is the upper envelope of the »,. 

3) The restriction to X of a continuous affine fonction in E is a function that is 
affine in X (i.e. both concave and convex II, p. 17); but it may be the case that there 
exist continuous affine functions in a compact convex set X c E, that are not the res- 
trictions to X of continuous affine functions in E (HU, p. 78, exerc. I, c)). However : 


ProprosiTIOn 6. — Let f be an upper semi-continuous affine function in a compact 
convex set X, of the Hausdorff locally convex space E. Let L be the set of restrictions 
to X of continuous affine functions in E; the set L' of the he L such that h(x) > f(x) 
for all x © X, is then decreasing directed and its lower envelope is equal to f. 

We may suppose that X is non-empty. Let u, v be two elements of L, such that 
ux) > f(x) and v(x) > f(x) for all x e X, and let b be a constant that is an upper 
bound of u and v. Let U (resp. V) be the compact convex set of points (x, 2) of X xR 
such that u(x) < ¢t < b (resp. v(x) < t < 5), and let F be the set of (x, )eX xR 
such that ¢ < f(x); F is convex and closed in X x R. The convex envelope K of 
U uU V does not meet F, since U u V is contained in the set of (x, 1) ¢ X x R such 
that f(x) < t, a set which is convex and does not meet F. As K is compact (II, p. 14, 
prop. 15), we can separate F strictly from K by a closed hyperplane H in E x R. 
For every x € X, the hyperplane H separates (x, f(x)) strictly from (x, 5), and therefore 
meets the line {x} x R in a single point w(x); thus H is the graph of a continuous 
affine function whose restriction w to X is a member of L, that is a lower bound 
for u and v and that satisfies the inequality w(x) > f(x) for all x e X. This proves 
that the set L‘ is decreasing directed. Prop. 5 of II, p. 39, applied to — f shows that 
f is the lower envelope of L’. 


CoROLLARY. — Let f be a continuous affine function in X ; then there exists a sequence 
(h,) of elements of L which converges uniformly to f in X. 

For, prop. 6 and Dini’s theorem (GT, X,§ 4.1, th. 1) show that for all n there 
exists A,¢L such that f<h, < f+ 1/n. 


§ 6 WEAK TOPOLOGIES 


1. Dual vector spaces 


Let F and G be two real vector spaces and let (x, y) + B(x, y) be a bilinear form 
on F x G. We say that the bilinear form B puts the vector spaces F andG in duality, 
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or that F and G are in duality (relative to B). Recall that we say that xe FandyeG 
are orthogonal (for the duality defined by B) if B(x, y) = 0; we say that a subset M 
of F and a subset N of G are orthogonal if every x € M is orthogonal to every ye N 
(A, IX, § 1.2). 

We say that the duality defined by B is separating in F (resp. in G) if it satisfies 
the following condition : 

(D,) For every x #4 0 in F, there exists ye G such that B(x, y) # 0. 
(resp. 

(D,) For every y # 0 in G, there exists x € F such that B(x, y) # 0.) 

The duality defined by B is said to be separating if it is both separating in F and 
in G. For this to be so, it is necessary and sufficient that the bilinear form B should 
be separating in the sense of A, IX, § 1.1. More precisely we have the following result : 


PROPOSITION 1. — Let F, G be two real vector spaces and B a bilinear form on F x G. 
Let 

dyivt> B(., y), 

Spi xt BO, .) 


be linear mappings of G in the dual F* of F and of F in the dual G* of G, associated 
respectively to the right and to the left of B (A, IX, § 1.1). Then B puts F and G in 
a duality separating in G (resp. in F), if and only if dg (resp. Sg) is injective. 


When F and G are put in separating duality by B, we often identify F (resp. G) 
with a subspace of G* (resp. F*) by means of s, (resp. d,). When we consider F 
(resp. G) as a subspace of G* (resp. F*) without specifying how this identification 
is to be made, we are always using the preceding identifications; the bilinear form 
B is then identified with the restriction to F x G of the canonical bilinear form : 


(x*, x) Fe Cx, x*> (resp. (x, x*) > <x, x*)). 


Examples. — 1) Let E bea vector space and let E* be its dual. The canonical bilinear 
form (x, x*)b> <x, x*> on E x E* (A, II, §2.3) puts E and E* in separating duality : 
for (Dy) is true because of the definition of the relation x* 4 0, and we know on 
the other hand, that for all x 4 0 in E, there exists a linear form x* e E* such that 
«x, x*> £0(A, IL § 7.5, th. 6), which proves (D,); the identifications of E with 
a subspace of E** is made here by the canonical mapping c, (Joc. cit.). 

When E is of finite dimension, the only subspace G of E* that is in separating 
duality by the restriction to E x G of the canonical bilinear form, is the space E* 
itself; for, E being then canonically identified with E** (Joc. cit.), if we had G # E*, 
there would exist a # 0 in E such that <a, x*» = 0 for all x* e G(A, IL, § 7.5, th. 7), 
which contradicts the hypothesis. 

2) When E is an infinite dimensional vector space, and E’ is a vector subspace 
of E*, the duality between E and E’ defined by the restriction to E x E’ of the cano- 
nical bilinear form is always separating in E’ ; it can be separating in E even if E’ # E*. 
The most important case occurs where E is a topological vector space. 
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DEFINITION 1. — By the dual of a topological vector space E, we mean the subspace 
E’ of E*, the dual of the vector space E, formed by the continuous linear forms on E. 

When E is a Hausdorff locally convex space, the duality between E and its dual 
FE’ is separating : this follows from the Hahn-Banach theorem (II, p. 24, cor. 1) that 
for every x # 0 in E, there exists x’e E’ such that <x, x’) 4 0. 


Remarks. — 1) When E is a topological vector space, the dual E* of the vector space E 
will be called the algebraic dual of E to avoid confusion. We note also that E* is the 
dual of the topological vector space obtained by giving E the finest locally convex 
topology (II, p. 25, Example 2). 

2) The dual E’ of a topological vector space does not itself carry a topology, unless 
this is expressly stated. 

3) If F and G c F* are in separating duality by the canonical bilinear form, then 
this is also true of F and G,, for every subspace G, of F* such that Gc G,. 


2. Weak topologies 


DEFINITION 2. — Let F and G be two vector spaces put in duality by the bilinear form B. 
The coarsest topology on F that makes all the linear forms B(., y): x +> B(x, y) conti- 
nuouS, where y varies in G, is called the weak topology on F defined by the duality 
between F and G, and we denote it by o(F, G). 

Similarly we define the weak topology o(G, F) on G, interchanging F and G in 
definition 1; this possibility of interchanging F and G applies to all the results and 
definitions that follow in this paragraph. 


We use the adjective « weak » and the adverb « weakly » to denote properties relative 
to a weak topology o(F, G) provided there is no possibility of confusion. We shall 
speak, for example, of « weak convergence » and « weakly continuous functions » etc. 


When G c F*%, the notation o(F, G) will always denote the weak topology defined 
by the duality corresponding to the restriction to F x G of the canonical bilinear 
form (x, x*)hH <x, x*). 

Without extra hypotheses on F and G, we often write <x, y> for the value B(x, y) 
of the bilinear form B at (x, y), provided there is no ambiguity; we shall adopt this 
convention in the rest of this paragraph. 

A vector space F carrying a weak topology of o(F, G) will be called a weak space. 

A weak topology o(F, G) is locally convex (II, p. 26, prop. 4); more precisely, 
it is the inverse image of the product topology of R© by the linear mapping 
b:xt> (<x, >) Of F in RY. It is defined by the set of semi-norms x + |<x, y>| 
when y varies in G (II, p. 5). For every « > 0, and every finite family (y)), <:<, of 
points of G, let W(),,..., y,; %) be the set of the x € F such that |¢x, y> < a 
for 1 < i <n; these sets (for o, and y, arbitrary) form a fundamental system of 
neighbourhoods of 0 for o(F, G). Note that W(),,..., y,;%) contains that vector 
subspace of F, of finite codimension, which is defined by the equations <x, y,;> = 0 
forl <i<n. 
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PROPOSITION 2. — The weak topology o(F, G) is Hausdorff if and only if the duality 
between F and G is separating in F. 


This is a particular case of I, p. 3, prop. 2. 


PROPOSITION 3. — Let F and G be two real vector spaces in duality. Every linear 
form on F, that is continuous for o(F, G), can be written as x +> <x, y> for some y € G. 
The element y eG is unique when the duality is separating in G. 


For, to say that the linear form f on F is continuous for o(F, G) means that 
there exists a finite set of points y,¢G (1 <i <a) such that, for all x in F, 
[f(x)| < sup |<x, y,>| AL p. 6, prop. 5). The n relations <x, y,> =0 (1 <i <n) 

1<i<n 


imply therefore f(x) = 0, and hence (A, II, § 7.5, cor. 1), there exists a linear combi- 

nation y = ) A,y, such that f(x) = <x, y> for all xe F. The uniqueness follows 
i=1 

from (D,). 


In other words, when the duality is separating in G, and F has the topology 
o(F, G), then we can identify G canonically with the dual of F for this topology 
CII, p. 42, def. 1). 


Coroiary |. — A family (a;) of points of F is total for the topology o(F, G) if, and 
only if, for every y # 0 in G, there exists an index 1 such that (a,, y> # 0. 

For using prop. 3 and I, p. 13, th. 1, the property expresses the fact that for o(F, G) 
no closed hyperplane contains all the a,; the corollary follows therefore from cor. 3 
of II, p. 38. 


COROLLARY 2. — A family (a,) of points of F is topologically independent for the 
topology o(F, G), if, and only if, for every index 1, there exists an element b.€G 
such that : <a,,b,> #0 and (a,,b,> = 0 for all « #1. 

This means, that for allt, there exists a closed hyperplane in o(F, G), which con- 
tains all the a, with index « 41 but does not contain a,. 


COROLLARY 3. — Let G, and G, be two vector subspaces of F*, in duality with F 
(for the restriction of the canonical bilinear form). Then o(F, G,) is finer than o(F, G,) 
if and only if G, < Gy. 

The condition is obviously sufficient ; conversely, if o(F, G,) is finer than o(F, G,), 
then every linear form that is continuous for o(F, G,) is also continuous for o(F, G,), 
hence G, < G, by prop. 3. 


CorROLLARY 4, — Let G be a vector subspace of the dual F*, of the vector space F. 
Then F and G are in separating duality (for the canonical bilinear form) if, and only 
if, G is dense in F* in the topology o(F*, F). 

This follows from cor. 1. 
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3. Polar sets and orthogonal subspaces 


DEFINITION 2.— Let F andG be two(real) vector spaces in duality. For every set M of F 
we call the polar of M, the set of those yeG for which <x, y>) = —1 for all xeM. 
(For complex vector spaces, cf. II, p. 64.) 


If G,, G, are two subspaces of F* such that G, < G,, then the polar of M in G, 
is the intersection of G, with the polar of M in G,. 

When there is no danger of confusion we use M° to denote the polar, in G, of the 
subset M of F. Similarly we define the polar in F ofa set in G. 

Obviously, for every scalar) # 0 and all M c F, we have (AM)° = 471 M°. The 
relation M c N c F implies N° < M°; if N absorbs M then M° absorbs N°; for 
every family (M,) of sets of F, the polar set of U M, is the intersection of the polar 


sets M?. Since, for y € M°, the closed half-spaces defined by the relations <x, y>) > — 1 
contain 0 and M, we see that if M, is the convex envelope of M u {0}, then Mf =M°. 
Clearly M < M°°. Hence 
(M°°)° Cc M?° Cc (M°)°° — (M°°)° 
ie. M°°? = M° (cf. S, I, § 1.5, prop. 2). 
If M is a symmetric subset of F, M° is a symmetric subset of G; M° is also in this 
case the set of yeG such that |<x, y>| < 1 for all xeM. 


PROPOSITION 4. — (i) For any set M of F, the polar set M° is a convex set that con- 
tains 0 and is closed in G for the topology o(G, F). 

(ii) If M is a cone of vertex 0, then M° is a cone of vertex 0 and it is also the set 
of yeG such that <x, y> > 0 for all xeM. 

(iii) If M is a vector subspace of F, then M° is a vector subspace of G, and it is 
also the set of ye G such that <x, y> = 0 for allxeM. 

(i) Since the linear forms y+> <x, y> are continuous for o(G, F) the statement 
follows immediately from the definitions and the fact that a half-space determined 
by a hyperplane is convex. 

(ii) If M is a cone with vertex 0 and if xe M, ye M’, then as Ax eM, for all A > 0, 
we have <Ax, y> > — lie. Ax, y> S — 1. Since this holds for all A > 0, it follows 
that <x, y> > 0, and (ii) is proved. 

(iii) Similarly, if M is a vector subspace of F, the relations xe M, ye M° imply, 
this time, that A< x, y> => — 1 for all real } which is possible only if <x, y> = 0. 


If M is a vector subspace of F we say that M° is the orthogonal of MinG; ifG c F*, 
then M° is the intersection of G, and of the subspace orthogonal to M in the algebraic 
dual F* of F(A, I, § 2.4, def. 4). 

For a vector subspace M of F and a vector subspace N of G we say that M and N 
are orthogonal ifM < N° (or, equivalently, if N < M°). 


THEOREM | (The bipolar theorem). — Let F, G be two real vector spaces in duality. 
For every subset M of F the polar set M°° in F of the polar set M° of M in G is the 
closed convex envelope (for o(F, G)) of M vu {0}. 
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We have seen that we need only consider the case where M is convex and 0 € M. 
Denote the closure, in topology o(F, G) of M by M, then M is a convex set in F; 
prop. 4 of II, p. 44 shows that M°° > M. On the other hand if a € F does not belong 
to M then there exists a closed hyperplane H in F which separates a strictly from M 
(IL, p. 38, prop. 4); since H does not contain 0, there exists y € G such that H has 
the equation <x, y> = — 1 (IL p. 43, prop. 3); thus <x, y> > — 1 for all xeM 


and <a, y> < — 1. This implies that ye M° and a¢ M”, and the relation M°° = M 
follows. 


CoroLiary 1. — For any family (M,) of closed convex sets of F (in the topology 
o(F, G)), each containing 0, the polar set of the intersections M =) M, is the convex 
closed envelope ( for o(G, F)) of the union of the M3. : 


For, if N is this convex closed envelope, then 


N° = M?? =A M,=M 


whence N = N°? = M’. 
The conclusion of cor. 1 does not necessarily hold if the M, are not convex. 


COROLLARY 2. — For every vector subspace M of F, the subspace M°° is the closure 
of M in the topology o(F, G). 


Remark, — Every neighbourhood of 0 in G in the topology o(G, F) contains 
a neighbourhood V defined by a finite number of inequalities of the form 
|<x;, >| <1(1 <i<n), where the x; are arbitrary points of F. If A is the sym- 
metric convex envelope of the set of the x,, then V is the polar set A° of A in G. We 
can say that the polars in G of finite symmetric sets in F (or of their convex envelopes) 
form a fundamental system of neighbourhoods of 0 in G for o(G, F). If the duality 
is separating in F, these convex envelopes are compact for o(F, G) (II, p. 14, cor. 1 
of prop. 15), and of finite dimensions. Conversely every compact, convex set of finite 
dimension C in F (with the o(F, G) topology) is contained in the convex envelope 
of a finite subset of F. For, let M bea vector subspace of finite dimension containing C. 
If (e;); <i<, iS a basis of M, we can suppose that C is contained in the closed paralle- 
lotope centre 0 and constructed on the vectors of the basis e, (GT, VI, § 1.3); now 


it is immediate that this parallelotope is the convex envelope of the points }° ¢,¢; 
i=1 
with 6, = +1. 
Thus we can say that (if o(F, G) is Hausdorff) the polars of finite dimensional, 
convex, compact sets in F (for o(F, G) or for any Hausdorff locally convex topology 
finer than o(F, G) on F) form a fundamental system of neighbourhoods of 0 for 


o(G, F). 


COROLLARY 3. — Let Z be the topology of a locally convex space E and let E’ be 
its dual (II, p. 42, def. 1). 
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(i) The closed convex sets in E are the same for the topology Z and for the weak 
topology o(E, E’). 

(ii) For every subset M of E, the polar set M°° in E of the polar set M° of M in 
E’, is the convex closed envelope of M uv {0} for the topology 7. 

Clearly, (ii) follows from (i) and th. 1. From the definition of the dual EF’, it follows 
from II, p. 43, prop. 3 that the continuous linear forms on E for the topology 7 
are the same as the continuous linear forms for o(E, E’). The closed half-spaces in E 
are therefore the same for 7 and for o(E, E’) (IL, p. 15, prop. 17) and the assertion 
(i) follows therefore from II, p. 38, cor. 1. 


4. Transposition of a continuous linear mapping 
In this No., we suppose that (F, G) and (F,, G,) are two vector spaces in duality. 


PROPOSITION 5. — Let u be a linear mapping of F in F,. The following properties 
are equivalent : 

a) u is continuous for the weak topologies o(F, G) and o(F,, G,); 

b) there exists a mapping v:G, > G such that 


Q) <u(y), 21> = Cy, v(Z,)> 


for all ye F and zeG,. 

If these properties hold and if the duality between F and G is separating in G, then 
the mapping v satisfying (1) is unique, and v is linear. 

If u is continuous for the weak topologies, then, for all z, ¢G,, the linear form 
yr <u(y), Z, > on F is continuous for o(F, G), thus (II, p. 43, prop. 3) can be written 
as yt> Cy, v(z,)> with v(z,)¢G, which shows that a) implies 6). Conversely, if 5) 
is true, for all z,¢G,, the linear form 


yrecy, v(Z,)> ae <u(y), Z1> 


is continuous for o(F, G) : it follows from the definition of weak topologies that 
u is continuous for o(F, G) and o(F,, G,) (IL, p. 10, cor. 1). The uniqueness of v 
follows from (D,) and this uniqueness implies that v is linear. 


Remark. — Suppose that the duality between F and G is separating in G and that 
the duality between F, and G, is separating in G,. If we identify G and G, with 
subspaces of F* and F* respectively, the conditions a) and b) are equivalent to 
‘u(G,) < G; v is the restriction of the transpose ‘uw of u (A, I, § 2.5) to G,. 

We say, simply (when there is no chance of confusion) that v is the transpose 
of u (relative to the duality on the one hand between F and G and on the other hand 
between F, and G,) and we again use 'u to denote it. 


CoROLLARY. — Suppose that the duality between F and G is separating in G. If u is 
a linear mapping of F in F,, that is continuous for o(F, G) and o(F,, G,), then its 
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transpose is a linear mapping of G, in G, that is continuous for o(G,, F,) and o(G, F). 
Further if the duality between F, and G, is separating in F, then ‘('u) = u. 
It is sufficient to exchange F and F, with G and G, in prop. 5. 


PROPOSITION 6. — Suppose that the duality between F and G (resp. F, and G,) is 
separating in G (resp. F,). Let u be a linear mapping of F in F, that is continuous 
for o(F, G) and o(F,, G,). Let A be a set in F and A, a set in F,; then: 

(i) We have (u(A))° = 'u" 1(A°). 

(ii) We have 'WA{) < (u~'(A,))°; further, if A is closed, (for o(F,,G,)) convex, 
and contains the origin, then we have ‘u(A$) = (u~'(A,))°. 

Let z,¢G,, the relation z, e(u(A))° is equivalent to <u(y), z,> > — 1 for all 
yeéA, and the relation ‘u(z,) € A° is equivalent to < y, ‘u(z,)> > —1 for all ye A 
and our assertion (i) follows using (1). Next interchanging u and 'w and applying (i) 
to the set Aj of G, we get 


(2) (‘u(A$))? = uw *(AS9) > wu 1(A,) 


from which, on taking polars 
(uA)? = (wo (A,)). 


We have (‘u(A{)) < (‘u(A{))°° by the bipolar theorem (II, p. 44, th. 1); the final 
statement follows from (2) and the bipolar theorem since then A{° = A, and ‘u(A{) 
is convex and contains the origin. 


CoROLLARY 1. — With the notations of prop. 6, the relation u(A) < A, implies 
'u(AS) < A®; if further A, is convex, closed (for o(F,,G,)) and contains the origin, 
then these two relations are equivalent. 

In fact, the relation u(A) < A, equivalent to A < u~‘(A,), therefore implies 


tu(A$) & 'u(AG) & (uw 1(A,))° < AS 
and conversely the relation 'u(A{) < A° implies 
AS? & (Fu(AG))° = u- (AG?) 
from (2). When A, = Aj{°, we deduce that A < uw +(A,). 


COROLLARY 2. — Let u be a linear mapping of F in F, that is continuous for o(F, G) 
and o(F,, G,). We have then 


(3) Ker(‘u) = (Im())° , 
(4) Im(‘w) = (Ker(w))° . 


Suppose that the dualities between F and G and between F, and G, are separating ; 
then u(F) is dense in F, (for o(F,, G,)), if and only if 'u is injective. 
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Apply prop. 6 with A = F and A, = {0}, using the fact that the weak topologies 
o(G, F) and o(F,, G,) are Hausdorff. The last assertion results from (4), inter- 
changing wu and ‘u. 


5. Quotient spaces and subspaces of a weak space 


Let F, G be two real vector spaces in duality. Let M be a vector subspace of F, 
and consider the subspace N of the orthogonal M° in G; if y,, y. are two points 
of G that are congruent mod. N then <x, y,>=<«.x, y,> for all x eM. For each 
class y mod. N, denote the common value of <x, y> when y varies in y by <x, p); 
clearly (x, y)> <x, »> is a bilinear form on M x (G/N). 


PROPOSITION 7. — Let M be a vector subspace of F and N a vector subspace of G 
where F and G are two vector spaces in duality. Suppose that M and N are orthogonal 
(which is equivalent to saying that N < M°, or M < N°). The vector spaces M and 
G/N are then in duality by the bilinear form (x,y) > <x, y>. 

(i) The topology o(M, G/N) for this duality is induced by o(F, G) (and in parti- 
cular we have o(F, G) = o(F, G/F°)). 

Gi) The topology o(G/N, M) for this duality is coarser than the quotient topology 
of o(G, F) by N; these topologies are identical if and only if M + G° = N°. 

(i) Every element of G/N is a class mod. N of an element of G; if z;(1 < i < n) 
are elements of G and 2, (1 < i < n) is the class of z; in G/N then the set of ye M 
such that |< y, Z,>| < «for 1 <i < nis the trace on M of the set of those x € F such 
that |< x, z,>|<« for 1 <i<n; the conclusion follows from the definition of 
neighbourhoods of 0 for the weak topology. 

Gi) Let p:G— G/N be the canonical surjection. We show that the quotient 
topology F of o(G, F) by N is identical with o(G/N, N°). As, for zeG, ye N°, 
we have < y, p(Z)> = <y, Z>, it follows that every neighbourhood of 0 for o(G/N, N°) 
is of the form p(V), where V is a neighbourhood of 0 for o(G, F) saturated for the 
relation z—z’eN, therefore Z is finer than o(G/N, N°). Conversely let 
U = W(),,---» ¥,3 &) be a neighbourhood of 0 in G for o(G, F), where y,¢F for 
1<i<nanda > 0; we are going to see that for 1 < i < a, there exist elements 
t, € N° such that if one puts U’ = W(t,,...,4,; 0, then p(U’) < p(U); this will 
show that o(G/N, N°) is finer than Z and therefore is actually identical with 7. 
Now, let L be the vector subspace of F generated by N° and the y,, and denote 
by P the complementary subspace of N° in L; it is of finite dimension, say m. Let 
(X))1<j<m be a basis of P; the restrictions to N of the linear forms x+> <x,, z> 
are linearly independent, since otherwise there exists x 4 0 in P such that <x, z>=0 
for all ze N, that is to say x e N°, which contradicts the definition of P. Thus we 
conclude that for all z’eG, there exists se N such that ¢x,,2’> = ¢x,,5> for 
all j; ifz’ = z + s, we have (x, z> = Ofor all x € P. This being so, put y; = ¢, + w,, 
where ¢,;e N° and w,eP; we have <)y,,z> = <t;,z> = ¢t;,2') for 1 <i<n; 
therefore, for all z’ e U’, there exists ze U such that z’ — zeN, that is to say we 
have p(U’) < p(U). 
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Returning to the case where M is any subspace of N°, note that evidently 
o(G/N, M) = o(G/N, M + G°); further, from prop. 3 of IL, p. 43, we see that, 
if ye N° is such that the linear form Z+> <y, Z> is continuous for o(G/N, M), 
then necessarily ye M + G*°. We conclude that the condition M + G° = N° is 
necessary and sufficient for the quotient topology Z to be equal to o(G/N, M). 


Remark. — The duality between M and G/N (where M and N are two orthogonal 
subspaces) is separating in M, if and only if Mm G° = {0}; it is separating in 
G/N, if and only if N = M°. 


COROLLARY 1. — Suppose that the duality between F and G is separating in F. For 
a vector subspace M of F the topology o(G/M°, M) is identical with quotient topology 
of o(G, F) by M°, if and only if M is closed for the topology o(F, G). 

This follows from prop. 7 putting N = M7’, and recalling that M°° is the closure 
of M for o(F, G) (II, p. 45, cor. 2). 


COROLLARY 2. — If M is of finite dimension n and the duality is separating in F, 
then M° is of codimension n in G. If M is closed for o(F, G) and of finite codimension n 
and if the duality is separating in G, then M° is of dimension n. 

For, G/M? is in separating duality with M; if M is of dimension n, the same is 
therefore true of G/M° (II, p. 41, example 1). If M is closed, F/M = F/M’? is in 
separating duality with M°; if F/M is of dimension y, it is therefore the same for M° 
(II, p. 41, example 1). 


COROLLARY 3. — Let (F, G), (F,, G,) be two pairs of spaces in separating duality 
and let u be a linear mapping of F in F,, which is continuous for o(F, G) and o(F,, G,). 
Then u is a Strict morphism of F in F,, if and only if, Im(‘u) is a closed subspace in G 
for o(G, F). 

Let N = Im(‘u) < G; we know that N° = Ker(u) in F (IL p. 47, formula (3)). 
Let p:F — F/N°® be the canonical mapping so that u factorises as 


u:F 5 F/N° >F,, 


where w is injective. The spaces F/N° and N are in separating duality and by for- 
mula (1) of II, p. 48, we have < w(J), 2; > = <3, ‘u(z,)> for all » e F/N° and z, € G,. 
This relation shows that w is an isomorphism of F/N°, carrying the topology 
o(F/N°®, N), on u(F) with the topology induced by o(F,, G,). The conclusion results 
therefore from cor. 1 and the definition ofa strict morphism. 


CorOLLarRy 4. — Let (F, G), (F,, G,) be two pairs in separating duality, and let u 
be a linear mapping of F in F, that is continuous for o(F, G) and o(F,, G,). Then u 
is surjective, if and only if, ‘u is an isomorphism of G, (with topology o(G,, F,)) on 
‘u(G,) with the topology induced by o(G, F). 
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For, to say that u(F) = F, is equivalent to saying that u(F) is closed and every- 
where dense in F, for o(F,, G,); cor. 4 follows then from cor. 3 applied to 'u and 
of II, p. 47, cor. 2. 


Remarks. — 1) Let (F,, G,), (F2, G,), (F3, G3) be three pairs of spaces in separating 
duality and consider a sequence of two linear mappings 
(5) F, > F, 4 F, 


that are continuous for the weak topologies corresponding respectively with G,, G,, 
G,; we consider the sequence of transposed mappings 


(6) G,3G,5G,. 
It is clear that ‘(v o uw) = ‘uw o'v, therefore the relation v o u = Ois equivalent to'uo'v = 0. 
The sequence (5) is exact if, and only if, the three following conditions are satisfied 

a) ‘uctv =0; 

b) Im(‘v) is dense in Ker(‘u): 

co) ‘u is a strict morphism of G, in Gy. 

This follows in effect from cor. 3 of II, p. 49 and formulae (3) and (4) of IJ, p. 47. 

2) It must not be thought that when uw is a strict morphism of F in F,, then ‘w is 
necessarily a strict morphism of G, in G; in other words wu can be a strict morphism 
without u(F) being closed in F, for o(F,, G,). This is shown by the example where 
F is a non-closed subspace of F, and G = G,/F°, wu being the canonical injection. 
Similarly, the fact that the sequence (5) is exact does not necessarily imply that (6) 


is exact, however, if the sequence (5) is exact and if v is a strict morphism, then the sequen- 
ce (6) is exact, by the remark 1 and by II, p. 49, cor. 3. 


6. Products of weak topologies 


PROPOSITION 8. — Let(F,, G,),.; be a family of pairs of spaces in duality. Let F=|] F, 
tel 


be the product space of the F, and G = © G, be the direct sum of the G,. If, for all 


vel 


x = (x,) € F and all y = (y,) €G, we write <x,y> = <x, ¥,> (a sum which has 


tel 


only finitely many non-zero terms) then the topology o(F, G) (relative to the bilinear 
form (x,y) <x, y>) is the product of the topologies o(F,, G). 

For, given a topology 7 on F; in order that, forall y e G, thelinearform xt <x, y> 
should be continuous for 7, it is necessary and sufficient, by the definition of <x, y>, 
that each of the mappings x+> <pr,x, y,> should be continuous for 7, where 1 
is arbitrary in I and y, in G,; but this means that each of the mappings pr, of F in 
F, is continuous for 7 and for o(F,, G,) (I, p. 10, cor. 1); this completes the demons- 
tration. 


Remark, — The duality between F and G is separating in F (resp. in G) if and only 
if for alli eI, the duality between F, and G, is separating in F, (resp. in G,). If the 
duality between F and G is separating in F (resp. G), then, in F (resp. G), the subspace 
orthogonal to one G, (resp. F,), canonically identified with a subspace of G (resp. F) 
is the subspace of the product of the F,, where k ¥ 1 (resp. the direct sum of the G, 
such that « 4 1). 
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Coro.uary |. — Let F and G be two vector spaces in separating duality. If the 
space F (with o(F, G)) is the direct topological sum of two subspaces M, N then the 
space G (with o(G, F)) is the direct topological sum of the subspaces M°, N° orthogonal 
respectively to M and N. 

For let p:F ~ M, q:F > N be the projectors corresponding to the decomposi- 
tion of F into the direct sum of M and N;; in these conditions the mapping 
(p,9):F > M x N is a topological isomorphism. If M, = G/M°,N, = G/N®, 
then the topologies on M and N (induced by that of F) are identical with o(M, M,), 
o(N, N,) respectively (II, p. 48, prop. 7). The mapping ‘(p, g):M, x N, > G is 
a topological isomorphism when we give M,, N, and G the topologies o(M,, M), 
o(N,, N) and o(G, F), by prop. 8. Under this mapping M, (resp. N,) has as its 
image in G the subspace N° (resp. M°), and the topology o(M,, M) (resp. o(N,, N)) 
has as its image the topology induced on N° (resp. M°) by o(G, F), from which the 
corollary follows. 


COROLLARY 2. — Let (e,),-; be a basis of the vector space F with dual F*, and let 
u:R® — F be an (algebraic) isomorphism defined by this basis. Then the transposed 
mapping tu:F* > R! is a topological isomorphism when F* carries the topology 
o(F*, F) and R' the product topology. 

We know (A, II, § 2.6, prop. 10) that ‘uw is a bijection, and that if for a x* € F%*, 
we put <e,,x*> = €* for all vel, then the image ‘u(x*) is the vector (€*) of R', 
so that, for all x = )' &e, in F, we have <x, x*> = )' &&*. The corollary then 

1 tel 


follows from this formula and prop. 8. 


7. Weakly complete spaces 


PROPOSITION 9. — Let F, G he two vector spaces in separating duality. If F is the 
completion of the space F for the topology o(F, G) and if we consider the canonical 
injection j:F — G*, where G* has the topology o(G*, G), then the continuous exten- 
sion j:F — G* of j is an isomorphism of topological vector spaces. 

For, we see that G*, endowed with o(G*, G), is Hausdorff and complete (II, 
p. 51, cor. 2); if we identify F by j with a vector subspace of G* then the topology 
induced on F by o(G*, G) is o(F, G), and F is dense in G* in the topology o(G*, G) 
(II, p..43, cor. 4); from which the proposition follows. 


Vector spaces that are complete for a weak topology are therefore the duals G* 
of arbitrary vector spaces G endowed with o(G*, G); after II, p. 51, cor. 2, they are 
(topologically) isomorphic to products R' of real lines. To simplify the language, we 
shall call them products of lines (for an intrinsic characterisation of these spaces see 
II, p. 85, exerc. 13 and I, p. 81, exerc. 1). 

We note that on G*, the o(G*, G) topology is minimal among the weak topologies 
that are Hausdorff; for, a weak topology that is coarser than o(G*, G) is necessarily 
of the form o(G*, H) where H c G (Il, p. 43, cor. 3); but if H # G, then there 
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exists a linear form x* e G* that is non null and is orthogonal to H (A, II, § 7.3, 
prop. 8), therefore o(G*, H) is not Hausdorff. 

We deduce from this remark that, if F, G are two vector spaces, then a linear 
bijection u:G* — F*, that is continuous for the topologies o(G*, G) and o(F*, F), 
is necessarily bicontinuous. 


PROPOSITION 10. — Let G be a real vector space and F = G* its dual with the topo- 
logy o(G*, G). 

(i) The mapping V +> V° is a bijection of the set of vector subspaces of G on the 
set of closed vector subspaces of F. 

(ii) Every closed vector subspace of F is a product of lines and has a topological 
complement. 

By the bipolar theorem (II, p. 45, cor. 2) Vt» V° is a bijection of the set of vector 
subspaces V of G, closed for o(G, G*) on the set of closed vector subspaces of F. 
But, by definition, every linear form on G is continuous for o(G, G*), therefore 
every vector subspace in G is closed, being defined by a system of equations 
<y, y> = 0 (where y* € G*); this proves (i). 

Now let W be a closed subspace of F; we have then W = V° with V = W° inG. 
Let V’ be a complement of V in G. We know that F = G* can be canonically iden- 
tified with V* © V’*, and V’* identified with V° = W (A, IL, § 2.6, cor. to prop. 10); 
further (II, p. 50, prop. 8) the topology o(G*, G) can be identified with the product 
of the topologies o(V*, V) and o(V’*, V’); this proves assertion (ii). 

Though, for the topology o(G, G*), every vector subspace of G is closed, we note that 
if G is of infinite dimension then the topology o(G, G*) is not the finest locally convex 
topology on G, every neighbourhood of 0 for o(G, G*) containing a vector subspace 


of infinite dimension : it is however the finest of the weak topologies on G (II, p. 43, 
cor. 3). 


8. Complete convex cones in weak spaces 


Lemma 1. — Let E be a Hausdorff weak space and C a proper cone with vertex 0 
in E, that is complete for the uniform structure induced by that of E. Every continuous 
linear form in E is then the difference between two continuous linear forms in E that 
are positive in C. 

Let E’ be the dual of E and F be the algebraic dual of E’, with the topology o(F, E’). 
Let H = C° — C® be the vector subspace of E’ formed by the differences of linear 
forms that are continuous in E and positive in C (IL, p. 44, prop. 4). It is sufficient 
to show that the orthogonal to H in F is {0} (II, p. 41, Example 1). Then let ae F 
be orthogonal to H; as a is orthogonal to C°, it must belong to the bipolar of C 
in F. But E is identifiable as a subspace of F, and since C is complete, thus closed 
in F, we have ae C(IL p. 44, th. 1). Similarly a is orthogonal to — C° and therefore 
ae — C. As Cis proper, we have a = 0. 


PROPOSITION 11. — Let E be a Hausdorff weak space, and C be a proper convex cone 
with vertex 0 in E and which is complete in the uniform structure induced by that of E. 
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Then there exists a set 1 and a continuous linear mapping u of E in the product space 
R! with the following properties : 

a) u is an isomorphism of C on uU(C) for the uniform structures induced respectively 
by those of E and of R'. 

b) We have u(C) < R',. 

Further, if the uniform structure induced on C by that of E is metrisable, then we 
can take [=N. 

Let (f),-; be a family of continuous linear forms in E such that the finite sums of 
pseudometrics of the form (x, y) > | f(x — y)|onC x C define the uniform structure 
of C. (If the structure is metrisable we can take I = N.) By lemma | we can suppose 
further that each of the f is positive in C. Let u be the linear mapping x b (f,(>)), 4 
of E in R’. It is clear that uw is continuous and that u(C) < R',. The restriction u|C 
is a uniformly continuous mapping that is surjective from C on u(C). Further if 
x, yin C are such that f(x) = f(y) for allt eI, then x = y since the uniform structure 
of C is Hausdorff; therefore u|C is bijective. Finally, if W is an entourage of the 
uniform structure of C, then there exists a finite set J of I and a number ¢ > 0 such 
that the relations | f(x) — f())| < ¢ for te J imply (x, y) ¢ W; therefore uC is an 
isomorphism of C on u(C) for the uniform structures being considered. 


CoroLiary 1. — Let E be a Hausdorff weak space and C a proper convex cone of 
vertex 0 in E that is complete for the uniform structure induced by that of E. Then 
the mapping (x, y)}> x + y of C x C in C is proper. 

Because of prop. 11, we can suppose that E = R' and that C = R4, (GT, 1, § 10.1, 
cor. 1 and 4). But then the mapping (x, y)h> x + y of C x C in C is written as 
((€), (n))  (& + n,), and we can restrict ourselves to proving that the continuous 
mapping f:(&,n)§ + n of R, x R, in R,, is proper (GT, IL, § 10.1, cor.3), 
Now, for all€ e R,, we see that f (C) is the set of pairs (&, ¢ — €)such thatO < — <€, 
therefore the inverse image by f of the interval [0, ¢] is the set of the(E, n) eR, xR, 
such that € + n < C, which is compact. The conclusion follows applying (GT, I, 
§ 10.3, prop. 7). 


COROLLARY 2. — Let E be a Hausdorff weak space, and C a proper convex cone 
with vertex 0 in E, that is complete for the uniform structure induced by that of E. 

(i) For every point a of E, the intersection C ~ (a — C) is compact. 

(ii) Let A, B be two closed sets inC. Then A + Bis aclosed set inC. 

(i) The set of the (x, y)—_C x C such that x + y = a is compact from cor. 1 
and from GT, I, § 10.2, th. 1, 5). Now this set is also the set of the (x, a — x) for 
xeCn(a—C), which proves (i). 

(ii) If A and B are closed in C, then A x B is closed in C x C, therefore A + B 
is closed in C after cor. 1 and GT, I, § 10.1, prop. 1. 
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§ 7. EXTREMAL POINTS AND EXTREMAL GENERATORS 


1. Extremal points of compact convex sets 


DEFINITION 1. — Let A be a convex set in an affine space E. Then we say that a point 
x € A is an extremal point of A if there does not exist an open segment that is contained 
in A and contains x. 

In other words, the relations x=Ay+(1—A)z, ye A, ZEA, y Azand0<A<1 
imply 4 = 0 or A = 1 (thus x = y or x = 2Z). This implies that x cannot be the 
barycentre of a set of m points x; of A carrying positive masses unless x is one of the 
x;; for this is just the definition when = 2; for arbitrary n argue by induction 
on n, as x is the barycentre of x, and of the barycentre y, of the x, with 2 <i <n, 
therefore x is identical with x, or y,, and in the second case it is sufficient to apply 
the induction hypothesis. 


To say that x is an extremal point of A also means that A—{x} is convex. 


Examples. — 1) In the space R", all the points of the sphere S,_, are extremal points 
of the closed ball B,. For, if ) y? < 1, ).z? < 1 and 0 <4’ <1, the relation 


7 y7 +0 — APY 2? + 20d — AY yz, = 1 = (A + (1 — a)? 
is possible only if 


Vw = 7 =V yz, = 1. 


But this implies )(y; — z,)? = 0, thus y, = z, for all i which proves our assertion. 


2) In the normed space BN) of bounded sequences of real numbers (I, p. 4) the 
extremal points of the unit ball are the points x = (€,) such that |€,| = 1 for all n. For, 
suppose that we had |€,| < 1 for all m and |€,/ < 1 for one index p. We can then write 

_1+6, ; b=, 


2 2 


where y (resp. z) is the point all of whose coordinates are equal to the coordinate of x 
with the same index, except in the case of index p where the coordinate is equal to 1 
(resp. — 1). This shows that x is not extremal, since we have ||y|| < 1 and ||z|| < 1. 
Conversely, if |€,,| = 1 for all n, then x is extremal, for the relation &, = An, + (1 — AC, 
with |n,| < 1, IG.| < 1 and 0 <A <1 implies &, = n, = Cs 
3) Let u:E > E’ be an affine mapping of an affine space E in an affine space E’; 

let C c E, C’ c E’ be two convex sets such that u(C) c C’. If x’ is an extremal point 
of C’ and x is an extremal point of wu }(x’) 7m C, then x is an extremal point of C, as it 
follows from def. 1. 


PROPOSITION 1. — Let B be the set of extremal points of A, a non-empty compact 
convex set ina Hausdorff locally convex space E, and let f be a convex function defined 
in A and upper semi-continuous. Then f attains its upper bound in A at one point (at 
least) of B. 
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Use % to denote the family of subsets X of A that are non-empty, closed, and such 
that every open segment that is contained in A and meets X necessarily lies in X. It 
has the following properties ; 

(i) A belongs to %. 

(ii) A point ae A is such that {a} € , if, and only if, a is an extremal point of A. 

(ii) Every non-empty intersection X of a family (X,) of sets of § also belongs 
to &. 

The properties (i), (ii) and (iii) follow immediately from the definitions. 

(iv) Let X € %, and let A be a function that is convex and upper semi-continuous 
in A; then the set Y of the points of X where the restriction /|X attains its upper 
bound in X is such that Y belongs to %. 

For, 4|X being upper semi-continuous in X attains its upper bound « over X 
in at least one point of X (GT, IV, § 6.2, th. 3); thus Y is non-empty, it is also closed 
(GT, IV, § 6.2, prop. 1). On the other hand let x, y be two distinct points of A and let 
z=Ax +(1 —A)y be a point of Y such that0 <2 <1; as Y c X and Xe®%, 
we have xe X and ye X; on the other hand, as A is convex, we have 


h(z) < AA(x) + 1 — A) ACY) 


but as A(x) < o, A(y) < o and A(z) = a, of necessity h(x) = h(y) = a, that is to 
say xe Y and yeY. Therefore Y € &. 

With these properties established, let M be the set of xe A where f attains its 
upper bound in A; by (iv), M € %. On the other hand, by (iii) and the fact that the 
sets of & are closed subsets ot the compact set A, it follows that % is inductive for 
the order relation >. By th. 2 ofS, III, §2.4, M contains a subset N which is a minimal 
element of %. We shall show that N consists of a single point and this will complete 
the proof of the proposition. Since E is a Hausdorff locally convex space, it is suffi- 
cient to show that every continuous linear form uw on E is constant in N (II, p. 38, 
cor. 1). Now it follows from (iv) that the set N’ of the x e N where y|N attains its upper 
bound in N is such that N’ belongs to &; since N is minimal in § we necessarily have 
N=N. 


CorOLLaRy. — Let A be a compact convex set in a Hausdorff locally convex space E. 
Then every closed support hyperplane H of A contains at least one extremal point of A. 

For, if f(x) = & is an equation of H and f(x) < « in A, it is sufficient to apply 
prop. | to f. 


THEOREM | (Krein-Milman). — Jn a Hausdorff locally convex space E, every compact 
convex set A is the closed convex envelope of the set of its extremal points. 

For, let C be the closed convex envelope of the set of extremal points of A; clearly 
C cA. Tosee that A c C, it is sufficient to prove that, if u is an affine linear func- 
tion, continuous in E and if u(x) > 0 in C then also u(x) > 0 in A (II, Pp. 39, cor. 4); 
but this follows from prop. 1 applied to — u. 


PROPOSITION 2. — Let x be an extremal point of a compact convex set A in a Hausdorff 
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locally convex space E. Then for every open neighbourhood V of x in E, there exists 
an open half-space F in E such that xe F ~ A < Vo A (in other words, the traces 
on A of the open half-spaces containing x, form a fundamental system of neighbour- 
hoods of x in A). 

For every open half-space D of E containing x, the set A 4 Disa compact neigh- 
bourhood of x in A, and the intersection of all these neighbourhoods is precisely 
the point x (any two distinct points can be strictly separated by a closed hyperplane 
(II, p. 38, prop. 4). By prop. 1 of GT, I, § 9.2, it is sufficient to prove that the sets 
Aa D form a filter base. Now if we write Ly = A 7 (E—D), the set Lp is convex, 
compact and contained in the convex set A—{x}; if D,, D, are two open half- 
spaces of E containing x, the convex envelope B of Lp, U Lp, is therefore contained 
in A — {x} ; but Bisa compact set (II, p. 14, prop. 15), therefore there exists a closed 
hyperplane H that separates x strictly from B (II, p. 38, prop. 4) and if the open 
half-space determined by H and containing x is D, then we have Lp, U Lp, < Lp, 
therefore AN Dc (AN D,)A(AN D,). 


CoROLLARY. — In a Hausdorff locally convex space let K be a compact subset of a 
compact convex set A. Then the following conditions are equivalent. 

a) A is the closed convex envelope of K. 

b) K meets every set that is the intersection of A with one of its support hyperplanes. 

c) K contains the set of extremal points of A. 

a) = b). Suppose that there exists a support hyperplane H of A whose equation 
is f(x) = a, such that (H m A) 0 K = @ and suppose, for example, that f(x) > « 
in A. As f(x) — « > 0 for all x e K by hypothesis and as K is compact we have 


B = inf f) > a, 


and K is, therefore, contained in the closed half-space f(x) > B; therefore the 
same is true of the closed convex envelope A of K and this is absurd. 

b) = c). Suppose that an extremal point x of A does not belong to K; there is 
a neighbourhood V of x in E such that V7 An K = @. But by prop. 2, we can 
suppose that V is an open half-space defined by a hyperplane H with the equa- 
tion f(z) = «. If for example f(x) > a, then for all ye K, we have f(y) < a, there- 
fore K does not meet the intersection of A and the support hyperplane f(z) = y > & 
parallel to H (II, p. 37, prop. 2); this is absurd. 

c) = a). This is an obvious consequence of the Krein-Milman theorem. 


Remarks. — 1) Even if the vector space E is finite dimensional the set of extremal 
points of a compact convex set is not necessarily closed (II, p. 89, exerce. 11). 

2) If K is a compact set in a non complete Hausdorff locally convex space, and A, 
the closed convex envelope of K is not compact, there can be extremal points of A 
that do not belong to K (IL, p. 87, exere. 2). 

3) In a Banach space E of infinite dimension, it may happen that the closed ball 
of centre 0 and radius | does not possess any extremal point (II, p. 89, exerc. 14). 

4) IfA isa compact convex set in a Hausdorff locally convex space, it may happen that 
an extremal point of A does not belong to any support hyperplane of A (II, p. 78, 
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exerc. 11). The proof of theorem 1 (II, p. 56) shows that in any case A is the convex closed 
envelope of the set of extremal points of A which belong to a support hyperplane. 


2. Extremal generators of convex cones 


Let C be a convex cone with vertex 0 in a vector space E; clearly no other point 
of C than the vertex can be an extremal point; the vertex is an extremal point of C 
if and only if C is pointed and proper. 


DEFINITION 2. — Let C be a convex cone of vertex 0 in a vector space E. We say that 
ahalf-line D ¢ C originating at 0 is an extremal generator of C, if every open segment 
contained in C, not containing 0 and meeting D is contained in D. 


It comes to the same thing to say that for all xe D such that x # 0, if y ¥ 0, 
y’ # O are two points of C such that x = y + y’, then, it is necessarily the case that 
yeD and y’eED. 


Remark 1, — Let C be a pointed proper convex cone in E, and consider on E the 
order structure for which C is the set of elements > 0 (II, p. 12, prop. 13); in order 
that an element of E, say x > 0, belongs to an extremal generator of C, it is necessary 
and sufficient that every element y > 0, that is bounded above by x, is of the form rx 
withO < % <1: in fact, to say that y is bounded above by x means that x = y + y’ 
where y’ eC, whence the conclusion follows. 


PROPOSITION 3. — In a vector space E, let C be a convex cone with vertex 0, and let 
Xo # 0 bea point of C, and D a half-line that is contained in C, originating from 0 and 
containing X,. Let H be a hyperplane containing x, and not passing through 0. Then 
D is an extremal generator of C if and only if x, is an extremal point of Hc C. 

The condition is clearly necessary. Conversely, suppose that it is satisfied; sup- 
pose that there is a line D’ not containing D, passing through x, and such that 
D’ oC contains an open segment to which x, belongs. Let y # 0 be a direction 
vector of D’; the hypotheses imply that the point (1 + A)x, + py belongs to C 
for |A| and || sufficiently small. But then, in the plane P determined by D and D’ 
and carrying the canonical topology, x is an interior point of P q C, and it follows 
that the line P ~ H contains an open segment contained in H 4 C and to which 
X belongs. This contradicts the hypothesis. 


DEFINITION 3. — Let C be a convex set in a Hausdorff topological vector space E. 
A compact convex non-empty set A of C is called a cap of C if the complement C—A 
of A in C is convex. 

Let C be a pointed convex cone with vertex 0 in E and let A be a cap of C. Write 
B = C-—A. For every closed half-line L < C originating at 0, the sets L ~ A and 
L 7 B are convex sets that are complements in L, whose union is L, and such that 
Lo A is compact. As L 1 A is non-empty for at least one half-line L, we see that 
0¢€A, thus LX A is a closed segment with an end point at 0. If A exists then C is 
proper. 
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PROPOSITION 4. — Let C be a pointed convex cone with vertex 0 in E, a Hausdorff 
locally convex space. 

a) Let A be a cap of C. Let p be the restriction to C of the gauge of A (II, p. 20). 
The set of the x EC such that p(x) < 1 is the set A. The function p is lower semi- 
continuous and has the following properties : 

(i) For any x, y in C, we have p(x + y) = p(x) + p(y). 

(ii) For any x eC and XE R*, we have p(rAx) = dp(x). 

(iii) If x eC, the relation p(x) = 0 is equivalent to x = 0. 

b) Conversely, let p be a function defined in C with values in (0, + oj, satisfying 
the conditions (i), (ii) of a). Let A be the set of the x eC such that p(x) < 1. Then 
A and C—A are convex. A isa cap, if and only if A is compact and non-empty. 

The statement 5) is obvious. The properties stated in a) are consequences of the 
remarks preceding prop. 4 and of the prop. 22 of II, p. 20 and prop. 23 of II, p. 20 
with the exception of 


P(x + y) > P(X) + Py). 


It is sufficient to prove this last when x 4 0 and y ¥ 0; we have therefore p(x) > 0, 
D(y) > 0. Let p, 4 be two numbers > 0 such that A < p(x), p < p(y), and denote 
the complement of A in C by B. We have x € AB, y € uB, therefore x + ye AB + pB; 
by the convexity of B, we have AB + pB c (A + WB, whence p(x + y) >A +H, 
which implies the inequality stated above. 


COROLLARY 1. — Let C be a pointed convex cone of vertex 0 in E, a Hausdorff locally 
convex space and let p be the gauge of A, a cap of C. The extremal points of A are 
then the point 0, and the points x on the extremal generators of C such that p(x) = 1. 

It is clear that 0 is an extremal point of A. Let x be a point on L an extremal gene- 
rator of C and such that p(x) = 1. Let y, z be two points of A such that x = 4(y +2). 
As L is extremal, we have y = Xx and z = px, where A and p are numbers > 0 
such that 4(A + yp) = 1, & = Ap(x) = p(y) < 1 and p = pp(x) = pz) < 1, from 
which 7 = p = | and hence y = z = x; so, x is an extremal point of A. Conversely, 
let x # 0 be an extremal point of A. Obviously p(x) = 1. Let y, y’ be two points 
of C such that x = y + y’, and we shall show that y, y’ are proportional to x. Without 
loss of generality we can suppose that the numbers 4 = p(y) and A’ = p(y’) are 
finite and > 0. Then” ‘ye A, A’ 1p’ A, A +X’ = I by prop. 4, (i) and the equa- 
lity x = A(A7~*y) + XA’~ 1 y’) implies, by hypothesis that 


CS heya Me tye 


COROLLARY 2. — Every point of C that belongs to a cap of C, also belongs to the 
convex closed envelope of the union of the extremal generators of C. 

This follows immediately from cor. 1 and the Krein-Milman theorem (II, p. 55, 
th. 1). 


No. 3 EXTREMAL POINTS AND EXTREMAL GENERATORS TVS II.59 


* Example. — Let X be a locally compact space that is o-compact. Let C be 
a closed convex cone of vertex 0 in .#,(X) with the vague topology. We shall show 
that C is the union of its caps. Let (X,,) be an increasing sequence of open, relatively 
compact sets of X whose union is X. Let p be an element # 0 of C. There exist a, > 0 
such that } «,u(X,,) = 1. 


For every measure veC, put p(v) = >} 4,v(X,) € (0, + op. The function p 


on C satisfies conditions (i) and (ii) of prop. 4. It is lower semi-continuous for the 
vague topology (INT, IV, 2nd ed., § 1, No. 1, prop. 4). The set A of the y e C such 
that p(y) < 1 is therefore closed and non-empty. On the other hand, every compact 
set of X is contained in one of the X,,, thus A being vaguely bounded is also vaguely 
compact (INT, ITI, 2nd ed., § 1, No. 9, prop. 15). The set A is therefore a cap of C 
containing LL. , 


PROPOSITION 5. — Let C be a proper convex cone with vertex 0 in E, a Hausdorff 
weak space; suppose that C is complete for the uniform structure induced by that of E, 
and that there is an enumerable fundamental system of neighbourhoods of 0 in C. 
Then C is the union of its caps and is the closed convex envelope of the union of its 
extremal generators. 

The second statement follows from the first and from cor. 2 above. Using prop. 11 
of II, p. 52 reduces the proposition to the case when E = R' and C c R\,. For all 
a EI, denote the projection pr, in E by f,; then f, is a continuous linear form. On 
the other hand let (V,,),.~ be an enumerable fundamental system of neighbourhoods 
of 0 in C. By the definition of the topology of E, for each n EN, there exists a finite 
subset J, of I and a number ¢, > 0 such that V, contains the set W, of the xeC 
such that f(x) < «, for allaeJ,; putJ = U J,. Let y 4 0 bea point of C, and p 


neN 
be the function ¥' ,(/,|C) where the 4, > 0 are chosen so that p(y) = 1; this is 
aeJ 


possible, since if f(y) = 0 for all ae J, then ye V, for all n, which implies that 
y = 0, and this is contrary to hypothesis. Now we remark that for all «eI, the 
function f,|C is continuous at the point 0, therefore there is an n e N, such that f, 
is bounded in a W,, therefore bounded above in C by a linear combination of a 
finite number of functions /,|C, where B € J. It follows that if A in the set of xe C 
such that p(x) < 1, then f, is bounded in A for all o € I. As p is lower semi-continuous 
in C, it follows that A is closed and non-empty in C and therefore is compact. Since 
it is clear that p verifies the conditions (i) and (ii) of prop. 4 of II, p. 58, we see that 
A is a cap in C and contains y. 


Remark 2. — There exist proper convex cones that are weakly complete and which 
have no extremal generator (II, p. 92, exerc. 31). 
3. Convex cones with compact sole 


PROPOSITION 6. — Let E be a Hausdorff locally convex space and K a convex compact 
set in E which does not contain 0. Then the smallest pointed cone C of vertex 0 which 
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contains K is a proper convex cone in E and is a locally compact and complete subspace 
of E; also, there exists a closed hyperplane H in E that does not contain 0 and is such 
that H meets all the half-lines originating at 0 contained in C and such that H AC 
is compact. Further, if D is the half-space containing 0 determined by H, a closed hyper- 
plane with these properties, then C ~ D is a cap of C and C is the union of the MC ~ D) 
for. > 0. 

By prop. 4 of II, p. 38, there exists a closed hyperplane H which separates 0 strictly 
from K. Now, the convex envelope A of the union of {0} and of K is compact (II, 
p. 14, prop. 15) and is the union of the AK with 0 < 4 < 1. As 0 and K are strictly 
on opposite sides of H, for every x eK there exists 4 such that 0 < A < 1 and 
Xx € H. As C is the union of the AA for A > 1, we see that H meets every half-line 
originating at 0 contained in C and that Hm A = HC is compact. Further, 
C is also the union of the A(H_ - C) for A > 0; let C, be the union of the X(H 4 C) 
for0 <A < n. Clearly C, is the convex envelope of the union of {0} and of n(H nC), 
therefore it is compact. Also, for all x e E, there is a closed neighbourhood V of x 
in E and an integer n such that VC c C,; in fact, if H is defined by the equation 
t(2 = o where a > 0, it is sufficient to take for V the closed half-space determined 
by nH and containing 0, where 7 is so large thatna > f(x). This shows that C is locally 
compact (taking x € C), and that it is closed in E. We can also consider K as a subset 
of the completion E, therefore C is also closed in E and therefore complete. 


Given a cone C and a closed hyperplane H in a Hausdorff topological vector 
space E, such that H does not contain the vertex s of C and C is the smallest cone 
with vertex s containing H nm C, then we call the intersection H 7 C a « sole » of 
the cone C. Prop. 6 shows that in a Hausdorff locally convex space E, the smallest 
cone of vertex 0, containing a compact convex set K to which 0 does not belong, is 
a cone of compact sole, and that every convex cone having a compact sole §, is locally 
compact and complete. 


Examples. — 1) Every proper closed convex cone in E, a vector space of finite dimen- 
sion, has a compact sole. In fact, by Il, p. 52, prop. 11 we need only consider the case 
where E = R" and C = R“.. If (e;), <;<, is the canonical basis of R", it is clear that the 
compact convex set which is the convex envelope of the e, (1 < i <n) is a compact 
sole for R".. 

* 2) If X is a compact space, then the cone .@,(X) of positive measures on X, with 
the vague topology, is a cone with a compact sole (INT, III, 2nd ed., § 1, No. 9, cor. 3 
of prop. 15). , 


§ 8. COMPLEX LOCALLY CONVEX SPACES 


1. Topological vector spaces over C 


Let E be a topological vector space over C the field of complex numbers; the 
topology of E is also compatible with the structure of the vector space over R, 
obtained by restricting the field of scalars to R. We denote by E, the topological 
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vector space on R which underlies E (I, p. 2). Note that, in E,, the mapping x +> ix 
(which is not a homothety) is an automorphism u of the topological vector space 
structure of E, such that u?(x) = — x. 


Conversely, let F be a topological vector space over R, and suppose that there exists 
an automorphism w of F such that uv? = — 1, (1, is the identity automorphism of F). 
We know (A, IX, § 3, No. 2) that it is then possible to define a vector space structure 
on F relative to C writing Ax = ax + Bu(x) for all A =a +iPeC and all xeF. 
Further since the mapping (o, B, x) > ax + Bu(x) of R? x F in F is continuous the 
topology of F is compatible with the vector space structure relative to C defined above; 
if E denotes the topological vector space on C defined in this manner, then F is the 
topological vector space on R which underlies E. 


Remark. — Given a topological vector space F over R, it is not always the case that 
there exists an automorphism u of F whose square is — 1,; for example, it is not possible. 
to define vector space structure relative to C on a vector space over R of finite odd 
dimension. 


Let E be a topological vector space on C, and E, the topological vector space on R 
which underlies E. Every linear variety M in E is also a linear variety in E,, but the 
converse is false. To avoid confusion we say that a linear variety for a vector space 
structure relative to C (resp. relative to R) is a complex (resp. real) linear variety. 
A complex linear variety of finite dimension x (resp. of finite codimension n) is a 
real linear variety of dimension 2n (resp. of codimension 2n). In order that a real 
vector subspace M of E should also be a complex vector subspace, it is necessary 
and sufficient that iM < M. 

Recall that, if E and F are two topological vector spaces on C, then a mapping 
of E in F is called C-linear (resp. R-linear) if it is a linear mapping for the vector 
space structures of E and of F relative to C (resp. R); every C-linear mapping is 
evidently R-linear but the converse is false. We say that a C-linear form on E is a 
complex linear form and that an R-linear form on E (Le. a linear form on E,) is a 
real linear form. If f is a complex linear form on E, it is clear that the real part g= Af 
and the imaginary part h = #%f of f are real linear forms; further, the relation 
(ix) = if(x) implies the identity h(x) = — g(ix); in other words we have 


() SO) = (Bf) @) — (Bf) x). 


Conversely, if g is a real linear form on E, then f(x) = g(x) — ig(ix) is the unique 
complex linear form on E such that #@f = g; and f is continuous if, and only if, 
g is continuous. 

Now let H be a complex hyperplane in E, with the equation f(x) = « + iB, where 
f is a complex linear form on E; putting g = &f, we see that H is the intersection 
of two real hyperplanes H, ,H, with equations respectively g(x) = aandg(ix) = — B; 
if H is closed, so also are H, and H, (I, p. 13, th. 1). Conversely let Hy be a homo- 
geneous real hyperplane, with equation g(x) = 0 (where g is a real linear form on E); 
then H, the intersection of Hy and iHo, is a homogeneous complex hyperplane, and 
if f is the complex linear form such that @f = g, then f(x) = 0 is the equation 
of H; if Hy is closed then H also is closed. 
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Let G be a topological vector space over R and let G,, be the vector space on 
C obtained from G by extending the field of scalars to C (A, II, § 5.1). Identify G 
as a subset of G,.) by the mapping x +> 1 ® x. The R-linear mapping (x, yhex+tiy 
is then a bijection of G x G on G.g, by means of which we transfer the product 
topology of G x G to Gig. Then G,g with this topology is a topological vector 
space on C. We say that Gg is the complexified topological vector space of G. 


2. Complex locally convex spaces 


To say that a subset A of a complex vector space E is balanced means that, for 
all xe A, we have pxeA for 0 < p < 1 and ex eA for all real 9 

We say that a set A of E is convex if it is convex in the real space E, which under- 
lies E. In order that a convex set A 4 @ of E be balanced, it is sufficient that eA < A 
for all real 9; for this implies firstly that — A = A; as A is convex, we see that 0 
belongs to A and thus pA cA for0 <p <1. 

Let E be a complex topological vector space. The smallest balanced convex 
(resp. closed balanced convex) set containing a set A of E is called the balanced 
convex envelope (resp. balanced closed convex envelope) of A; the balanced closed 
convex envelope of A is the closure of the balanced convex envelope of A. This last 
is the convex envelope of the union of the sets e’* A; we can therefore define it as the 
set of linear sums )) A,x, when (x;) is any finite family of points of A, and (A,) a family 


of complex numbers such that )’ |A,| < 1. If A is precompact so also is its balanced 


envelope (I, p. 6, prop. 3). 

We say that a complex topological vector space E is locally convex if the real 
underlying topological vector space E, is locally convex, that is to say if every neigh- 
bourhood of 0 in E contains a convex neighbourhood of 0; a topology 7 on E 
is locally convex if it is compatible with the vector space structure of E (relative 
to C) and if E, with topology 7, is locally convex. As in this case every closed convex 
neighbourhood V of 0 contains a balanced neighbourhood W of (I, p. 7, prop. 4), 
we see that V also contains U, the balanced closed convex envelope of W; in other 
words the balanced, closed, convex neighbourhoods of 0 form a fundamental system 
of neighbourhoods of 0 in E, invariant under every homothety of ratio + 0. 

Conversely, let E be a complex vector space and let S be a filter base on E formed 
by absorbent, balanced convex sets. We know then (II, p. 23, prop. 1) that the set B, 
of the transforms of the sets of S by homotheties of ratio > 0, is a fundamental system 
of neighbourhoods of 0 for a locally convex topology 7 on the real vector space 
E, underlying E. Further, as the sets of 8 are balanced, they are invariant under every 
homothety x+> e'’x, which shows that Z is compatible with the vector space 
structure of E (over C) (I, p. 7, prop. 4). 

Every locally convex topology on a complex vector space E can be defined by 
a set of semi-norms, for the gauge of an open balanced convex neighbourhood of 0 
is a semi-norm on E. 
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The ideas and results for real locally convex spaces detailed in II, p. 25 to 36, extend 
to complex locally convex spaces with no modification other than the replacement 
of symmetric convex sets by balanced convex sets. 

A complex locally convex space is a Fréchet space if it is metrisable and complete. 


3. The Hahn-Banach theorem and its applications 


THEOREM | (Hahn-Banach). — Let V be a vector subspace of E, a complex vector 
space, and let f be a (complex) linear form on V and p a semi-norm on E such that 
|f()| < pO for all y eV. Then there exists a linear form f, on E extending f and 
such that |f,(x)| < p(x) for all x EE. 

For g = &f is a real linear form defined in V and satisfying |. y)| < p(y) at 
every point of V; therefore there exists a real linear form g, in E extending g and 
such that la) < p(x) for all xe E (IL p. 23, cor. 1). Let fiod=9,(%)—ig, (id) 
be the complex linear form on E of which g, is the real part (II, p. 61). For dll real 9 


|Z(e*f,0)| = |A(e®x)| = |91(e®| < ple®x) = pC) 


since p is a semi-norm on the complex space E ; this implies the relation | f,(x)| < p(x), 
and the theorem is proved. 


COROLLARY 1. — Let xX be a point of a complex topological vector space E and p 
be a continuous semi-norm in E; then there exists a continuous (complex) linear form f 
defined in E, such that f(x) = P(X9) and | f(x)| < p(x) for all xe E. 


COROLLARY 2. — Let V be a vector subspace of a complex locally convex space E 
and f be a(complex) linear form defined and continuous in V ; then there exists a conti- 
nuous linear form f, defined in E and extending f. If E is normed there exists such a 
form f, that also satisfies || f,|| = \|f\l. 


CorOLuary 3. — Let M be a finite dimensional vector subspace of a Hausdorff complex 
locally convex space E. Then there exists a closed vector subspace N of E that is a 
topological complement of M in E. 

The proofs using theorem 1, p. 24 are the same as those of II, p. 23, cor. 2 and cor. 3, 
p. 24, prop. 2 and p. 25, cor. 2. 


PROPOSITION 1. — Let A be an open non-empty convex set in a complex topological 
vector space E and M be a non-empty (complex) linear variety that does not meet A. 
Then there exists a closed complex hyperplane H that contains M and does not meet A. 

We can suppose that 0 M. Then there exists a closed real hyperplane H, con- 
taining M and not meeting A (II, p. 36, th. 1). As M = iM, the closed complex 
hyperplane H = H, 4 (éH,) has the properties required. 


COROLLARY. — Jn a complex locally convex space E, every closed complex linear 
variety M is the intersection of the closed complex hyperplanes which contain it. 
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In fact, for all x ¢ M, there exists a convex open neighbourhood V of x that does 
not meet M, and thus there exists a closed complex hyperplane H containing M 
and not meeting V; a fortiori H does not contain x. 


PROPOSITION 2. — Let A be a non-empty balanced open convex set of a complex topo- 
logical vector space E, and B be a non-empty convex set that does not meet A. Then 
there exists a continuous complex linear form f on E and a number « > 0 such that 
| f(x)| <a in A and |f(y)| > & in B. 


For, there exists a continuous rea/ linear form g on E and a real number « such 
that g(x) < « in A and g(y) > o in B (IL, p. 37, prop. 1). As 0€ A, we have a > 0. 
We show that the continuous complex linear form f(x) = g(x) — ig(ix) and the 
number « have the properties required. For, since &f = g, we have | f(y)| > « in B. 
On the other hand, for all xe A and all real 9, the point ex belongs to A, since A 
is balanced, and we have f(x) = e~’f(ex); then there exists a number 9 such that 
| f(x)| = B(e*f(x)) = g(e’x) < a, and the proposition follows. 


PROPOSITION 3. — Let A be a balanced, closed, convex set in a complex locally convex 
space E and let K be a non-empty compact convex set in E that does not meet A. Then 
there exists a continuous complex linear form f on E and a number a > 0 such that 
| f(x)| < ain A and |f(y)| > ain K. 

The proposition follows from II, p. 38, prop. 4 as prop. 2 follows from II, p. 37, 
prop. l. 


4. Weak topologies on complex vector spaces 


The definition and results of II, § 6, Nos. 1 and 2 apply without change to complex 
vector spaces. If F and G are two complex vector spaces in duality by a bilinear 
form B, then the underlying spaces Fy and G, are in duality by #B, and it follows 
from II, p. 61, formula (1) that the weak topologies o(F, G) and o(Fo, Go) are 
identical. 


DEFINITION |. — Let F and G be two complex vector spaces in duality. For any sub- 
set M of F, the polar of M in G, denoted by M®, is the set of y€G such that 
B(<x, y>) = — 1 for all xeM. 


If M° is the polar of M c F in G then (AM)° = 4 !M° for all AE C*. 

If M is a (complex) vector subspace of E, then M° is a closed vector subspace 
(for o(G, F)), since the relation @(A<x, y>) > — 1 for every scalar XeC implies 
<x, y> = 0; again we say that M° is the subspace of G orthogonal to M. 

If M is a balanced set in F, then M° is a balanced set in G; in this case M° is the 
set of ye G such that |{ x, y>| < 1 for all xe M; for this relation is equivalent to 
B(<Cx, y>) < 1 for all xeM and all CEC such that |¢] = 1. 

The results of II, p. 41 to 51 are also valid without restriction for complex vector 
spaces. 


Exercises 


§ 2 


1) A subset A of a vector space E, is starshaped relative to 0 if for all x ¢ A and every A such 
that0 < A < 1, the point Ax belongs to A. Let A be starshaped and such that, for each x € A, 
there exists p > 1 such that px e A. Show that if, for every pair of points x, y of A we have 
a(x + y) eA, then A is convex. Give an example of a non-convex starshaped set A such that 
(A + A) CA. 


2) Let A be a convex subset of an affine space E and B a set containing A. Show that, amongst 
the convex sets that both contain A and are contained in B there exists at least one maximal 
set; give an example where there are several distinct maximal sets. 


“| 3) Let A and B be two disjoint convex sets in a vector space E. Show that there exist two 
disjoint convex sets C, D in E such that A c C,B c DandC UD = E. (Apply th. 2 of S, TI, 
§ 2.4 to the set of pairs of disjoint convex sets (M, N) such that A c M and B c Nandexpress 
the fact that M and N do not meet by the relation 0¢ M — N. To show that CU D = E, 
obtain a contradiction supposing that x» ¢ C U D;; if C’ (resp. D’) is the convex envelope of 
Cu {Xo} (resp. D U {Xp }), show that it is impossible that both C’ 7 D 4 @andCnD' ¥# @) 


4) Let C be a convex cone with vertex 0 in a vector space E; if (x;), <;<, is a finite family of 


points of C such that }’ A,x; = 0 for a family of numbers A, > 0, then C contains the vector 
i=1 
subspace of E generated by the x;. 


5) Suppose that the vector space E has an enumerably infinite basis (e,),... Let C be the set 
of points x = } &,e, such that for the largest index n for which &, # 0, we have €, > 0. Show 


that C is a pointed convex cone such that C 1 (— C) = {0} and CU(— ©) = E;; deduce 
that C is the set of elements of E that are > 0 for an order structure that is compatible with 
the vector space structure of E and for which E is linearly ordered. Show that on this ordered 
vector space the only linear positive form is 0. 
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6) Let E be an affine space of dimension > 2 and let f be a bijection of E on itself ; show that 
if the image under f of every convex subset of E is also a convex set, then f is an affine linear 
mapping (consider the inverse mapping of f and note that a closed segment is the intersection 
of the convex sets which contain its extremities cf. A, II, § 9, exerc. 7). 


7) Give an example of two convex sets A < R, B < R?’, such that the image of the convex set 
A x Bunder the bilinear mapping (A, x) > Ax of R x R? in R? is not convex. 


8) Let(A,), <:<, bea finite family of convex subsets of a vector space E; let W, be the subspace 
obtained by a translation from the affine linear variety generated by A; (a <i<p). if 


W= ou W,, show that the affine linear variety generated by the convex set 2 X,A; (where 
i=1 
2, are non-zero numbers) is obtained from W by a translation. 


41 9) Let A bea subset of the space R”. 


n 
a) Show that the convex envelope of A is identical with the set of points )° A,x;, where x, € A, 
~ i=0 


d; = 0 for 0 <i<n, and ¥ A, = 1. (Establish the following lemma; if p + 1 points x, 


i=0 


(0 <i < p) form an affinely dependent system (that is to say there exists a relation 3 Bx; = 0 
i=0O 


where the B; are not all zero and 3 B; = 0) and if x = 2 ¥ a,;x;, where the a; are > 0 and 
i=0 i=0 
p 
> a; = 1, then there exists an index k < p and p numbers y; (0 < i < p, i # k) such that 
i=0 


y; 2 Oforalli, ¥) y; = 1andx = ). y;x;,; for this compare those of the «,/B; that are defined.) 
itk i#k 

b) Let a be a point of the convex envelope of A which does not belong to the convex envelope 
of any subset of A with at most ” points. Show theh that A contains at least n + 1 connected 
components. (We can suppose thata = 0; let(b)o<;<, beafamily ofn + 1 affinely independent 
points of A such that 0 belongs to the convex envelope of the 5; (cf a)). For each index 7, let 
C, be the pointed convex cone of vertex 0 generated by the 5, with indices j # 1; show that A 
does not meet the frontier of any of the cones — C;.) 
c) If C is a pointed cone with vertex 0 in R", show that the convex envelope of C is the set of 


points }° x,, where x,eCforl <i<n. 
i=1 


4 10) Let C be the convex envelope of a subset A of R”, and let a be an interior point of C. 
Show that there exist 2n points x,¢ A(1 < i < 2n) such that a is interior to Co, the convex 
envelope of the x, (Suppose a = 0, and argue by induction on 7, noting that by exerc. 9a) 
there exists a set of k + 1 points dj of AO <j <k,1 <k <n), affinely independent and 
such that, if V is the affine linear variety generated by the y,, then 0 € V and, relative to V, 0 is 
interior to the convex envelope of the set of the y;. Then project C on E/V and show that 0 is 
interior to this projection relative to E/V). Show that in the above statement 2 cannot be 
replaced by 2n — 1. 


11) a) Show that, in the space R”, every convex set A of dimension n contains at least one 
interior point (consider an affinely independent system of n + 1 points of A). Deduce that 
if A is everywhere dense in R” then A = R". 

b) Let E be the normed space /'(N) of absolutely convergent series of real numbers x = (,) 
(L, p. 4); show that the set P of x, such that &, > 0 for every index n, is a proper convex cone, 
which generates E but does not contain any interior point. 

c) Let E be a Hausdorff topological vector space on which there exists a non-continuous 
linear form f (cf. I, p. 86, exerc. 17, a)). Show that the sets A and B defined by the relations 
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S(x) > 0, f(x) < 0 are convex, non-empty, complementary, everywhere dense and that 
each of them generates E (algebraically). 


12) Show that in the space R”, a necessary and sufficient condition that a convex set should be 
closed, is that its intersection with every straight line should be closed (cf. II, p. 74, exerc. 5). 


13) Show that in the space R", every non-empty open convex set is homeomorphic to R” 
(use exerc. 12 of GT, VI, § 2). 


14) Let A bea non-empty closed convex subset of E, a Hausdorff topological vector space. 


a) Show that, for every ac A, the set (1) A(A — a) isa closed convex cone in E, with vertex 0, 
rA>O0 


independent of a. It is called the asymptotic cone of A and written C,. For every aé A, the 
set a + C, is the union of {a} and those open half lines that are contained in A and have a as 
an end point. 

b) If x, y are two points of A such that (x + Cy) A (y + Cag) is a cone whose vertex ze A, 
then this cone is necessarily z + C,. 

c) If Bis a second closed convex subset of E such thatA 1 B # @, thenCyng = Can Cy. 
d) Let V, be the largest vector subspace (necessarily closed in E) which is contained in C,. 
Show that if is the canonical homomorphism of E on E/V,, then A = $~ '(AQ), where A, is 
a closed convex set in E/V, which does not contain any straight line. 

e) In the Banach space &(N) of bounded mappings of N in R (I, p. 4) give an example of a 
closed convex non-bounded set A, for which C, = {0} and which is such that for every b 4 0 
in E, there exists an integer k for which (A + kb) NA = @. 


15) a) Let A bea closed convex subset of a Hausdorff topological vector space E. If for some 
point x, €A there exists a neighbourhood V of x, in E such that Vn A is compact, then 
show that A is locally compact. Deduce that the closure in E of a locally compact convex set 
is locally compact. 

b) Let A be a closed convex set that is locally compact but not compact in E; show that the 
asymptotic cone (exerc. 14) is not the single point {0}. 


“— 16) Let A, B be two closed convex subsets of a Hausdorff topological vector space E. 
Suppose further that B is locally compact and that C, m Cg = {0}. Show that A — B is 
closed in E. (Let b € B, and W be a closed neighbourhood of 0 in E such that Bn (6 + W) is 
compact. Let ce A — B; for every neighbourhood V of 0 in E consider the set My of those 
y €B such that An (c + y + V)  @. Consider two cases according as to whether there 
exists a V for which My, is relatively compact, or there does not exist such a V; in the second 
case, consider the filter base formed from the sets Py, = Myon ( (6 + nW) where V varies in 
the set of closed neighbourhood of 0 in E and n varies in N; form the cone with vertex b 
generated by P,,,, and its intersection with the frontier of b + W). 


4 17) Ina Hausdorff topological vector space E, a closed convex set A is said to be parabolic 
if, for every z ¢ A, each half-line originating at z and contained in z + C, meets A. 

a) Give an example of a parabolic convex set A in R? such that C, is not just a single half-line. 
b) Let A be a closed convex set in E such that C, # {0}, but such that A is not parabolic. 
Show that if z ¢ A is such that z + C, contains a half-line D with end point z which does not 
meet A, then neither the convex envelope of A U {z} nor the pointed cone with vertex z 
generated by A is closed in E. 

Further if D’ is the closed half-line originating at z and opposite to D (so that D=2z—D’) 
then D’ + A is not closed in E, and there exists a plane P containing D and a closed convex 
set B < P, such that Bm A = © but that the distance of B from P 7 A (in any norm on P) 
is zero. 

c) InE, let A bea closed convex set that is locally compact and parabolic; show that if B c E, 
is closed and convex then A — B is closed (same method as exerc. 16). 

d) Let A, A’ be two closed convex subsets of E that are locally compact and parabolic; show 
that the convex envelope of A U A’ is closed in E (same method as in exerc. 16). Give an example 
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in R? where A is parabolic, A’ is non-parabolic and the convex envelope of A U A’ is not closed 
in R?. 

e) In E, let A be a closed convex set that is locally compact and parabolic ; show that for all 
z ¢ A, the pointed convex cone with vertex z, generated by A, is closed in E (use d)). 

Sf) Let E,, E, be two Hausdorff topological spaces, A, (resp. A,) a closed convex set in E, 
(resp. E.,) that is also parabolic. Show that the set A, x A, is parabolicin E, x E,. 

* g) Show that a barrelled space of infinite dimension does not contain a parabolic closed 
convex set that is both locally compact and not compact. 

h) Let E, = /?(N), and in Eg, let K be the set of points x = (€,) such that |&,| < 1/m + 1) 
for all n; K is compact. The cone E of vertex 0 generated by K is a vector subspace of E, and 
K is absorbent in E. Let p be the gauge of K in E; it is a lower semi-continuous function. In 
the normed product space E x R, show that the set A of points (x, ¢) such that € > (p(x))? 
is closed, convex, parabolic and locally compact. Show that A + (— A) and the convex enve- 
lope of A U (— A) are not locally compact. , 


18) Let C be a proper closed convex cone of vertex 0 in R". Show that the complement of the 
set C1 S,_, on the sphere S,_, is homeomorphic to R"! (make a stereographic projection 
from a point of CO S,_,, and use exerc. 12 of GT, VI, § 2). If C contains an interior point, 
show that C4 S,_,, is homeomorphic to the closed ball B,_, (same method). 


19) a) Let A be an unbounded closed convex set in R", that does not contain any line, but 
does contain an interior point. Show that the frontier of A is homeomorphic to R"~* (use 
exercs. 15, b) and 18). 

b) Ina Hausdorff topological vector space E, let A be a closed convex set that does not contain 
any line and is of dimension > 2. Show that the frontier of A is connected (use a) and GT, VI, 
§ 2, exerc. 12). 


20) a) Ina vector space E, let A be a convex set that generates E and meets every straight line 
in a set that is closed relative to the straight line. Show that the following conditions are equi- 
valent : 

a) There exists a line D such that D meets A in a compact segment that is not empty. 

6) There exists a line D such that every line parallel to D meets A in a compact segment. 

y) A is distinct from E and is not a half-space determined by a hyperplane of E. 
(To show that (y) = («) use exere. 14, d) of II, p. 67, and reduce to the case E = R?.) 
b) In a Hausdorff topological vector space E, let A be a closed convex set which contains an 
interior point. Show that if the frontier of A is a non-empty linear variety, then A is a closed 
half-space (use exerc. 14, d) of II, p. 67, to show that the frontier of A is necessarily a hyperplane, 
then apply a)). 


@ 21) a) Let A; (1 <i<r)r>n-+1, bea family of convex subsets of R” such that any 
r — 1 of the A; have a non-empty intersection ; show that the r sets A; have a non-empty inter- 
section (Helly’s theorem). (Let x; be a point of the intersection of the A, with indexes j # i; 


there exist r numbers A; which are not all zero and are such that )) 4, = Oand > A,x; = 0; 


i=1 i=1 
in this last equation take to one side those terms with 4, > 0 and to the other those with 
ri; < 0.) 
b) Given a family of compact convex sets in R", show that the intersection of all the sets of 
the family is non-empty if the intersection of any selection of n + 1 sets of the family is non- 
empty. 
c) InR’, let K be a convex set and (A,), <;<, bea family of r > m + 1 convex sets. Suppose that 
for every selection of + 1 indices (i,) each less than or equal to r there exists a € R” such that 
a + K contains each of the A,,. Show that then there exists b € R" such that b + K contains 
all the A;. Show that similar results hold if « contains » is replaced by « is contained in » or 
by « meets in a non-empty set ». (For each index i, consider the set C, of the x e R" for which 
x +K2>A,;(orx + K Aj, or (x + K) VA; #4 O)). Generalize to any family of compact 
convex sets of R”. 
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22) In R? consider a set of 2m points of the form (a,, bj), (a,, b/) where b; < bY forl <i<m. 
Let n be an integer < m — 2. In order that there should exist a polynomial P(x) of degree < n 
such that 5} < P(a;) < bj for 1 <i < m, it is sufficient that, for every family (i), <pen42 Of 
n + 2 indices i, there exists a polynomial Q(x) of degree < n such that 5), < Q(a,,) < 7 for 
every integer k such that 1 < k <n + 2. (Use exerc. 21, a).) 


23) Show that in a topological vector space, the convex envelope of an open set is an open set. 


24) Let M bean everywhere dense convex set in a topological vector space E (cf. II, p. 66, exerc. 
11, c)); show that, for every closed hyperplane H in E, the set H m M is dense in H (for every 
point x, €¢ H, and every balanced neighbourhood V of 0 in E, consider the intersections of 
Xo + V and the two open half-spaces determined by H, and deduce that x» + V + V meets 
H © M). 


25) a) Show that, in a topological vector space, every convex set with an interior point, is 
such that its frontier is nowhere dense (use prop. 16 of II, p. 14). 

b) In a Hausdorff topological vector space E, let A be a closed convex set with an interior 
point, and let H be a closed hyperplane that contains an interior point of A. Show that the 
intersection of H and of the frontier F of A is a set which is nowhere dense relative to F (to 
show that in every neighbourhood of a point of H - F there exist points of F not in H, reduce to 
the case when E is of dimension 2). 


“| 26) In a Hausdorff topological vector space E, let A be a connected closed set with the 
following property : for every x € A, there exists a closed neighbourhood V of x in E such that 
V - Ais convex. Show that A is convex. For this establish the following statements. 

a) Show that any two points of A can be joined by a broken line in A (same method as GT, VI, 
§ 1, exerc. 6). 

b) Show that, if two points in A can be joined by a broken line in A with n > 1 segments, then 
they can also be joined in A by a broken line with n — 1 segments. (Induction on n reduces to 
the case n = 2 which is equivalent to taking R? as E; then let T be a triangle with vertices 
a, b, c such that the closed segments ac, bc are contained in A, but the closed segment ab is 
not; consider a point of the closure of the intersection of § A and the interior of T that is 
farthest from the line ab, and show that the existence of such a point contradicts the hypo- 
thesis.) 


“| 27) a) Let B be a non-empty closed convex subset of E, a Hausdorff topological vector 
space, and let X be a non-empty compact set in E. Show that if A is a subset of E such that 
A+XcoB+X,thenA c B(ifae A, consider a sequence (x,) of points of X defined induc- 
tively by the relation a + x, = b, + x,,,, where b, e B). Deduce that, if A, B are two non- 
empty subsets of E, using the distance in E and the proceedure of GT, IX, § 2. exerc. 6. Show 
A +X =B +X implies the relation A = B. 

b) Let E be a normed space, o the distance function defined on the set §(E) of closed non- 
empty subsets of E, using the distance in E and the proceedure of TG, IX, p. 91, exerc. 6. Show 
that if A, B, C are three non-empty compact convex sets in E then o(A+C, B+C)=o(A, B) 
(if S, is the ball defined by ||x|| < 4, note that A + S, and B + S, are closed convex sets and 
use a)). 

c) Deduce from a) and 6) that the set R(E) of non-empty, compact, convex subsets of a normed 
space E, with the distance o, can be identified with a cone in a normed space of which the laws 
of composition induce on ® (E) the laws (A, B) ~ A + B and (A, A) > AA. 


28) Let f be a convex function defined over the convex subset A of a vector space E. 

a) Show that if A is absorbent and f is non-constant then f cannot attain its upper bound 
in A at the point 0. 

b) Show that the subset of points of A, at which f attains its lower bound in A, is convex. 


1 29) Let E be a Hausdorff topological vector space, and C be a non-empty open convex 
non-pointed cone with vertex 0, in E. A convex neighbourhood of 0 in E is denoted by V. If f 
is a convex function that is defined and bounded above in C 1 V, show that f(x) tends to a 
finite limit as x tends to 0, where xe C 4 V. (Let B = lim.sup f(x); obtain a contradiction, 


x70,xeCnV 
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supposing that for some a > 0, and every neighbourhood W of 0, there exists a point 
yeEeCAVOW such that f(y) < B — o Show that there exists a¢eCmV such that 
f(pa) > B — 4a for 0 < p < 1; deduce that, on a line joining a point of the form pa (p suffi- 
ciently small) to a point y in C 4 V such that f(y) < B — a, and that is sufficiently close to 0, 
there exist points of C ~ V where f is arbitrarily large.) 


30) a) Give an example of a convex function that is defined over a compact convex subset 
K of R?, that is bounded and lower semi-continuous in K, but is not continuous at a point 
of the frontier of K (consider the gauge of a disc of which 0 is a frontier point). 

b) Deduce from a) an example of a convex function defined in an open half-plane D of R?, 
not bounded above in D and not tending to a limit at a frontier point of D. 

c) Deduce from a) an example of a convex lower semi-continuous function defined over a 
compact convex subset A of R* but not bounded above in A. (Take for A the set of points 
(, n) such that €* < n < 1 in R?) 


1 31) Let x) be a point in the closure of A, a non-empty convex subset of a Hausdorff topolo- 
gical vector space E. Let f be a convex function defined over A. Use D to denote the set of 
closed half lines D which originate at x, for which A ~ D contains an open segment with 
end point x9. The union C of the half lines D € D is a convex cone with vertex xp. 


a) Show that, for each fixed D € BD, as x tends to x9 such that xe DO A and x ¥ Xp, either 
f(x) tends to a finite limit or to + oo. 

b) Let 3 be the subset of those D € D, for which the limit of f(x) in a) is + 00; if x) eA then 
3 is empty. Show that 3 cannot contain two opposite half lines ; if D and D’ are two distinct 
half lines in 3 and P is the plane determined by D and D’ then, either, every half line D’ of D 
in P belongs to 3, or D and D’ are the only two half lines of 3 lying in P. Deduce that if 3 4 D, 
then no half line D € 3 contains an internal point (II, p. 26) of the cone C relative to the vector 
subspace generated by C. 

c) Let & be the set of half lines in D that are not in 3. Show that the union of the half lines 
of & is a convex cone, and for each half line D € § the limit of f(x) defined in a) is independent 
of D (use exerc. 29 above); further if x, € A this limit is < f(x,), and it is equal to f(x )) when 
% contains two opposite half lines. 

d) Let f be a non-continuous linear form over E (cf. U, p. 86, exerc. 17, a)) and take A = E; 
show that every closed half line, originating at xy, belongs to %, but that 


lim.inf f(x) = — oo and lim.sup f(x) = + o 


x>xo x>xo 


(use prop. 21 of II, p. 18). 


32) Let K be a compact convex set in a Hausdorff topological vector space E and let f be 
an upper semi-continuous convex function defined over K. Show that f is bounded over K. 
(Observe first that f is bounded above in K; if f is not bounded below show that 


lim.inf f(y) = — oo for every point x e K, and that this contradicts Baire’s theorem.) Give 
VOX, yFX 
an example where f is not continuous. 


33) Let E bea finite dimensional Hausdorff topological vector space, and let K be a compact 
convex subset of E. Show that every convex function defined over K is bounded below in K 
(compare exerc. 31, d)). 


34) Let U, V be two open convex sets in a Hausdorff topological vector space E such that 
V c Uand that U does not contain any half line. Let ¥ be a set of convex functions defined in 
U, uniformly bounded above on the frontier of U and uniformly bounded below on the frontier 
of V. Show that ¥ is equicontinuous. 


35) Let U be a non-empty open convex set in R" and ¥ be a set of convex functions defined 
over U. Let ® be a filter on ¥ that converges pointwise in U to a finite function fg; show 
that ® converges uniformly to fg in every compact subset of U (use exerc. 34). 
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36) Let A be a compact convex set in R” and B its projection on the subspace R"~ ! (identified 
as the hyperplane with equation &, = 0). Show that there exist two convex functions f,, f, 
defined over B, such that A is identical with the set of points (x, €) of R" where xe B, ye R 
and f,(x) <6 < — f,(x). 


37) Let E be a vector space ; in order that a convex set F of E x R should be formed of pairs 
(x, ¢) such that f(x) < ¢ (resp. f(x) < C) for a convex function f defined over a convex subset 
X of E, it is necessary and sufficient that the projection of F on E should be identical with X 
and that, for all x e X, the set F(x) of F that projects onto x should be a closed (resp. open) 
interval unlimited to the right (i.e. not bounded above). 


38) Let X be a convex set of an affine space E and p an affine linear mapping of E in a second 
affine linear space E,. Write X, = p(X). For every real-valued function f defined in X and 
every x, € X,, let 


Si) = inf I(x). 


P(x) = x14 


Show that if f is convex and if f,(x,) > — oo for all x, e X,, then f, is a convex function. 


39) Let E be a finite dimensional Hausdorff topological vector space. 

a) Let §(E) be the family of closed non-empty sets of E, carrying the uniform structure deduced 
from the uniform structure of E by the proceedure of GT, II, § 1, exerc. 5, a). Show that, the set 
@(E) of non-empty closed convex sets of E, is closed in the space &(E). Deduce that if K isa 
compact set in E, the set of non-empty closed convex sets in E that are contained in K, is a 
compact set in ©(E) (cf GT, § 4, exerc. 11). 

b) Let ®,(E) be the set of compact convex subsets of E that contain 0 as an interior point. 
For every set A € R,(E), let p, be the gauge of A (II, p. 20). Show that At p, is an isomor- 
phism of the uniform subspace &,,(E) of €(E) on a subspace of the space @,(E; R) of continuous 
real valued functions in E, carrying the uniform structure of compact convergence (GT, X, 


§ 1.6). 


40) In a topological vector space E, let U be a convex neighbourhood of x, and let f be a 
real-valued continuous convex function in U. Show that there exists a convex neighbourhood 
V < U of xo and a convex continuous function f, in E such that f;|/V = f|V. 


“| 41) Let H bea hyperplane in a vector space E that does not contain 0 and let S be a convex 
set contained in H. 
a) Suppose that the intersection of S with each line in H is a compact segment. Let a, b be 
two distinct points of E such that there exist two numbers 4 > 0, p > 0 for which 
b + uS ca + AS; show that if c is the point where the line joining a and 5 meets the hyper- 
plane H’ parallel to H which contains a + AS, then ce b + pS and b + uS is the image of 
a + 24S by a homothety of centre c transforming a into b. (Reduce to the case where E is of 
dimension 2.) 
5) With the same hypotheses on §, let a, b be two distinct points of E and suppose that there 
exists a point c € E and three numbers A >0, p >0, v>0 such that (a+AS) qn (6+pS)=c+VvS. 
Show that if A (resp. B) is the cone with vertex a (resp. b) generated by a+AS (resp. b+ 1S), 
and H” the hyperplane parallel to H passing through c, then H’ 1 AB = {c} (use a)). 
c) Suppose that H is the affine linear variety generated by S. Let C be the cone with vertex 0 
generated by S. Show that the following two conditions are equivalent : 

oa) E is a lattice for the order on E of which C is the set of elements > 0. 

B) For any points x, y of E and numbers ) > 0, » > 0 such that the set (x +AS) a (y +S) 
is not empty, there exists ze E and v > 0 such that this set is z + VS. 

(To prove that a) implies B), reduce to the case y = 0 and use the fact that if (s,) is a finite 
family of points of S and (,) is a family of real numbers such that } 4,5, = 0, then ° A; = 0. 


To prove that B) implies «) use 5)). 

When S satisfies the equivalent conditions «) and f), we say that S is a simplex in E. When 
E is of finite dimension, the convex envelope of a finite set of points affinely independent in H 
and generating H is a simplex * (the converse is also true : cf. INT, II, 2nd ed., § 2, exerc. 7)). Pp 
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42) Generalise the prop. 18 of II, p. 16 to the case of an ordered set E with a Hausdorff topology 
for which the intervals (a, > (and) <, a) are closed for all a € E. 


43) Let K be a complete valued division ring of which the absolute value is an ultrametric. 
In a left vector space E on K, we say that a set A is ultraconvex if the relations x e A, ye A, 
|| < 1, |v] < 1 imply Ax + pyeA. 

a) Generalize the prop. 1, 2, 5, 6, 7 of II, p. 8 and p. 9. Show that the smallest ultraconvex 
set containing a given set M is the set of linear combinations )' 4,x,, where x, € M and |A,| < 1 


L 


1? 


for alli. 

b) Suppose that E is a topological vector space over K. Show that the closure of an ultra- 
convex set is ultraconvex, and that an ultraconvex set with a non-empty interior is open. 

c) Let A be an absorbent and ultraconvex set in E. Show that if, for all xe E, we put 
p(x) = inf |p|, then p is an ultra-semi-norm on E (II, p. 2). Generalize prop. 23 of IJ, p. 20, 


xepA 
to the case where the absolute value of K is obtained from a discrete valuation. 


§ 3 


1) Let P be a proper pointed convex cone, with vertex 0, in E a vector space over R and p 
be a semi-norm on E and V the set of points x e E for which p(x) < 1. Let M bea vector sub- 
space of E and f be a linear form on M. There exists a linear form g on E, which extends f 
and is such that it is > 0 in P and |g(x)| < p(x) for all xe FE, if and only if, for all 
xeMn(V + P), we have f(x) > — 1. (To see that the condition is sufficient consider a 
point x. € M such that, f(x .) = 1, the cone Q of vertex 0 generated by x) + V, and apply the 
cor. of the prop. 1 (II, p. 21) to the space E carrying the relation of preorder for which P + Q 
is the cone of elements > 0.) 


2) For a set S let F = &(S) be the Banach space of the real-valued bounded functions in S 
(I, p. 4) and let M be a vector subspace of a normed space E. Show that, for every continuous 
linear mapping f of M in F, there exists a continuous linear mapping g of E in F, that is an 
extension of f and such that |lg|| = || fl. 


3) Let E be a vector space over R and let p be a sublinear function on E (II, p. 20). Let A be 
a convex set such that inf p(y) > — oo. 
A 


ye. 
a) Show that the function 


q(x) = inf (p(x + tz) — t.inf p(y) 
zeA,t>0 yeA 
is a sublinear function on E such that — p(— x) < q(x) < p(x). 
b) Show that there exists a linear form h on E such that A(x) < p(x) in E and that 
inf p(y) = inf h(y) (take h such that A(x) < q(x)). 
yeA 


yeA 


4) Let A be a non-empty set of E, a vector space over R, and p a sub-linear function on E. Let 
B be the set of ze E such that inf p(x — z) < 0; we have A c B and inf p(x) < p(z) for all 


xeA xeA 


zeéB; from which inf p(x) = inf p(z). 
xeA zeB 


a) Show that the set of the y € E such that inf p(z — y) < 0 is the set B. 
zeB 


b) Deduce from a) that the intersection of B and any affine line D in E is closed in D (show 
that, whatever the points a, b of E, the function t — p(a + tb) is continuous in R). 

c) Suppose that for each pair of points x, y of A there exists z e A such that p(z— 4(x + y)) <0. 
Show that, for each pair of points u, v of B we have $(u + v) € B (write 


z— Zu +v)=(2-Fe4+y) +4e%—-—u + hy — 0) 


for x, y, zin A). Deduce that B is then convex (use 4)). 
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d) Under the hypotheses of c), show that there exists a linear form A on E such that h(x) < p(x) 
and that we have inf p(y) = inf h(y) (use c) and exerc. 3). 
yeA 


yeA 


5) Let A be a non-empty subset of a vector space E over R and let p be a sublinear function 
on E. Suppose that, for every pair of points x, y of A, there exists z € A such that p(z—(x+y)) <0 
and that p(x) > Ofor all x e A. Show that there exists a linear form A on E such that A(x) < p(x) 


in Eand that h(x) > 0 for x € A. (Apply exerc. 4, c) to the union of the ‘ A for n (integer) > 1.) 


6) a) Let H bea hyperplane in E a vector space over R and let p be a sublinear function on E. 
Let f be a linear form on H, such that f(y) < p(y) in H. Let a be a point of 2 H, and let h 
be the linear form on E which extends f and is such that h(a) = a (f(y + pla — y)). Then 


A(x) < p(x) in E. Show that for every linear form g on E extending ye and such that g(x) < p(x) 
in E, we also have g(a) < h(a). 

b) Let V be a vector subspace of E and f a linear form on V such that f(y) < p(y) in V. Let 
S be a non-empty set of E. Show that there exists a linear form / on E that extends f, such that 
A(x) < p(x) in E and that there is no other linear form g on E extending f such that g(x) < p(x) 
in E that is distinct from A and such that g(x) > h(x) in S. (Consider the set & of pairs (V’, f’) 
where V’ is a vector subspace containing V and fa linear form on V' extending f and such that 
St’) < p(2) in V’ and further such that there is no other linear form f” on V’ with the same 
properties and such that f’(z) > f’(z) in S m V’. Order § and use a) and th. 2 of S, III, § 2.4.) 


7) Let T be a commutative monoid (A, I, § 2.1) carrying a preorder relation x < y such that 
ifx <ythenx +z<yH zfor all ze T. A mapping f of Tin R U {— oo} is called additive 
(resp. subadditive, resp. superadditive) if we have 


Six +y) =f) + f(y) (resp. f(x + y) < f(x) + f(y), resp. f(x + y) = f(x) + fQ)) 


for any x, y in T. 
a) If g is subadditive and increasing in T, then the function A(x) = inf g(nx)/n is subadditive 
n>0O 


and increasing; we have h < g and A(O) = 0 if g(0) > 0 

b) Under the same hypotheses suppose that there exist two elements x,, x, of T and two 
real numbers &,, &, such that €, < g(x,), €, < g(xz) and g(x, + x.) < &; + &). Let y,, 
V2, 21,2, befour elements of T, letn,,n, be two integers > 0 and let «,, «, be two real numbers 
such that 


mb, + 921) <j, ¥, Sx, +2 
Nob, + GlZ2) < %, Vy SMX. 4+ 25. 


Show that then g(m,y, + my.) < n.%, + 1405. 

c) Let o be a superadditive function on T such that w(0) = 0, and let Q be an increasing 
subadditive function on T such that w(x) < Q(x) in T. Show that there exists an increasing 
additive function f on T such that a(x) < f(x) < Q(x) in T. (Remark that the set of increasing 
subadditive functions g on T such that w(x) < g(x) < Q(x) in T is non-empty and inductive 
for the relation >, and take a minimal element of this set for f; show using a) that 
{(0) = 0. To show that there cannot exist pairs of elements of T, (x,, x,) such that 
foxy +X) < f(x) + f(x,) remark that if 6;¢R, and A,(x) = inf(mE,; + LOY) where n 
varies in the set of integers > 0 and y in the set of elements of T such that x < nx; + y, then 
h, is increasing and subadditive in T (j = 1, 2), h(x,) < € and A(x) < f(x) for all x eT. 
Then use the definition of f and part b) to obtain a contradiction) 


“1 * 8) a) Let K be a non-discrete valued division ring of which the absolute value is an 
ultrametric, non linearly compact (cf. CA, III, § 2, exerc. 15); then there exists a well ordered set I 
of numbers > 0 and a family (B(p)),.; of closed balls in K such that the relation p < p’ implies 
B(p) < B(p’), that B(p) has radius p and that the intersection of the B(p) is empty (CA, VI, § 5, 
exerc. 5). For every x € K, there exists p € I such that x ¢ B(p); show that the number $(x) = 
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|x—y| for a y € B(p) depends neither on y € B(p), nor on p € I such that x ¢ B(p). If p e Lis such 
that x € B(p) then (x) < p. This being so, for(x,, x2) € K?, put ||(x,, x,)|| = Ix,| ifx, = 0, and 
(4, x2) |] = bez] Gey 'x,) if x. 4 0. Show that ||(x,, x,)|| is an ultranorm on K? (J, p. 26, 
exerc. 12) and show that there does not exist any projection ofnorm | of K? onK x {0}. 
b) Let K be a complete non-discrete valued division ring of which the absolute value is an 
ultrametric and which is linearly compact. Let E be a vector space of dimension 2 on K with 
an ultranorm and let D be a line in E; show that for all points x € E, there exists y ¢ D such 
that d(x, D) = d(x, y) = ||x—y|| (mote that the intersection of D and of a ball of centre x 
is a ball in D). 
c) Deduce from a) and 5) that for a complete non-discrete valued division ring K, of which the 
absolute value is an ultrametric, the following properties are equivalent : 

a) K is linearly compact. 

B) For every ultranormed vector space E on K, for every vector subspace F of E and every 
continuous linear form f on F there exists a continuous linear form g on E that extends f and 
is such that ||g|| = || f|. (Reduce to the case where E is of dimension 2 and use b).) , 


§ 4 


1) Let E be a vector space and A a convex symmetric convex subset of E. Let 7, 7’ be two 
locally convex topologies on E and &%, %' be the uniform structures defined by 7, 7’ on E. 
In order that the uniform structure induced on A by @’ should be finer than that induced by %, 
it is necessary and sufficient that every neighbourhood of 0 for the topology induced on A by 7 
should be a neighbourhood of 0 for the topology induced on A by 7’. 


2) a) Give an example ofa non-compact closed set in R?, whose convex envelope is not closed. 
5) Show that, in R", the convex envelope of a compact set is compact (ef. IL, p. 66, exerc. 9, a)). 


47 3) Let I be the compact interval [0, 1] of R and F be the vector space (I, R) of continuous 
real valued functions defined in I. Let E be the product space R"; for all ac I, let s, be the 
element of E such that ¢,(f) = f(q@) forall fe F. 

a) Show that, when x varies in IJ, the set K formed by the e, is compact in E. 


b) Let > be an element of E such that A(f) = S(t) dt for all fe F (Lebesgue measure). 


0 
Show that, in E, 4 belongs to the closure of the convex envelope of K but does not belong to 
this convex envelope (cf. FVR, II, p. 7, prop. 5). 


4) With the notations of II, p. 72, exerc. 1 suppose also that the space E is locally convex. 

a) There exists a positive continuous linear form g in E that extends f, if and only if f is bounded 
below in M rm (W + P) for at least one neighbourhood W of 0 in E. 

b) Given a point x € E, there exists a positive continuous linear form g in E such that g(x) = 1, 
if, and only iff —xé¢ Pp. 


5) a) Let E be an infinite dimensional normed space and 7 be its topology. Show that there 
exists on E a normed space topology 7 ‘ that is strictly finer than that of 7 and a normed space 
topology 7” that is strictly coarser than that of 7 (define the neighbourhoods of 0 for these 
topologies, using a basis of E put in the form (a,,,,) where varies in an infinite set of indices A 
and n in the set of integers > 0 and where |la, ,|| = 1 for the given norm on E). 

b) Let p be the norm defining the topology 7 ’. Show that, if E is complete for the topology 
7, then p cannot be lower semi-continuous in E for the topology 7 (use Baire’s th. cf. II, 
p. 25, corollary). Deduce that the convex set A defined by the relation p(x) < 1 does not 
contain any interior point for 7 even though all its points are internal. 

c) Deduce from 5), that, if E is complete for the topology 7, then there exists in E convex 
sets which are not closed for 7, of which the intersection with every linear variety of finite 
dimension is closed for 7 (cf. II, p. 67, exerc. 12). 
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6) Let E be a vector space with its finest locally convex topology. 

a) Show that every vector subspace of E is closed, and that, if M, N are two subspaces that 
are vectorial complements in E, then E is the direct topological sum of M and N. If (e).4 isa 
basis for E, then E is the direct topological sum of the subspaces Re,. 

b) Let F be a locally convex space whose topology is also the finest locally convex topology. 
Show that every linear mapping of E in F is a strict morphism. 


7) a) Let A be a convex set with at least one interior point in a topological vector space E. 
Show that the set of internal points of A is identical with the interior of A (cf: exerc. 5, 5)). 

b) Show that in the normed space E = /1(N), the convex cone P defined in II, p. 66, exerc. 11, 5), 
generates E but does not contain any internal point. 


8) Let E bea vector space with an enumerable basis and with the finest locally convex topology. 
Show that, if A is a set in E whose intersection with every vector subspace of finite dimension 
is closed in E, than A is closed in E (cf. exerc. 5, c)). 


41 9) Let E and F be two vector spaces each with its finest locally convex topology. 

a) Show that if E and F each have an enumerable basis then every bilinear mapping of E x F 
in a locally convex space G is continuous (use Du Bois-Reymond’s th. FVR, V, p. 53, exerc. 8)). 
b) If one of the spaces E, F has a basis with cardinal equal to that of the continuum, show that 
there exists a non-continuous bilinear form in E x F. (Reduce to the case where E = R%), 
F = RN, so that F can be identified with E* and the bilinear forms on E x F correspond 
bijectively with the linear mappings of E* in itself; then consider the identity mapping of E*, 
and note that in RN, a compact set for the product topology cannot be absorbent.) 


10) Let (E,,) be an infinite sequence of locally convex spaces and let E be the topological direct 
sum of the family (E,,). Show that the topology of E is identical with the topology 7 , defined 
in I, p. 24, exerc. 14. 


11) Let I be an infinite non-enumerable set. On the vector space E = R", show that the finest 
locally convex topology is distinct from the topology 7, defined in I, p. 24, exerc. 14; for this 
prove that the set of the x = (€,) e Esuch that |)’ &| < 1, is openin J but notin Zo. 

tel 
12) Let E be a vector space with an enumerable basis (e,). Let V be the balanced convex 
envelope of the set of the e, and let W be the balanced convex envelope of the set of points 


a4,=& +(n— lhe, (wel). 


Let 7, (resp. 7) be the locally convex topology on E for which a fundamental system of 
neighbourhoods of 0 is formed by the AV (resp. AW) for A > 0. Show that Z, and 7. 2 are 
Hausdorff, but that the lower bound of 7, and 7, in the set of locally convex topologies on E 
is not Hausdorff (cf. II, p. 80, exerc. 26). 


13) With the hypotheses of II, § 6, show that E is complete for topology 7 which is the inductive 
limit of the 7,, ifand only if, for each integer n and every Cauchy filter § on E, for the topology 
induced by 7, there exists p > n such that & is convergent in E, for the topology 7,. 


14) Let E be the strict inductive limit of an increasing sequence of locally convex spaces E,, 
(II, p. 33). Show that the topology of E is the finest of the topologies compatible with the vector 
space structure of E, whether Jocally convex or not, and inducing on E,, a coarser topology than 
the given topology 7, (Let Vp be a neighbourhood of 0 for such a topology F and(V,), 59, a 
sequence of neighbourhoods of 0 for 7 such that V,,, + V,4, < V, for all n > 0; for all 
n > 1, consider, in E,, a convex neighbourhood W, of 0 that is contained in E, 7 V,, and 
take the convex envelope of the union of the W,, in E) 


15) Let I be an infinite non-enumerable set. Let G(D) be the family of finite subsets of I and E 
the direct sum space R®. For every J ¢ &(D, let F, be the subspace R? of E, the product of the 
factors whose indices belong to J, with the product topology ; let g, be the canonical injection 
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of F, in E. Show that there exists a topology 7, on E that is compatible with the vector space 
structure of E, which make the g, continuous and which is strictly finer than the finest Jocally 
convex topology Z which makes the g, continuous. (Note that the set V of the x = (&),4 
in E such that 9) |&|'/? < 1 is a neighbourhood of 0 for a topology compatible with the vector 


vel 
space structure of E, not containing any absorbent, symmetric, convex set.) 


16) a) Let E be a vector space with an enumerable basis. Show that the finest locally convex 
topology on E is the finest of the topologies on E (compatible or not with the vector space 
structure of E) which induces the canonical topology on every finite dimensional subspace 
of E. 
b) Let E, be an infinite dimensional Banach space. Let E be the vector space that is the direct 
sum of E, of R™)and let E, be the subspace of E that is the direct sum of Ey and of R? (identified 
as the product of the first p factors of R™; we give to E, the product topology of those of its 
factor, so that the topology of E, is induced by that of E, , ;. Show that on E the inductive limit 
topology of those of the E, is not the finest of the topologies (compatible or not with the vector- 
space structure of E) which induces on each E, a coarser topology than that of E,. We can 
proceed as follows : 

a) Let q be a norm on E, which defines a topology strictly coarser than that of E, (IL. p. 74, 
exerc. 5). For every ¢ > 0 define a mapping f, of E, inR., by the relation f(x) =sup( q(x), ¢—||x\|\). 
Show that /, is continuous and > 0 in E, and that inf f(x) = 0. 


lx {le 
B) Let U be the subset of E formed by the (x, (¢,)) such that t, <_f;,,(x) for all n. Show that 
U © E, is open in E, for all p. 
y) Show that if V ¢ U is an absorbent convex set, then V ~ Ey cannot contain any ball 
with centre 0 in Ep. 


17) For a subset A of a commutative group G, written additively, and for each n > 0 denote 


the set of elements of the form )’ x;, where x, eA for all i by + A. We say that the set A 
i=1 
of G is convex if, for every integer n > 0 the relation nx € + A implies x € A. 
a) Show that if a commutative topological group G (written additively) is isomorphic to 
a subgroup of the additive group of a locally convex vector space (with the induced topology) 
then there exists a fundamental system of symmetric convex neighbourhoods of 0 in G. 
b) Conversely, let G be a Hausdorff topological commutative group (written additively) in 
which there exists a fundamental system, 8, of symmetric convex neighbourhoods of 0. Show 
that G is without torsion, and, hence, can be considered (algebraically) as a subgroup of the 
additive group of a vector space on the field Q (A, II, § 7.10, cor. 1 to prop. 26). For every set 
Ve, let V be the set of elements x where x € V and r varies in the set of rational numbers 
such that 0 < r < 1; show that V is symmetric and convex (in the sense defined above). 
Deduce, further, that if there is no open subgroup of G distinct from G itself, then the sets V 
form a fundamental system of neighbourhoods of 0 for a topology compatible with the vector 
space structure of E on Q (Q being given its usual topology) ; conclude that in this case G is 
isomorphic to a subgroup of the additive group of a Hausdorff locally convex space. 
c) Let G be the group R x R ordered /exicographically (A, VI, p. 7); consider the Hausdorff 
topology 7,(G) on G that is compatible with its group structure (GT, IV, § 1, exerc. 1). Show 
that for this topology there exists a fundamental system of symmetric convex neighbourhoods 
of 0, but that G is not isomorphic to any subgroup of the additive group of a Hausdorff topo- 
logical vector space over R. 


§ 5 


1) a) Let E bea vector space. We say that a pointed convex cone C (of vertex 0) in E is maximal 
if C is a maximal element of the set of convex pointed cones of vertex 0 and ¥ E, ordered by 
inclusion. Show that a pointed convex cone C is maximal if, and only if, it is a closed half-space 
defined by a hyperplane which passes through 0. To establish this result, prove successively the 
following properties of a maximal pointed convex cone C; 


§5 EXERCISES TVS I.77 


a) We have C u (— C) = E (argue by obtaining a contradiction). 

B) Ifzis a non-internal (II, p. 26) point of C then — z ¢ C(same method). Deduce that C con- 
tains internal points. 

y) The largest vector subspace H = C m (— C) contained in C is a hyperplane. (Passing to 
the quotient space F = E/H, this reduces to demonstrating, using f) that if all the points of C 
other than the vertex are internal, then E is necessarily of dimension 1.) 

b) Give an example of a maximal non-pointed convex cone (in the set of non-pointed convex 
cones of vertex 0) which has no internal point (cf. II, p. 65, exerc. 5). 


2) Let N be a hyperplane in a vector subspace M ofa vector space E and let A be a convex 
set in E, such that all the points of A ~ M are on the same side of N and which also possesses 
the following property; for any y ¥ 0 in E, there exists xe AMM such that x +AyeA 
for all A such that |A| is sufficiently small. Show that there exists then, a hyperplane H of E such 
that all the points of A are on the same side of H and such that H A M = N. (Reduce to the 
case N = {0}; if a 4 0 belongs to A -m M, consider the set UW of pointed convex cones with 
vertex 0 containing A and not containing — a; show that there exists a maximal element C 
of U and that C is a maximal pointed convex cone (exerc. 1)). Deduce a new proof of the Hahn- 
Banach theorem. 


3) Let A be a convex set in a topological vector space E and x, be a point of E. Then, there 
exists a closed hyperplane H, containing x), and such that all the points of A lie on the same 
side of H if and only if there exists a non-pointed convex cone C with vertex x), which contains 
at least one interior point and does not meet A. (For an example of a convex set A # E which 
is not contained in any half-space defined by a hyperplane, see I, p. 65, exerc. 5.) 


“| 4) Let Ebea normed space and A a complete convex set for the uniform structure induced by 
that of E. 

a) Let x’ be a continuous linear form on E that is bounded in A. Consider a number k > 0 
and the closed convex cone P in E, with vertex 0 and formed by the x e€E such that 
||x|| < k < x, x’ >; itis pointed and proper. Show that for the order on E for which P is the set 
of elements > 0, the set A is inductive (use the fact that the restriction of x’ to A is increasing 
and bounded). 

b) Deduce from a) that the set of points of the frontier F of A which belong to a support hyper- 
plane of A is dense in F (Bishop-Phelps th.). (For each point z € F, consider a point ye A 
arbitrarily close to z, and separate y strictly from A by a closed hyperplane of equation 
<x, x’> = a, with ||x’|| = 1 and use a) with k > 1, also exerc. 3 above.) 


5) Let A be a closed convex set in R” and x, be a point of § A; denote the euclidean distance 
in R" by a. 

a) Show, without using th. | of I, p. 36, that there exists one and only one point x € A such 
that d(x), x) = d(x, A), and that the hyperplane orthogonal to the line joining x, and x, 
and passing through x is a support hyperplane of A. 

b) Deduce from a) a new proof of th. 1 of II, p. 36 when the space E is finite dimensional. 
(Reduce to the case when M is a frontier point x, of A; note that the lower bound of the distance 
of x, from support hyperplanes of A, is zero, and use the compactness of S,,_ ,.) 


41 6) Let A be a closed set in R" with the following properties ; for every x € R", there exists 
one and only one point ye A such that d(x, y) = d(x, A), where d is the euclidean distance. 
Show that A is convex. (Argue by reductio ad absurdum, considering a closed segment with 
end points a, 6 in A containing a point cE A; there is a closed ball B of centre c contained 
in § A; consider the set 8B of closed balls S which contain B and whose interiors do not meet 
A; show that the radii of these balls is bounded above, and deduce that there exists one of 
these balls S) whose radius p is the largest possible. Then get a contradiction by proving that 
S, can only meet A in a single point, and that this implies the existence in 8 of a ball 
of radius > p.) 


7) In a Hausdorff locally convex space E, let A be a complete, convex set and let B be a pre- 
compact closed convex set such that A 4 B = @. Show that there exists a closed hyperplane 
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separating A from B (argue in the completion E). Consider the case when A is finite dimen- 
sional. 


8) Ina Hausdorff locally convex space, let A and B be two closed convex sets, without common 
points, such that C, 0 Cg = { 0 } (IL p. 67, exerc. 14), and such that B is locally compact. Show 
that there exists a closed hyperplane separating A from B (cf. II, p. 67, exerc. 16). Similarly, if 
A and B are two closed convex cones of vertex 0, such that Am B = {0} and B is locally 
compact, then there exists a closed hyperplane passing through 0 and separating A from B 
(use lemma 1 of II, p. 39). 


9) Deduce from exerc. 8 that if V is a finite dimensional vector subspace of E and C is a closed 
convex cone of vertex 0 in E such that Cm V = {0}, then there exists a support hyperplane 
of C that contains V (use lemma 1 of II, p. 39). 


10) In the normed space E = /'(N) of summable sequences of real numbers x = (E,)nens 
let D be the line defined by the relations &, = Oforn > 1. Show that there exist two increasing 
sequences («,), (B,,) of real numbers > 0 such that the convex set A defined by the inequalities 
E> = |0,5, — B,| form > 1 is closed, non-bounded does not meet D and that there is no closed 
hyperplane separating A from D (choose «, and B,, so that A — D is everywhere dense). 


* 11) a) Let E be a Hilbert space and F an everywhere dense subspace of the dual E’ of E 
that is distinct from E’; the unit ball B of E is compact for the weak topology o(E, F), and 
there exists a point a of the unit sphere through which passes no c/osed (in o(E, F)) support 
hyperplane of B. 

b) Give E the topology o(E, F) and consider, in the product space G = E x R the set A of 
pairs (x, ¢) such that ||xl| < 1,¢ > ||x//(1 — |x|). Show that A is closed and locally compact, 
but that if D is the line with equation x = ain G then Do A = @ and there does not exist 
any closed hyperplane in G separating A from D. 

c) Show that, when we give E the topology o(E, F), there exists a continuous affine real valued 
function in the subspace B of E, that is not the restriction to B of a continuous affine function 
inE., 


12) Consider in R%, the closed convex cone C defined by the relations £, > 0, &, > 0, 
&2 < &,&,. Show that the line D of equations &, = 0,&, = 1 does not meet C, but that there 
is no plane through the origin 0 containing D and not meeting C—{0}. 


13) Let A and B be two closed convex sets in the space R", such that if V and W are affine 
linear varieties generated by A and B respectively, then no point of A © B is both interior 
to A relative to V and interior to B relative to W. Show that there exists a hyperplane separating 
A from B. (By taking quotients, reduce it to the case where either one of the varieties V, W is 
contained in the other or V and W are complementary vector subspaces in E.) 


14) Let A bea parabolic closed convex set (IL, p. 67, exerc. 17) not containing a line. Show that 
if B is a closed convex set not meeting A then there exists a hyperplane in R” that separates 
A strictly from B (if dis the Euclidean distance prove that d(A, B) > 0) (cf exerc. 12.) 


15) Let S, T two finite sets in R" with no common points, and such that Card(S U T) > 7 + 2. 
In order that there exists a hyperplane separating S strictly from T, it is necessary and suffi- 
cient that for every finite set F < S U T of + 2 points, there exists a hyperplane separating 
F © S strictly from F m T (use Helly’s th. (II, p. 68, exerc. 21)). Show that in this statement we 
cannot replace the number # + 2 by v + 1, and that the statement does not extend to the 
case where S and T are infinite. 


16) Let A be a compact set with interior points in R”. Show that if each frontier point of A 
lies on at least one support hyperplane of A, then A is convex. (Obtain a contradiction, showing 
that if x and y are two points of A such that the segment with end points x, y is not contained 
in A, and if z is an interior point of A not situated on this segment, then there exists a frontier 
point of A, distinct from x and y in the triangle with vertices x, y, z.) 
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17) In R’, let A be a symmetric convex set of which 0 is an interior point and of which the 
frontier does not contain any genuine segment. Let H be a homogeneous hyperplane and D 
a line complementary to H. Show that there exists a point ae Hm A such that at a there is 
a hyperplane of support to A that is parallel to D. 


18) In a topological vector space E, let A; (1 < i < n) be n open non-empty convex sets. 
a) Show that if the union of the A, is distinct from E, then every point x e E not belonging 
to any of the A;, belongs to a closed linear variety of codimension n, that contains x and does 
not meet any of the A, (argue by induction on 7). 

b) If the intersection of the A; is empty, show that there exists, in E, a closed linear variety of 
codimension n — | that does not meet any of the A; (same method). 


19) Let C, C’ be two closed convex sets in a Hausdorff topological vector space E that are 
strictly separated by a closed hyperplane H. Let H’ be a closed hyperplane of support to 
both C and C’ such that C and C’ lie on the same side of H’. Show that H’ is the only hyper- 
plane with these properties which contains H 4 H’ and that H 4 H’ is a support hyperplane 
of the trace P on H of the convex envelope of C U C’. Conversely, if C and C’ are compact, 
then for every support hyperplane D of P in H, there exists a hyperplane H’ that supports both 
C and C’, which contains D and such that C and C’ lie on the same side of H’. 


“1 20) Let A, B be two disjoint closed convex sets in a Hausdorff locally convex space E and 
let H be a closed hyperplane separating A from B; suppose that An H + @ and that the 
intersection of A > H and of every line is compact. Show that, if A or B is locally compact, 
then there exists a neighbourhood V of 0 in E such that (A + V) © B is empty. (Consider 
two cases according to whether A or B is locally compact; in the first case, note that there 
exists a hyperplane H’ parallel to H such that, if S is the set of points between H and H’, then 
A oS is compact. In the second case, suppose for example that 0 € B 7 H;; for every neigh- 
bourhood V of 0 in E, consider the set (A + V) m B and consider successively the case where 
this set is te compact for at least one V or the case when this is not so, as in exerc. 16 
of Il, p. 67. 


4 21) a) InR" leta,(1 < i <n + 1) ben + 1 points that are affinely independent. Denote 
the convex envelope of the a, by S and the convex envelope of the a, with i 4 k by F, 
forl <k <n + 1.Foreachk let C, be a compact convex set containing F,, and suppose that 


nt+1 
S is contained in the union of the C,; show then that M C, # ©. (Argue by reductio ad 
k=1 
absurdum and induction on n, considering the intersection C,,, of the C; with indices i < n 
and supposing that C,,, © C,.,; = @, which would allow the strict separation of the two 
convex sets by a hyperplane.) 
b) Let X be a compact convex set in a Hausdorff topological vector space E, and (C,),., a 
family of compact convex sets contained in X, such that for every set H < L having n (resp. m) 
elements, the intersection (resp. the union) of the C, with indices 4 € H is not empty (resp. is 
equal to X). Show that ifm <n + | the intersection  C, is not empty. (This is effectively 
AeL 
proving that for any finite set H of p > m indices of L, we have M C, # @. Argue by induc- 


AeH 
tion on p assuming that the result has been proved for p — 1 indices. Argue then by reductio 


ad absurdum, considering for each index j¢ H a point a4;,e ( C,, and showing by the 
eH — fi} 


aid of Helly’s th. (II, p. 68, exerc. 21) that the a, generate a linear variety of dimension p — 1, 
then finally apply a).) 


41 22) In R" let (C,), <;<,, be a finite family of closed convex cones with vertex 0, such that 
the sum of any » of them is distinct from R". Show that there exists a hyperplane H, passing 
through 0, such that, for any index i no pair of points of C, are strictly separated by H. (Dis- 
tinguish two cases : 
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a) Either there exists a number r < n and r indices, say, 1, 2, ..., r such that C, fori <r 
generates a cone which contains a vector subspace V of dimension > r. Argue by induction 
on nv, projecting on the orthogonal to V. 

B) Or, for allr < n, any r of the C, generate a cone C such that the maximal vector subspace 
Cm (— C) contained in C is of dimension < r. Consider then a set of the cones C,, maximal 
with respect to being contained in a half-space ; there are at least 2 cones in a maximal set. Let 
T be the cone generated by the union of the cones belonging to this maximal set. If C , iS a cone 
which does not belong to the maximal set considered, show that C, c — T. For this, argue 
by reductio ad absurdum, showing that in the contrary case there exists a frontier point of 
— I(telative to the vector subspace generated by I) that is interior to C, (relative to the vector 
subspace generated by C,). Write such a point as the sum of the /east number s of vectors, of 
which each belongs to a cone — C,, among those C, used in defining [’; then s < n — 1. Prove 
finally that these cones and C, generate a convex cone containing an s + 1 dimensional vector 
subspace, contradicting the hypothesis ; for this use exerc. 4 of II, p. 65.) 


23) Let E be a topological vector space, and let Z be the locally convex topology on E that 
is the finest of all those that are coarser than the given topology 7, on E. If F isa locally convex 
space, then the continuous linear mappings of E in F are the same for 7, as for 7. There 
exists a continuous linear form on E that is distinct from the null form if, and only if, there 
exists a neighbourhood of 0 for 7, whose convex envelope is not everywhere dense (for 7.) 
(cf. I, p. 25, exere. 4). 


24) Let E be an infinite dimensional, metrisable, locally convex space. 

a) Show that there exists a sequence (a,) of points of E tending to 0 and a decreasing sequence 
(L,,), of closed vector subspaces of E, such that L, is of codimension n in E and that, for all n, 
the point a, belongs to L,—L,.,,. 

b) Suppose further that E is complete. Show that we can then find sequences (a,) and (L,) 
verifying the conditions a), and such that in addition, for every bounded sequence of real 
number (A,), the series, whose general term is (4,4, is commutatively convergent in E, and that 
the linear mapping (&,) > > &,a, of the Banach space @(N) in E is injective and continuous. 


c) Deduce from 5) that when E is an infinite dimensional Fréchet space then every basis of 
E on R has cardinal at least equal to 2@"4™) (cf. I, p. 22, exerc. 5). 

If there exists an enumerable set that is dense in E, then every basis of E has the cardinal 
of the continuum. 


25) Let E be an infinite dimensional Fréchet space of enumerable type (therefore having an 
enumerable everywhere dense subset) (cf. I, p. 25, exerc. 1). Show that there exists an everywhere 
dense hyperplane H of E which meets every closed, infinite dimensional linear variety of E. 
(Use the existence of a basis, having the cardinal of the continuum, in each of the direction 
subspaces of these varieties (exerc. 24, c)) and the fact that the set of closed, infinite dimensional, 
linear varieties of E also has the cardinal of the continuum (GT, IX, § 5, exerc. 17); then apply 
a method of construction ofa linear form on E following from S, III, § 6, exerc. 24.) The hyper- 
nlane H does not contain any infinite dimensional, closed, vector subspace. 


“| 26) Let E be an infinite dimensional Fréchet space of enumerable type. 

a) Show that there exists a sequence (a,) of linearly independent elements of E such that 
each sequence (a,,) and (a,,,,,) is total (use exerc. 24, c)). 

b) Let F be the vector subspace of E generated by the a,,,,, (ne N). For every n > 0 let M, 
be the subspace generated by the a,, with k < n. For each a, let >, be the restriction to F of 
the canonical homomorphism of E on E/M,,, and let 7, be the topology on F which is the 
inverse image under 9, of the quotient topology, on E/M,. Show that each of the topolo- 
gies 7, on F is a Hausdorff locally convex topology, but that the lower bound of the 7, in the 
set of locally convex topologies on F is the coarsest topology on F. 

* c) Take E to be a Hilbert space; show that we can choose the sequence (a,) so that if G 
is the closed vector subspace generated by the a,,,,, then G has infinite codimension and 
so that the images of the a,,, and the a,,,,, in E/G are still linearly independent. Write G, for 
the subspace of E that is the sum of G and of the subspace generated by the a,,,., with k < n, 
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and give to G, the topology which is the inverse image under the canonical mapping res- 
tricted to G,, of the quotient topology on E/M,,. Show that the sequence (G,,) is an inductive 
system of topological vector spaces such that G, is closed in G,,, for the topology of G,,,, 
but that G, is not closed in the inductive limit space of this sequence. , 


4 27) Let E, F be two Hausdorff topological vector spaces, and X (resp. Y) a compact convex 
set in E (resp. F). Let f be a real valued function defined in X x Y with the following pro- 
perties : 

(i) For all x € X, the mapping y +> f(x, y) is lower semi-continuous in Y, and for all ce R, 
the set of the ye Y such that f(x, y) < ¢ is convex. 

(ii) For all ye Y, the mapping x +> f(x, y) is upper semi-continuous in X, and for all 
c ER, the set of the x € X such that f(x, y) > c is convex. 

Show that, in these conditions, we have 


sup(inf f(x, y)) = palit St (x, y)). 


xeX yeY 


(Argue by reductio ad absurdum, supposing that there exists a number c such that 
sup(inf f(x, y)) < ¢ < inf(sup f(x, y)). 
xeX yeY yeY xeX 


For all x € X (resp. all y € Y) let A, be the set of y e Y such that f(x, y) > c (resp. B, the set of 
the x e X such that f(x, y) < c), which is open in Y (resp. in X); the A, (resp. the B ) form a 
covering of Y (resp. X) when x varies in X (resp. y varies in Y). Show that there exist two finite 
sets Xy) < X, Yo < Y such that : 1° for all y belonging to the convex envelope By of Yo, there 
exists x € Xg suck that f(x, y) > c, and Xq is minimal for this property ; 2° for all x belonging 
to the convex envelope A, of Xo, there exists y € Y, such that f(x, y) < c, and Yo is minimal 
for this property. Then for all y € Yo, let C, be the set of x € A, such that f(x, y). > c; using 
exerc. 21, a) of II, p. 79, show that the intersection of the CG, for y € Yg is not empty. Proceed 
in the same way in B, and obtain a contradiction.) 


47 28) Let X be a compact convex subset of E a Hausdorff locally convex space, and let f 
be an upper semi-continuous convex function in X. Show that the set L of continuous convex 
functions g in X such that g(x) > f(x) for all x e X is decreasing directed and that its lower 
envelope is equal to f. (Let u, v be elements of L. To construct an element of L which is less 
than uand », use reasoning analogous to that of prop. 6, IL, p. 40. Interpret the set K, analogous 
to the set K in this argument as the set of points situated above the graph of a lower semi conti- 
nuous function that is less than uw and v and strictly larger than f at every point; apply prop. 5 
of II, p. 39 and Dini’s th. to this function. To show that the lower envelope of L is f, note that 
f is bounded above by a constant b; (x, ¢) being a point of E x R situated above the graph 
of f, let K’ be the convex envelope of { (x, t)} U (X’ x {b}), where X’ is a convenient compact 
neighbourhood of x in X; argue with K’ as above for K,.) 


29) Let X be a compact convex set in a Hausdorff locally convex space E. Let u be a lower 
semi-continuous convex function in X and v an upper semi-continuous concave function in 
X such that u(x) > v(x) for all x © X. Then there exists an affine linear function f that is 
continuous in E and such that v(x) < f(x) < u(x) for all x eX. 


30) Let X be a compact convex set of a Hausdorff locally convex space E. Show that the set 
of lower semi-continuous convex functions in X is a lattice. 


§ 6 


1) Let F, G be two vector spaces in duality, such that o(F, G) is Hausdorff. Show that if 7 is a 
Hausdorff topology compatible with the vector space structure of F and coarser than o(F, G) 
(but not necessarily locally convex a priori), then J = o(F, G,), where G, is a vector sub- 
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space of G, dense in the topology o(G, F). (Consider on F the locally convex topology 7, 
in which a fundamental system of neighbourhoods of 0 is formed by the closed, convex, balanced 
sets in Z which are neighbourhoods of 0 for o(F, G).) Deduce that if 7 is a Hausdorff locally 
convex topology on a vector space E, that is minimal in the set of Hausdorff locally convex 
topologies on E (II, p. 85, exerc. 13) it is also minimal in the set of topologies (locally convex 
or not) that are Hausdorff and compatible with the vector space structure of E. 


2) In R’, let (C,), <;< be a family of m > n + 1 convex cones with vertex 0; show that if, 
for any n + 1 of these cones there exists a hyperplane H through 0 and such that the cones 
lie on the same side of H, then there exists a hyperplane Hy such that a// the cones C,(1 < i < m) 
lie on the same side of Hy (cf. I, p. 68, exerc. 21, a)). 


3) In R" let (Dj), <i<cm be a family of m > 2n closed half-spaces determined by hyperplanes 
passing through 0. Show that if, for any 2” of these half spaces, there exists a point ¥ 0 in their 
intersection, then there exists a point # 0 in the intersection of all the D, (1 < i < m) (cf. I, 
p. 66, exerc. 10). 


4) Let S, T be two finite sets in R”, without common points, such that their union contains 
at least 2n + 2 points. Then there exists a hyperplane separating S from T if, and only if, for 
every finite set F <c S u T of 2n + 2 points, there exists a hyperplane separating F 7 S from 
F «- T (use exerc. 3 and the method of II, p. 78, exerc. 15). 


5) Let E be the vector space of quadratic forms on R", which is identified with the vector 
subspace of symmetric square matrices in the space M,,(R) of square matrices of order n on R. 
We endow M,,(R) with the scalar product Tr(‘X.Y), which enables us to identify it with its 
dual and similarly for E. 

a) Let P c E be the set of quadratic forms for which the matrix has all elements > 0, and let 
S < E be the set of positive quadratic forms in R”. Show that we have P = P° and S = S°. 


m 
b) Let B be the set of quadratic forms on R” that can be written in theform )° x? for same m, 
j=l 
where x; is a linear form that takes values > 0 for all x = (x,); <i<, of coordinates x, all > 0; 
let C be the set of quadratic forms that are > 0 for all the vectors x =(x;) with coordinates 
x; all > 0. Show that B = C° and C = B° (prove that B is closed, showing that every element 
m 


of B can be written in the form ) x/?, with x; positive for all x with coordinates > 0, and 
j=l 
m < 2"). 


6) Let F, G be two vector spaces in separating duality, and A a weakly compact convex set 
in F. Let C be a convex cone with vertex 0, that is weakly closed in G. Suppose that, for all 
ye, there exists xe A such that (x, y> > 0. Show that there exists x,¢A such that 
<Xo,¥> = 0 for all ye C (apply prop. 4 of II, p. 38, to A and C°). 


41 7) a) Let F, G be two vector spaces in separating duality and C a weakly closed convex 
cone in F. Let M be a finite dimensional vector subspace of G. Show that, either there exists 
Yo EC such that ype M° and yy # 0, or there exists z) € M such that z,¢C° and z) #0 
(argue by induction on the dimension of M). If C does not contain any line and if the two pre- 
ceding properties are simultaneously satisfied, show that z, cannot be an internal point of C°. 
b) Let the two matrices (a;;), (b;;) with real entries in n rows and m columns, be such that 
a;; > O for every pair (i, j). Show that there is a unique value of A € R such that there are two 
vectors x = (x,)ER", y= (y;) € R” satisfying the relations x # 0, y # 0, x, 20, ¥,20 
for all i, 7 and finally such that 


m 


(1) > a,x, 2 Yo b,x, for 1<i<n 
j=l j=l 


3 


(2) AY ay < Y by, for 1<j<m. 
i=1 i=1 


§6 EXERCISES TVS II.83 


(Putting c,, = Aa, — 5, for 1 <i<n, 1 <j <m, and c,,,; = 5, (Kronecker’s index) 
for 1 <i<m show that the problem reduces to finding a vector xe R™ and a vector 
z = (z,)¢ R"*™ which are non null and satisfy the relations 


(G3) 


c,jx; 20 for 1<i<nt+m 


(4) 


cj2,;=9 for l<j<m 


and z,; > Ofor1 <i <n +m. Remark that, if (3) has a solution for one value A, of A, then 
it also has a solution for A > Ag, and that if (4) has a solution for Ao, then it also has a solution 
for } < hg. Finally use a).) 


47 8) Let T be a compact space and L a vector subspace of @(T; R), that is of finite dimen- 

sion r; give to L the norm induced by that of @(T;R) and to its dual L* the norm 

|x’|| = | sup <x, x’>, so that if B is the ball ||x|| < 1 in L, then B° is the ball ||x’|| < 1 in L*. 
|x|] <1 

a) For all te T, write e/ for the linear form x +> x(t) on L. Show that B° is the convex envelope 

of the set of the + e{, where ¢ varies in T (obtain a contradiction using prop. 4 of II, p. 38). 


Deduce that every linear form x’ € L* such that ||x’|| = 1 we can write x’ = >) Aj, where 


i=1 


the ¢, are r points of T and the A, are real numbers such that )° |A,| = 1 (cf. Il, p. 66, exere. 9, a)). 
i=1 
b) For every ye @(T; R), there exists a unique x e L such that ||y — x|| = d(y, L), if and 
only if for every non null z € L, there exist at most r — 1 distinct points t; € T such that z(t;) = 0 
(Haar’s th.). (To show that this condition is sufficient, observe first that it is equivalent to 
saying that for r distinct points t;¢ T (1 <7 < r) the e;, are linearly independent in L*. Now 
argue by assuming the conclusion is false and obtaining a contradiction. If there exist two dis- 
tinct points x’, x” of L such that ||y — x’|| = |lv — x”|| = d(y, L) then there exists x, € L and 
z € L such that, for all sufficiently small real A, we have ||y — (x9 + z)|| = d(y, L). Apply the 
last part of a) to the subspace L © Ry of @(T; R) and to a suitable linear form on this space 
which vanishes in L. To see that the condition is necessary, note that if it is not true, then there 
exist r distinct points t; ¢ T (1 < i < r) such that the e, are linearly dependent and there exists 
a function z e€ L that is not null and vanishes at the points t;. If «; (1 < i < r) are numbers 


not all zero such that y a,e;, = 0, consider a function we @(T; R) such that ||w|| = 1, 


w(t;) = sgn(a,;) for 1 < i< r, and the function y = w(1 — |Bz|) with |B| sufficiently small and 


# 0.) ; 

©) Suppose that T is a compact interval in R and that L satisfies the condition of Haar’s th. ; let 

(t)1 <i<p+1 be a Strictly increasing sequence of r + 1 points of T; then there exist r + 1 real 
r+1 


non zero numbers 4, such that ) Xe;, = 0. Show that then sgn(A;) sgn(A;.,) = — 1 for 
i=1 

1 <i < r. (Consider separately the case r = 1 and the case r > 1. In the second case, suppose 
on the contrary, that for some index i < r — 1, the number A, is of the same sign as ),_, 
or as A,,, and that A,;_, andA,,, are of opposite signs. If, for example, i, > 0, take a;_, > 0, 
O;4,>0 such that o,_,A;-, +04 ,4;4,=0, then ze L such that 2(¢,_,)=o;_,, 204.) =O%44 
and z(t.) = 0 for j distinct from i — 1, i andi + 1. Deduce that z(¢;) < 0 and show that this 
contradicts the given hypotheses.) 

d) With the same hypotheses and notations as those of c), suppose that there exists y « @(T ; R) 
and z € L such that »(¢,) — z(t) = (— L'a, with a, > Oforl <i <r + 1. Show that we then 
have d(y, L) > inf a;. (Use a) applied to L @ Ry, and c).) 


e) With the hypotheses of c) let ye @(T; R), and z be the unique point of L such that 
lly — zl| = dy, L). Show that there exists a strictly increasing sequence (f;), <;<,4, in T 
such that 


yt) — 24) = (— Dfelly — 2) 
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with « = + 1. Conversely if z has this property, then z is the unique point of L such that 
lly — z|| = d(y, L). (Use c) and d)). Consider the case when T is an interval of R and when L is 
the set of the restrictions to T of polynomials of degree < r(Tchebycheffs th.). 


9) Let F and G be two vector spaces in separating duality and A be a convex subset of F which 
contains 0. For every y € G, write 


H,(y) = sup(— <x, >), 


xeA 


so thatO < H,(y) < + «©; we call H, the support function of A. 

a) Show that H, is the gauge of A° (II, p. 20). 

b) If Ais weakly compact, then, for all y € G, the hyperplane with the equation <x, y> = H,(y) 
is a support hyperplane of A. 

c) H, is finite and continuous for the topology o(G, F) if, and only if, A is finite-dimensional 
and bounded (in the finite dimensional vector subspace that it generates). 

d) LetA,(1 < i < p) be convex sets in F which contain 0 and A, be real numbers >0(1 <i<p); 
show that the support function of the convex set A = )\A,A,; is Hy = )1A;Ha,. If ye G is 


such that the intersection C,, of A; with the hyperplane «x Y> = Hal y), is non-empty for 
1 <i < p, show that the intersection of A and the hyperplane with equation < x, y >) = Ha(y) 
is the set } A,C;. 


e) Suppose that A is locally compact and does not contain any line. Then the set which is the 
union of {0} and the set of y 4 O such that H,(y) = + oo, Ha(— y) # + o is the polar cone 
of the asymptotic cone C, (consider the case when A is the convex envelope of {0} and of one 
half-line). 

fp coe that F is finite dimensional. Show that, A is parabolic (II, p. 67, exerc. 17) ifand only 
if H, is a continuous mapping of G in R (if there exists a line paralle to a half-line of C,, which 
does not meet A, note that there exists a hyperplane separating this half-line from A). 


10) To each compact convex set A in E = R" containing 0, we make correspond its support 
function H, by the duality between E and E* : Hy, belonging to the space @(E*; R) of conti- 
nuous real valued functions in E*. We ascribe to the space @(E*; R) the uniform structure of 
compact convergence and, to the set %((E) of the compact convex sets in E containing 0, the 
uniform structure defined in the exerc. 39 of II, p. 71. Show that A +> H, is an isomorphism of 
K(E) on a uniform subspace of @(E* ; R). 

Deduce that the mapping A +> A° of the set R,(E) of compact convex sets in E which contain 
0 as an interior point, on the set R,(E*), is an isomorphism for the uniform structures of these 
two spaces (cf. I, p. 71, exerc. 39). 


11) Let F, G be two vector spaces in separating duality. An ultrafilter U on F converges weakly 
to a point xq if, and only if, xp belongs to the intersection of all the weakly closed convex sets 
which belong to UI (note that if x, is a point of this intersection that is not a cluster point of UU, 
then there exists a closed half-space belonging to U and not containing x9). 

Deduce from this result that, for a sequence of points (x,,) of F to be weakly convergent to a 
point a, it is necessary and sufficient that a belongs to all the weakly closed convex envelopes of 
the sets formed by an infinity of the terms of the sequence (use prop. 7 of GT, I, § 6.4). 


12) a) Let E bea vector space and (E,),-4 be an increasing directed family of subspaces of E, 
whose union is E; each E, is supposed to carry a locally convex topology 7, such that for 
a < B the canonical injection E, > E, is continuous. Let 7 be the topology on E, which is the 
inductive limit of the 7, (IL p. 29, Example 11); show that the dual E’ of E (for 7) with the 
topology o(E’, E) can be canonically identified with the projective limit of the duals E}, with 
topology o(E;, E,). 

b) Let (X,, ,g) be a projective system of non-empty sets corresponding to a directed set of 
indices A, such that ¢,, are surjective and that lim X,=© (S, III, § 7, exerc. 4). Put F, =RX 
and denote by f,,:F, > F,for « < B the linear mapping deduced canonically from $45 
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(A, II, § 1.11. cor. 1). If we give to each F, the topology which is the direct sum topology of its 
factors, the dual E, = F, of F,, with the weak topology o(E,, F,), can be identified with the 
product space R**, and ‘f,, is an isomorphism of E, on a closed subspace of E,, having a topo- 
logical complement in E,. Show that on E = lim E, (for the ‘f,,) the topology which is the 
inductive limit of those of E, is the coarsest topology (therefore non-Hausdorff) (using a) and 
noting that lim F, = {0}). 


13) Let E be a vector space. We say that a Hausdorff locally convex topology Z on E is 
minimal (and that E, with 7, is a space of minimal type) if there exists no Hausdorff locally 
convex topology on E, that is strictly coarser than 7 (cf. II, p. 81, exerc. 1). 

a) Let 7 bea minimal topology on E, and let E’ be the dual of E(when E has the topology 7); 
show that 7 = o(E, E’) and E = E” (note that there cannot be an everywhere dense hyper- 
plane in E’ for the topology o(E’, E) using the cor. 3 of II, p. 43). Deduce that spaces of mini- 
mal type are products of lines. 

b) Show that in a Hausdorff locally convex space F, every subspace E of minimal type has a 
topological complement, and in particular is closed (use a) and the Hahn-Banach th. for 
extending the identity mapping of E in itself to a mapping of F in E). 

c) Let u be a continuous linear mapping of a space E of minimal type in a Hausdorff locally 
convex space F. Show that u(E) is closed in F and that w is a strict morphism of E in F (use b) 
and the definition of a space of minimal type). 

d) Let F be a Hausdorff locally convex space and M be a closed vector subspace of F. Show 
that, if there exists a complement N of M in F that is a subspace of minimal type, then N is 
a topological complement of M in F (use c)). 

e) Let M be a subspace of minimal type in a Hausdorff locally convex space F; show that, 
for every closed vector subspace N of F the sum M + N is closed in F (consider the quotient 
space F/N and use c)). If further N is of minimal type, then M + N is of minimal type. 


14) Let E be a Hausdorff locally convex space and F a locally convex space of minimal type 
(exerc. 13). 

a) Show that if M is a closed vector subspace of the product space E x F, its projection on E 
is closed in E (use exerc. 13, e)). 

b) Let wu be a linear mapping of E in F. Show that if the graph of u is closed in E x F, then u 
is continuous (use a)). 

c) Suppose that, in E, every closed vector subspace has a topological complement (cf. V, p. 13). 
Show that, in E x F, every closed vector subspace M has a topological complement. (If N, is 
the projection of M on E and N, a topological complement of N, in E, if P, = Mo F, and 
P, is a topological complement of P, in F, show that N, + P, is a topological complement of 
M in E x F, using 5).) 


* 15) Let E, F be two Hausdorff locally convex space. We say that a continuous linear mapping 
u:E — F is linearly proper if, for every Hausdorff locally convex space G and every closed 
vector subspace V of E x G the image of V byu x 1,:E x G—> F x Gis closed. Show that 
this condition is equivalent to the following : u~ '(0) is a subspace of minimal type of E and 
for every closed vector subspace W of E, the set u(W) is closed in F. (To show that the first 
condition implies the second, consider the mapping v : E > {0} and, giving E the topology 
o(E, E’), so that E is immersed in E’* with o(E’*, E), take the image under the projection 
v x lpa:E x E™ > E” of the closure in E x E’* of the diagonal A of E x E. To show that 
the second condition implies the first, show that it implies that, for the topologies o(E, E’) and 
o(F, F’), the mapping vu is a strict morphism and use exerc. 13, e).) , 


16) Let F bea product of lines and C a closed convex set in F. 

a) Show that there exists x, € F, two sets I and J and a topological isomorphism u of F on 
R' x R’ such that u(x, + C) is of the form R' x A, where A is a closed convex set of R,. 
(Note that we have F = G* where F has the topology o(G*, G); consider the polar C° of 
C in G, the vector subspace of G generated by C° and a complement of this subspace.) 

b) IfC does not contain any affine line, the mapping (x, y)> x + yofC x Cin Fis proper. 

c) Suppose that C is a cone with vertex 0 and that the uniform structure induced on C by that 
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of F is metrisable. Then if the sets I and J, the point x, and the mapping u satisfy the conditions 
of a) then I is enumerable and there exists an enumerable subset H of J such that the restriction 
of the canonical projection p:R! x R’ > R!' x R™ to u(x, + C) is an isomorphism of the uni- 
form subspace u(xy + C) of R' x R’ on the uniform subspace p(u(x,) + C)) of R' x RM 


17) Let E be an infinite dimensional vector space. 

a) Show that there exist hyperplanes in E* that are everywhere dense for the topology o(E*, E). 
b) If H’ is such a hyperplane, show that, in E, the only linear subvarieties # E that are every- 
where dense for the topology o(E, H’) are the hyperplanes. 


“| 18) a) In a normed space E, let A be a closed convex set # E; show that the function 
xt» d(x, QA) is concave in A (use the fact that A is the intersection of closed half-spaces). 
b) Define inductively a sequence of closed convex sets A, < R” in the following manner; 
A, =R,; if R"*? is identified with R" x R, then A,,, is the set of pairs (x, €) such that 


xE A, and that 
62> (4% CAD)? + Ir, 


where ||x|| is the Euclidean norm. Show that A,,, does not have any support hyperplane of 
the form H x R, where H is a hyperplane of R” and that its asymptotic cone is {0} x R,. 
C) If Pym is the canonical projection R” — R” (R™ being identified with R” x R”~") form > n, 
show that when RN is identified with the projective limit of the projective system (R”, Din) 
the A, form a projective system of sets and that A = lim A,, is a closed convex set not relatively 
compact in RN, having no closed hyperplane of support "and such that C, = {0}. 


19) a) Let A be a closed convex set in E, a product of lines, that is non-compact and such 
that C, = {0} (exerc. 18). Show that if B = A — A and if M is the convex closed envelope 
of A u (— A), then B and M contain lines (use exerc. 16, b) of TI, p. 85). 

b) Let A,, A, be two closed convex sets in E such that A, + A, is closed and none of A,, 
A,, A, + A, contain affine lines. Show that Cy, 44, = Ca, + Ca, (use exerc. 16, 5) of II, p. 85). 
c) Let A be a closed convex set in E that does not contain any affine line and M,,..., M, 
closed convex sets contained in A. If B is the convex envelope of U M,, show that B=B+)° Cy, 


and Cy = }\ Cy, (same method). 


4 20) Let F = R™, G = R“, where A is any infinite set; suppose that F and G are put in 
separating duality by the bilinear form <x, y> = > x(x) V(x). 

acA 
a) Let N be an additive subgroup of G; we denote by N* the subgroup of the x € F such that 
<x, y> is an integer for all ye N and by N** the subgroup of the ze G such that <x, z> is 
an integer for all x e N*. If N is the closure of N for the topology o(G, F), show that N* is 
closed in F for o(F, G) and that N** = N (to establish this last point, use GT, VIL, § 1.3, 
prop. 6, projecting N on the finite dimensional coordinate varieties of G). 
b) Suppose that A = N. Let M be a closed subgroup of F for o(F, G); show that if V is the 
largest vector subspace contained in M, then M is the topological direct sum of V and of a 
closed subgroup P that is a free Z-module having an enumerable base. (Consider F as the 
union of an increasing sequence (F,,) of finite dimensional vector subspace and apply GT, 
VIL § 1.2, th. 2 and § 1, exerc. 7.) P is discrete (for the topology induced by o(F, G)), if, and 
only if, P is of finite rank. 
c) Deduce from a) and b) that when A = N, every closed subgroup of G (when G carries the 
product topology o(G, F)) can be transformed, by an automorphism of the topological 
group G, in a product R' x Z', where I and J are two sets of N without common elements. 
d) In the space E = RN, carrying the topology o(E, E*), show that the subgroup ZN is closed 
and does not contain any line, even though it is not a free Z-module (A, VII, p. 59, exerc. 8); 
the results of 6) do not therefore extend when A is not enumerable. 
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§ 7 


1) Let A be a convex set. Then, a point x € A is extremal in A if, and only if, for any subset 
B of A, the statement x belongs to the convex envelope of B, implies that x eB. 


2) With the notation of II, p. 74, exerc. 3, let G be the vector subspace of E generated by K u {A}. 
Show that, in G, the point ) is an extremal point of the closed convex envelope of K, but 
that i does not belong to K (cf: II, p. 25, corollary). 


“1 3) Let A bea convex set in a vector space E, and let x bea point of A. We call the set formed 
by x, and the y # x in A such that the line passing through x and y contains an open segment, 
that is contained in A and contains x, the facet of x in A. The internal points relative to the 
linear variety generated by A (II, p. 26) (resp. the extremal points) of A are the points whose 
facet in A is equal to A (resp. is a single point). 

a) Show that the facet F, of a point x € A is the largest convex set B < A such that x is an 
internal point of B (relative to the linear variety generated by B). 

b) For every point y € F,,, the facet F, of y in A is identical with the facet of y in F,. In order 
that F, = F,, it is necessary and sufficient that y is an internal point of F,, (relative to the 
linear variety generated by F,). Deduce that, if F, is finite dimensional, and if y is a non- 
internal point of F,, (relative to the linear variety generated by F,), then the dimension of F, 
is strictly less than that of F,. 

c) A linear variety V in E which meets A and is such that for every x € A 71 V, every open seg- 
ment contained in A and containing x, is necessarily contained in V, is called a support variety 
of A. Show that, for all x € A, the linear variety M generated by the facet F, of x in A is the 
smallest support variety of A which contains x, and that Mm A = F,. For every support 
variety V of A, the intersection V nm A is the facet in A of each of its internal points (relative 
to the linear variety generated by Vn A). 

da) Let A and B be two convex sets in E. For every point x e A 4 B, the facet of x in AN B 
is the intersection of the facets of x in A and in B. 

e) Let B be a closed convex set in a Hausdorff topological vector space E, and let B contain 
a closed linear variety M of finite codimension 7; then every facet in B of a point of B contains 
a closed linear variety of codimension n (II, p. 67, exerc. 14, d)). If A is a convex set then the 
facet in A B ofa point x in A - B is of finite dimension if, and only if, the facet of x in A 
is of finite dimension : further if p and q are the dimension of the facet of x in A and of the facet 
of x in AB, then p < q +n. In particular if xe AO B is an extremal point of AN B, 
then its facet in A is of dimension < n. 

f) Deduce from e) that if A is compact, and V is a closed linear variety in E, of finite codimen- 
sion n, then every extremal point of V - A is a linear combination of at most n + 1 extremal 
points of A. 


4) Inthe plane R?, consider the convex set A formed by the points (E, n) satisfying —1 < — < 1, 
—1-—/1—-€ <n <14,/1 — &. Show that there exist frontier points of A for which 
the facet is distinct from the intersection of A and of the lines of support of A passing through 
this point. 


5) In the Banach space /*(N) of bounded sequences x = (€,,) of real numbers, let A be the 
closed convex set defined by the inequalities —- 1/fn < &, < lforn >land—1<& <1. 
Show that A has a non-empty interior, that the origin is a frontier point of A and that the 
facet of 0 in A is not closed. If we give to A the topology induced by that of the product space 
RN, show that A is compact but that the facet of 0 in A is not closed in A. 


6) Let E, E’ be two vector spaces in separating duality, and A be a convex set in E containing 0 
and closed for o(E, E’). For all ae A, the set F’ of points x’ e A° such that <a, x’) = — 1 
is a closed (for o(E’, E)), convex set of A°. Show that F’, is the facet in A° of each of the internal 
points of F’ relative to the linear variety generated by F’,. We say that F’, is the dual facet 
of a in A®. If F, is the facet of a in A, show that F’, is also the dual facet in A° of each of the 
internal points of F, relative to the linear variety generated by F,; further, if A is identified 
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with A°°, the dual facet in A of each internal point of F’, relative to the linear variety generated 
by F’, contains F,. When F,, is not empty (which is always the case when E is finite-dimen- 
sional anda # 0, cf. II, p. 78, exerc. 13), we say that each of F,, F,, is the dual facet of the other. 

We say that a point ae A is smooth point of A if F,, is a single point (in other words if there 
exists one closed hyperplane of support of A passing through a); we say that a is a point of 
strict convexity (or is an exposed point) if there exists a closed hyperplane H supporting A 
so that Hm A = {a}; this is the same as saying that there exists an internal point of F 
(relative to a linear variety generated by F’) which is a smooth point of A°. 


4 7) Let E bea vector space of finite dimension n and let A be a closed convex set in E of 
which 0 is an interior point. 

a) Let F and F’ be two dual facets of A and A°® (exerc. 6); if F is of dimension p and F’ of 
dimension q, then show that p + q <n — 1. For every frontier point x of A, the dimension 
of the facet of x in A is called the order of x, and the dimension of its dual facet in A° is called 
the class of x. The order (resp. the class) of a facet F of A is by definition the order (resp. the 
class) of one of the internal points of F relative to the linear variety generated by F. An extremal 
point of A is a point of order 0; a smooth point of A (exerc. 6) is a point of class 0. 

b) A frontier point of A of class n — 1 (and hence of order 0) is called a vertex of A. Show 
that the set of vertices of A is enumerable (consider the set of dual facets of the vertices of A, 
GT, VI, § 2, exerc. 12). 

c) Let F be a p-dimensional facet of A, and M a linear variety of dimension n — p, which 
meets F in the single point a, such that a is an internal point of F and which contains an interior 
point of A. Show that, if V is a support hyperplane of M - A in M, that passes through a, 
then the hyperplane H generated (in E) by F u V is a support hyperplane of A. 

d) We say that a facet F of A of order p and of class q is an ultrafacet if p + q =n — 1; the 
dual facet is then also an ultrafacet of A°. If a linear variety M of dimension n — p meets an 
ultrafacet F in a single point that is an internal point of F (relative to the linear variety gene- 
rated by F), show that this point is a vertex of the convex set M - A, and conversely (use c)). 
Deduce that the set of ultrafacets of order p of A is enumerable. (Identify E with R”, consider 
the projection of A on each of the coordinate varieties of R” of dimension p; if the set of ultra- 
facets of order p of which the projection on V is p-dimensional, is not enumerable, show that 
there exists a point of V which is an interior point to a non-enumerable infinity of these pro- 
jections considering the points of V with rational coordinates ; then use b).) Give an example 
of a convex set with a non-enumerable infinity of facets, each of which is not a single point 
nor an ultrafacet. 

e) If all the frontier points of A are smooth, show that the mapping, which puts each point x 
of the frontier G of A in correspondence with the unique point of the dual facet of x, is a con- 
tinuous mapping of G on the frontier of A° (cf TG, I, § 9.1, corollary). In what case is this 
mapping bijective ? 


8) Let E be a vector space of finite dimension n and A be a compact convex set in E. 

a) Let H bea hyperplane in E. Show that in an open half-space determined by H and contain- 
ing at least one point of A, there exists a point of strict convexity of A (II, p. 87, exerc. 6). (Con- 
sider, in H, a closed euclidean ball C of dimension n — 1 and of sufficiently large radius that 
contains H - A, then the euclidean balls B of dimension n and of larger radius containing A 
and such that BO H = C.) 

b) Show that A is the closed convex envelope of the set of points of strict convexity (use a)). 
c) Show that every extremal point of A is a cluster point of the set of points of A of strict 
convexity. (Using b) and the exerc. 9, a) of IL, p. 66, note that an extremal point is the limit of 


a sequence of points of the form )° AinXims Where Ain 20, Aim = 1 and the x,,, are points 
i=0 i=0 
of strict convexity of A; next use the compactness of A.) 


9) Show that in the product space E = RN, the cube IN, where I = (0, 1J, is a compact convex 
set with no point of strict convexity. 


10) In the space R?, show that the set of extremal points of a closed convex set A is closed 
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(show that the set of points of A whose facet in A is of dimension 1 form an open set relative 
to the frontier of A). 


11) a) In the space R3, consider the compact convex set A which is the convex envelope of 
the union of the circle ¢ = 0, &? + n? — 2€ = 0 and the two points (0, 0, 1) and (0, 0, — 1). 
Show that the set of extremal points of A is not closed in A. 

b) Let A be a metrisable compact convex set in a Hausdorff topological vector space E. 
Show that the set of extremal points of A is the intersection of a sequence of open sets in A. 
(if d is a distance defining the topology of A, then for each integer n consider the set of points 
x = 4(y + 2), where y, z are in A and d(y, 2) > 1/n.) 


12) In the Banach space /*(N), let e, be the sequence all of whose terms are zero except the 
n-th which is 1. Let A be the convex closed envelope of the set formed from 0 and the points 
e,/(n + 1)(” = 0). Show that A is compact but that it is not identical with the convex enve- 
lope of the set of its extremal points. 


* 13) In the Hilbert space /*(N), let A be the set of points x = (6,) such that we have 
>. 27"&? < 1. Show that A is convex, compact and that it is the closure of the set of its extremal 


n 


points. ,, 


14) Let E be a closed vector subspace of the Banach space /”(N), formed of the sequences 
x = (&,) such that lim &, = 0. 


a) Show that, in the Banach space E, the closed unit ball B does not have any extremal points. 
b) Let u be the continuous linear form (€,,) + }° 2>"E,, on E. Show that there does not exist 


any support hyperplane of B that is parallel to the closed hyperplane with the equation u(x) = 0. 


15) Let A be a compact set in the normed space E. 

a) Show that the distance apart of two parallel support hyperplanes of A is at most equal 
to the diameter 6 of A. 

b) Show that there exist pairs of points (a, 6) of A such that ||a — b|| = 6; for such a pair of 
points, there exist two parallel support hyperplanes of A passing respectively through a 
and b and whose distance apart is 6 (consider the closed ball of centre a and radius 8). 


16) a) Let A be an n-dimensional compact convex set in the space R”, normed with the Eucli- 
dean norm; for every ze S,_,, denote by p(z) the upper bound of lengths of segments parallel 
to the vector z and contained in A. Show that there exist two points u, v of A such that the 
segment with end points uw, v is parallel to z and is of length p(z); deduce that there exist two 
support hyperplanes of A that are parallel and pass respectively through u and v (consider 
the set A’ = A + p(z)z, and separate the sets A and A’ by a hyperplane). 

b) Let d be the lower bound of the distances between two parallel support hyperplanes of A ; 
show that there exist two points a, b of A such that |la — 5|| = d, and that the hyperplanes 
passing respectively through a and b and orthogonal to a — b, are support hyperplanes of A 
(use a)). 


17) In the space /”(N), let A be the compact convex set defined in the exerc. 12 of II, p. 89 and 
let E be the closed vector subspace of /*(N) generated by A. Show that the lower bound of 
the distance between two parallel closed support hyperplanes of A in the space E is equal 
to 0, even though A is not contained in a closed hyperplane of E. 


18) Ina Hausdorff locally convex space E, let (K,),-; be a decreasing directed family of convex 
sets that are compact and non-empty. For all « € I, denote the set of extremal points of K, 
by A,, and by F, the closure of the union of the Ag for B > a, so that (F,) is a decreasing directed 
family of compact sets. Let A be the intersection (non-empty) of the F,, and K the intersection 
(non-empty) of the K,. Show that K is the closed convex envelope of A. (If f is a continuous 
linear form on E, and x, a point of F, where / attains its maximum in F,, show that f(y) < f(x,) 
for all ye K; then take a cluster point of the family (x,) following the filter of sections of 1.) 
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47 19) In the space R”, let (K,) be a family of compact sets, in number > n + 1, and such 
that none of them is contained in an affine hyperplane. Suppose that for every family (u,) 
of affine automorphisms of R”, if any n + 1 of the sets u,(K,) have a common point, then all 
the u,(K,) have a common point. Show that under these conditions the K, are convex. (Sup- 
pose on the contrary that there exist + | points x,,..., x,,, in the same set K, anda point x, 
which belongs to the convex envelope of the set of the x; (i > 1) but does not belong to K,. 
Note that for every index i > 1, there is an affine automorphism wu; of R" and an index q; 
such that x, and the x, of index j # i are extremal points of u,(K,,), and show that the n + 2 
sets K, and u(K,,) have no points in common. 


20) Give an example of a compact convex set K in R?, containing 0 and such that the cone 
of vertex 0 generated by K is not closed in R?. 


“7 21) a) In a Hausdorff locally convex space E, let A be a locally compact closed convex 
cone, that does not contain any line. Show that A is a cone of compact sole (apply prop. 2 
of II, p. 55, to the vertex of A, which is an extremal point of A). Deduce that there exists a 
closed support hyperplane H of A, which contains the vertex s of A and is such that H mn A={s}. 
5) Let A, B be two closed convex cones with vertex 0 in E, that are locally compact and do 
not contain a line. Show that if A B = {0}, then A — B is a closed, locally compact, cone 
not containing any line (method as in I, p. 67, exerc. 16). Deduce that there exists a closed 
hyperplane that supports both A and B, that separates A from B and such that 
HonA=HoOB= {0}. 

c) Give an example of a locally compact closed convex cone A such that A — A is not locally 
compact (cf. II, p. 78, exerc. 11). 

d) Let A bea locally compact closed convex set in E, which does not contain a line. Let x, 
be a point of A, C, the asymptotic cone of A (cf. II, p. 67, exerc. 14) and H a support hyper- 
plane of x) + C, passing through x, and such that (x) + Cy) NH = {xo}. If f(x) = a is 
the equation of H and if f(x) > a in x) + Cy, then show that for every real number b, the 
set of the ye A such that f(y) < 6 is compact. 


“1 22) By an extremal ray of a convex subset A of a vector space E we mean a closed half 
line D contained in A, such that, for all x e D and every open segment with end points a, b 
in A, and which contains x, it is necessarily the case that ae D and be D;; the end point of 
D is an extremal point of A. 

a) In a Hausdorff locally convex space E, show that every locally compact closed convex 
set, not containing a line, is the closed convex envelope of the union of its extremal rays and 
its extremal points. (Suppose the contrary, and writing B for this closed convex envelope, 
note first that by exerc. 21, d), there exists a closed hyperplane H so that H 1 A is compact 
and non-empty and H q B = @. Show then that if ae H - A is an extremal point of HN A 
(therefore not an extremal point of A by hypothesis) and if the open segment S with end 
points b, c contained in A and not contained in H, contains a, then the line D containing S 
necessarily contains a segment containing a and whose end points are extremal points of A, 
or contains an extremal ray of A containing a.) 

b) Prove that if E is finite dimensional, then every closed convex set in E, that does not contain 
any line, is the convex envelope of the union of its extremal points and its extremal rays (argue 
by induction on the dimension of E). 


23) In R3, consider a closed convex set A with an interior point, whose fonction F contains 
two open segments S, T lying in two non-parallel lines D, D’ (the points of S, T are thus non- 
extremal in A), and all of whose other frontier points are extremal (one shows how to define 
such convex sets). For every x € R°, put f(x) = (d(x, D))*. Let B the convex closed set in 
R* = R® x R formed by the pairs (x, C) such that x e A and ¢ > f(x). Show that in B the set 
of extremal points, the union of the extremal rays, the set of end points of extremal rays, and 
all the unions of two or three of these sets are not closed and non-empty. 


4 24) In R", every intersection of finitely many closed half spaces (resp. of closed half-spaces 
determined by hyperplanes passing through the same point) is called a polyhedron (resp. a 
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polyhearal cone). A convex set C < R" is locally polyhearal in a point x € C if there is a neigh- 
bourhood V of x in C which is a polyhedron. 

a) Show that, if a closed convex set C < R” is locally polyhedral at a point x € C, then the 
cone with vertex x generated by C is polyhedral. 

b) Show that a compact convex set in R” that is locally polyhedral at each of its points is a 
polyhedron (use a)). 

c) Let P < R" be a closed convex set with an interior point. Show that the following condi- 
tions are equivalent : 

a) P is a polyhedron. 

B) P has only a finite number of facets (II, p. 87, exerc. 3). 

y) P is the convex envelope of a set which is the union of finitely many points and finitely 
many closed half lines. 

(To show that ~) implies B) take P as the intersection of the smallest possible number of closed 
half spaces, and show that the hyperplanes defining these half-spaces are generated by facets 
of dimension n — 1 of P. To show that B) implies y), argue by induction on x. Finally, to see 
that y) implies «), consider the polar P° of P.) 

d) Show that every convex polyhedron P can be written in the form Q + Cy, where Q isa 
compact polyhedron and C, the asymptotic cone of P. A non compact polyhedron cannot 
be parabolic. 

e) Show that every facet of a convex polyhedron is an ultrafacet (II, p. 88, exerc. 7, d)) (argue 
by induction on 7). 


#4 25) a) Let C c R” be a closed convex cone with vertex 0. Show that the projections of C 
on every 2-dimensional subspace of R” are closed if and only if C is a polyhedral cone (exerc. 24). 
(Reduce to the case when C contains no line : argue by induction on n using the existence 
of a compact sole S of C (II, p. 90, exere. 21, a)), and project onto a hyperplane parallel to a 
line joining 0 to an extremal point of S, and deduce that S is locally polyhedral (exerc. 24). 
b) Deduce from a) that, if we give R” the order for which C is the set of elements > 0, then, 
every positive linear form on any vector subspace F of R" can be extended to a positive linear 
form on R” if, and only if, C is a polyhedral cone (apply a) to the polar cone C°). If C is the 
cone in R® generated by the (&,, €, 3) such that €, = 1, €, > (€3)", and F is the subspace 
3 = 0 give an example of a positive linear form on F that cannot be extended to a positive 
linear form on R°. 
c) Let A bea polyhedron in R". Then, the convex envelope of A u B is closed for every poly- 
hedron B, if and only if, A is compact (use exerc. 24, d)). 


26) a) Let E be a Hausdorff, locally convex space and let A be a cap of a convex set C in E. 
If seC is a point not belonging to A and if B is the cone with vertex s generated by A show 
that the closure of B 4 (C 4 BA) is a cap in B. 

b) Suppose that E is finite dimensional. Show that every cap A of a closed convex set C in E 
can be obtained in the following manner : consider a facet F of C (II, p. 87, exerc. 3) anda 
hyperplane H in the affine linear variety V generated by F, such that F is entirely on one side 
of H, take as A the set of points of F contained between H and a hyperplane H’ of F parallel 
to H (use a) and prop. 4 of II, p. 38). Every extremal point of a facet of C is an extremal point 
of C. 

c) Give an example of a compact convex set C in a Hausdorff locally convex space E and 
of a cap A of C such that A and Cn GA each generate E and that A and Cn QA cannot be 
separated by a closed hyperplane of E (cf: II, p. 78, exerc. 11). 


27) Let C be a closed convex set in a product of lines, E, and let a be an extremal point of C. 
Show that for every neighbourhood V ofa in C, there exists an open half-space F in E such 
that ae F AC c V. (Reduce to the case when C is compact.) 


28) Let I be a non enumerable infinite set. Show that every cap of the cone R!, in R! is con- 
tained in the sum of subspaces of the form R’, where J is an enumerable subset of I (use prop. 4 
of IL, p. 38). Deduce that there are points of R', which do not belong to any cap of R!,, even 
though R!, is the convex closed envelope of the union of its extremal generators. 
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29) a) Let(E,) be a sequence of Hausdorff locally convex spaces and E = [| E, their product. 


Ineach E,, let C, be a convex cone with vertex 0 and A, a cap of C,. Show that there exists a cap 
of C = [| C, which contains |] A, (argue as in prop. 5 of IL, p. 59). 


n n 
b) Let (E,, ,,) be an enumerable directed projective system of Hausdorff locally convex 
spaces and let E = lim E,, be its projective limit. For all n, let C, be a convex cone of vertex 0 
such that (C,) is a projective system of sets. Show that if, for each n, the set C, is the union 
of its caps, then this is also true of C = lim C, (use a)). In particular, if the C, are cones with 
compact soles then C in the closed convex envelope of the union of its extremal generators. 


30) Let E be a Hausdorff locally convex space and A a cap of C, a closed convex set in E. 
Show that if a ¢ A is an extremal point of A then the facet F of a in C (II, p. 87, exerc. 3) is of 
dimension < 1 (use exerc. 26 of II, p. 91). Deduce that F 4 A isa cap of C. 


47 * 31) Let X be the compact interval (0, 1) of R and © the set formed from the continuous 
real valued functions defined in X and the functions ¢+> |t — a|~*, where ae X and0 <a < 1 
(we put 0O-* = + oo for a > 0). In the space -W(X) of measures on X, let .%," be the set of 
the measures p > 0 such that all the functions of ® are p-integrable. 

a) Give Mg the uniform structure induced by the product structure of R®. Show that .W¢ 
is a proper convex complete cone for this uniform structure. (Note that for every function 
f €@ there exists g € ® such that, for all ¢ >0, there exists wu € @ (X ; R) such that 0< f—u<egg.) 
b) Show that the cone .4@* has no extremal generator. (Observe that if pe.%*, then all 
the measures 4 such that 0 <A’ <p belong to .4@,".) 

c) Show that the set S of the pe.4,° such that w(1) = | is a sole of the cone .@,* and a sim- 
plex in R® (IL, p. 71, exere. 41). , 


32) Let E and F be two Hausdorff locally convex spaces, let A be a convex subset of E, and 
ua linear mapping of E in F. 

a) The inverse image under u of a support variety of u(A) (II, p. 87, exerc. 3, c)) is a support 
variety of A. 

b) If A is compact and w is continuous, then every extremal point of u(A) is the image under 
u of an extremal point of A. 

c) If A is a locally compact cone with vertex 0 and if wu is continuous then every extremal 
generator of u(A) is the image under u of an extremal generator of A. 


4 33) Let E be a Hausdorff locally convex space and A a subset of E. 

a) Denote by T’,(A) the set of points xe E such that, for every continuous linear mapping 
u of E in a finite dimensional vector space, the image u(x) belongs to the convex envelope 
of u(A). This comes to the same as saying that for every closed linear variety V of E con- 
taining x and of finite codimension n > 0, there exists a subset of A having at most + | ele- 
ments, and of which the convex envelope meets V. Show that I)(A) is a convex set containing 
A, that [,(I')(A)) = ’,(A) and that [',(A) is contained in the closed convex envelope of A 
(use prop. 4 of II, p. 38). 

b) Let (x,),<1 be a family of elements of A and (A,),-, a family of positive numbers such that 
> A, = 1 and that the family (A,x,) is summable in E. Show that the sum s = )° A,x, belongs 


ael acl 

to (A). (With the aid of a) reduce to the case where E is of finite dimension and identical 
with the linear variety generated by the A,x, ; then argue by reductio ad absurdum, considering, 
for every finite subset J of I, a closed hyperplane H, that passes through s and does not meet 
the convex envelope of the set of the x, such that we J, then using the compactness of the 
unit sphere in a finite dimensional space.) 

c) Show that if A is compact. then I'9(A) is identical with the convex closed envelope of A. 
d) If K is a compact convex set in E, and A the set of its extremal points show that K = T',(A) 
(use exerc. 22, b) of IL, p. 90, and exerc. 32). 

e) With the notations of II, p. 74, exerc. 3, let A be the set formed of the ¢,, where x varies in 
the set of rational numbers such that 0 < x < 1. Show that I'(A) is distinct from the convex 
envelope of A and from the convex closed envelope of A. 
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“ 34) Let S be a closed convex set of E, a Hausdorff locally convex space, and A a subset 
of S such that S = T,(A) (exere. 33), and let S, be the convex envelope of A (so that S = S,). 
Let N be a closed convex subset of E containing a closed linear variety of finite codimension, 
M =SQN and My = SoAN. 

a) Show that M = Mg. (Note, using exerc. 33, a), that every closed linear variety of finite 
codimension in E, containing a point x € M, meet Mo, and use the prop. 4 of I, p. 38.) 

b) Suppose that for every finite subset F of A, the intersection of N and of the facet (in S) 
of each point of the convex envelope of F, is compact or of finite dimension and does not 
contain a line. Show then that M is the convex closed envelope of the set of its extremal points. 
(By the aid of a), this reduces to proving that every point of M, is contained in the convex 
closed envelope of the set of extremal points of M. Use exerc. 3, e) of II, p. 87, the Krein-Milman 
th. (II, p. 55) and exerc. 22, b) of II, p. 90.) Deduce that every closed support hyperplane of 
M contains an extremal point of M. 


35) Let I be a non enumerable set, write E = R® and E’ = E x R. Denote the canonical 
basis of E by (e,),<1 and let s be the element (0, 1) of E’. Define a separating duality between 
E and E’, by <e,, €g> = 8,6, (ey, S> = 1 for all «eI. Let C be the pointed cone R', in E. 
a) Show that the topologies induced on C by o(E, E’) and by the norm p(x) = > |x, on E 
coincide. eel 
b) Show that the uniform structure induced on C by o(E, E’) is not metrisable. 


36) Consider the space E = R™, with the weak topology o(R™), RY); let C be the closed 
convex cone in E formed by the points x = (x,) such that x, > 0 for all n. 

a) Let x =(x,) be a point of C and let J be the finite set of integers n for which x, > 0; if 
m is the number of elements of J, then let A be the set of the points y = (y,) of C such that 
y, = 0 forneJ and >) y,x, 1 <m. Show that A is a cap of C containing x. 


keJ 
b) Show that there does not exist a cap B in C such that C is the union of the sets nB for n > 0. 
(Let p be the restriction of the gauge of B to C; p will be finite in C and, if (e,) is the cano- 
nical basis of E, we have p(e,) > 0 for all n (IL p. 58. prop. 4), and the points 2” = e, /p(e,) 
belong to B; but show that there exists z’ e R™ such that the sequence (< 2, z’ >) is not bounded.) 


37) Let F be the Banach space /'(N) of summable sequences x = (x,) of real numbers and 
let E be the space of sequences y = (y,) which tend to 0; we give F the weak topology o(F, E) 
where E and F are in separating duality using the form B(x, y) = ¥ x,),. 


a) Let C be the convex cone in F formed of the points x = (x,) such that x, > 0 for all n. 
Show that C is closed in F. 
b) Let A be the set of the x = (x,)eC such that ¥ x, < 1. Show that A is a cap of C, that 


is metrisable for the topology induced by that of F and that C is the union of the sets nA for 
n>0. 

c) Show that a sole of C is not compact (such a set S would be the set of the x =(x,)EC 
such that )°z,x, = 1, where (z,)¢E and z, > 0 for all n. If ¢,, = (Syn)Jyoo» the points 27 be 


n 


belong to S, but do not form a relatively compact set in F). 
d) Show that C is not metrisable for the topology induced by that of F (use Baire’s th., noting 
that there is no point in A that is an interior point relative to the subspace C). 


38) Let E be a Hausdorff locally convex space and X a compact convex set in E. Denote by 
f(X) the set of continuous affine functions in X (not necessarily restrictions to X of conti- 
nuous affine functions in E, cf II, p. 78. exerc. 11). For every real valued function fthat is bounded 
above in X, put f(x) = inf(h(x)) for all x e X where / varies in the set of function of ./(X) 
such that h > f. t 

a) Show that fis an upper semi-continuous concave function. If f itself is upper semiconti- 
nuous and concave, then f =f (cf. IL p. 39, prop. 5). 
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b) Suppose that f is upper semi-continuous. Show that f is the lower envelope of the func- 
tion g. when g varies in a set of functions that are continuous in X of which f is the lower 
envelope. 

c) For all xe X, write -/, for the set of finite families 1. = ((u,, x;)) where the x, are points 
of X, the p, are numbers > 0 satisfying 2 ut; = 1, such that x = es u,x;. For each real valued 


function f bounded above in X, put fo) = sup) uj S(x;) for all xe X. Show that f’ is 
~ EMx 
aconcave function in X and that f’ <f. : 


d) Suppose that f is continuous in X. Given € > 0, let (U,), <,<n be a covering of X by convex 
open sets such that the relations xe U,, ye U, imply the inequality | f(x) — —f()| <e. Put 
A, =U, and, fork > 1, A, = U,9 QU, UU, UU; vu... U U,_,). Show that, for all xe X, 
there exists a family p = (u,. x,)) of N terms belonging to .@, with x,¢U, forl<k<N 
such that y ut (x,) =S'(x) — 2e (if we have the inequality Dash f(x) = f(x) — & group 


the y, belongitia to the same A, together). 

e) Deduce from d) that when f is continuous then f’ is upper semi-continuous and f’ = f- 
(If 1l is an ultrafilter on X finer than the filter of the neighbourhoods of a point x € X and 
if f(y) > r for all the points y of a set belonging to U, show that f’(x) > r — 2s, by making 
a family y,€-@%, correspond to each y, which satisfies condition d) and proceeding to the 
limit through W) 


39) Let H be a closed hyperplane in a Hausdorff locally convex space E, that does not con- 
tain 0 and let S be a compact simplex contained in H (II, p. 71, exerc. 41). 

a) Let C be the cone with vertex 0 generated by S. Show that if (x,),.. and (J;,),-) are two finite 
families of points of C such that » x; = 2% then there exists a finite family (Zipi.jerxs 


of points of C such that x, = ¥ 2; ‘for all jel and y, = ) z;,; for all je J (argue by induction 
je iel 


ieJ 
to reduce to the caseI = J = {1, 2}). 
b) Let f be a convex, upper semi-continuous function in S. Show that the function f (defined 
in exerc. 38) is an affine function. (First reduce to the case where f is continuous by using 
exerc. 38, b) and II, p. 81, exerc. 28. Next use the fact if f is continuous, then f = f’ (exerc. 38, 
e)), and show that f’ is convex using a) to bound f'(4,x, + 4,x,) above when a, > 0,a, > 0 
a, +4, = 1.) 


2 


40) Let X be a compact convex set in E, a Hausdorff locally convex space, and let f be an 
upper semi-continuous function that is bounded below. Let g be a lower semi-continuous 
concave function, such that g > f: Show (with that notations of exerc. 38) that g > f. (Reduce 
to the case where inf(g(x) — Sf(x)) > 0. If (f) is a decreasing directed family of continuous 


functions such that f = inf(f,), show that then also inf(g(x) — f,(x)) > 0 for « > a, and 
xeX 


so reduce the problem to the case where f is continuous. Then use exerc. 38, e).) 


41) Let S be a compact simplex contained in a Hausdorff locally convex space E (II. p. 71 
exerc. 41), and f an upper semi-continuous convex function that is bounded below. Let g 
be a lower semi-continuous function that is concave and such that g >f. 

a) If we write u = f, v = — (— g) f, then w and v are affine functions such that u < v (use 
exerc. 39, b) and exerc. 40). 

b) Show that there exists an affine function h, continuous in X and such that f<h< 

(D. Edwards’ th.). (We can replace f by u and g by v. Construct three sequences (u,,), ea 
(hy, ) of affine functions such that in X, the function u,, is upper semi-continuous, the function 


v,, 18 lower semi-continuous and the function A,, is continuous and 


1 
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Use exerc. 29 of I, p. 81, for this.) 


§ 8 EXERCISES TVS II.95 


§ 8 


1) Extend the results of exerc. 8 of II, p. 83 to the spaces @(T ; C) and to their finite dimensional 
subspaces. 


2) Show that, when z varies in the unit disc |z| < 1 in C, then the convex cone generated by 
the points (z, 2”, ..., 2”) in the spaces C”, is the whole of the space C". (Note that there cannot 
a n 


exist complex numbers c, not all zero (1 < k <n) such that (>) c,e**) > Ofor0 < 0 < 2n, 
k=1 


2n 
using the fact that | e“°d@ = 0 for every integer k ¥ 0.) 

19) 
3) For the topological vector spaces on H, the division ring of quaternions, give the defi- 
nitions and properties corresponding to those of this paragraph. 


CHAPTER Il 


Spaces of continuous linear mappings 


In this chapter, all the vector spaces under consideration are vector spaces over a 
field K, which may be R or C. 

We recall (II, p. 2) that a semi-normed space is a vector space E endowed with a 
semi-norm p and with the topology defined by p. Let r be a real number > 0. The 
set of all x e E such that p(x) < r is called the ball (closed) of radius r of E (or of p). 
When r = 1, this ball is also called the unit ball. 


§ 1. BORNOLOGY IN A TOPOLOGICAL VECTOR SPACE 


1. Bornologies 


DEFINITION 1. — A bornology on a set E is a subset B of the set of all subsets of E 
satisfying the following conditions (cf. GT, X, § 1.2, Remark 2). 
(B1) Every subset of a set of B belongs to B. 
(B2) Every finite union of a set of 8 belongs to B. 

We say that 8 is covering if every element of E is contained in a set which belongs 
to B, or, which is the same, if B is a cover of E. 


Example. — Let E be a metric space; the set of all bounded subsets of E (GT, IX, 
§ 2, No. 2) is a covering bornology on E. Let G be the group of isometries of E; the set 
of all subsets M of G such that for every xe E, the set M.x is a bounded subset 
of E, is a covering bornology on G. 


If 8 is a bornology on a set E, a subset B, of B is said to be a base of B if every 
set of B is contained in a set of B,. 

The intersection of a family of bornologies on E is a bornology; consequently 
for every subset S of $B(E), there exists a smallest bornology containing GS; this 
bornology is said to be generated by S and admits as a base the set of finite unions 
of sets of S. If E and E’ are two sets, and 8 (resp. 8’) a bornology on E (resp. E’), 
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the product bornology is the bornology on E x E’ which admits the sets M x M’ 
as a base, where M ¢ % and M’c 8’. 


DEFINITION 2. — Let E be a vector space. A bornology 8 on E is said to be convex, 
if for every X € B and te K, the homothetic set tX and the convex balanced envelope 
T(X) (IL, p. 10) of X belong to B. 


If X and Y are two subsets of E, we have 


X+Yc 271(Xv Y) 
AX c tT(X) for |A| < ¢. 


Consequently, if 8 is a convex bornology on E, if A is a bounded subset of K 
and if X, Y belong to 8, then X + Ye and A.Xe 8. 


2. Bounded subsets of a topological vector space 


DEFINITION 3. — Let E be a topological vector space. A subset A of E is said to be 
bounded if it is absorbed by every neighbourhood of 0 in E (I, p. 7, def. 4). 

In order that A be bounded, it is sufficient that A be absorbed by every neigh- 
bourhood of a fundamental system of neighbourhoods of 0. Since there exists a 
fundamental system of balanced neighbourhoods of 0 (I, p. 7, prop. 4), this is the 
same as saying that, for every neighbourhood V of 0 in E, there exists A € K such 
that A c AV. 

Suppose the topology of E is defined by a fundamental system I of semi-norms 
(II, p. 3); then a subset A of E is bounded if and only if every semi-norm p €T is 
bounded on A. 

In particular, if E is a semi-normed space, a subset A of E is bounded if and only 
if it is contained in a ball. In other words, if E is normed this means that A is bounded 
for the metric space structure of E (GT, IX, § 2, No. 2). 


Remarks. — 1) If E is a semi-normed space, the balls form a fundamental system 
of bounded neighbourhoods of 0 in E. Conversely, if E is a locally convex topological 
vector space, and if there exists a bounded neighbourhood of 0 in E, this neighbourhood 
contains a convex balanced neighbourhood W, and the gauge of W is then a semi- 
norm defining the topology of E. 

Thus, if E is locally convex and metrizable, and if its topology cannot be defined 
by a single norm, then there exists no distance on E defining its topology and such 
that the bounded subsets for d(GT, IX, § 2, No. 2) are the bounded subsets of E. More 

c precisely, for every distance d on E, which is translation invariant and which defines 
the topology of E, the bounded subsets of E are bounded for d (III, p. 38, exerc. 3), 
but the converse is false. 

2) Let M be a vector subspace of E endowed with the induced topology. In order 
that a subset of M be bounded in M, it is necessary and sufficient that it be bounded 
in E. 

3) Let N be the intersection of all neighbourhoods of 0 in E, so that E = E/N is the 
Hausdorff vector space associated with E. Then N is bounded ; if m:E > E is the canoni- 
cal homomorphism then a subset B of E is bounded if and only if x(B) is bounded. 

4) Let E be a Hausdorff locally convex space; then for every x 4 0 in E, there exists 
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a continuous semi-norm p such that p(x) 4 0; this semi-norm is not bounded on the 
real half-line R,.x generated by x. Hence no non-null subspace of E is bounded. In 
particular, a bounded subset does not contain any line. 


DEFINITION 4. — Let E be a locally convex space. A bornology 8 on E is said to be 
adapted to E, if it is convex, is composed of bounded subsets of E and if the closure of 
every set of B belongs to B. 


PROpoSITION 1. — Let E be a locally convex space. The set of bounded subsets of E 
is an adapted bornology. 

We need to establish the following properties : 

a) If B is a bounded subset of E, every subset of B is bounded. 

b) The union of two bounded subsets is bounded. 

c) Every set that is homothetic to a bounded set is bounded. 

d) The closed convex balanced envelope (II, p. 13) of a bounded subset is bounded. 

If p is a continuous semi-norm on E, the balls of p are convex, balanced, closed 
and the set homothetic to a ball is a ball. Hence, if p is bounded on two subsets X 
and Y of E, it is also bounded on the closed convex balanced envelope of X U Y, 
and on the sets homothetic to these. This establishes properties 5), c) and d), and a) 
is obvious. 


DEFINITION 5. — Let E be a locally convex space. The set of all bounded subsets 
of E is called the canonical bornology of E. 


If B is a set of bounded subsets of E, then there exists a smallest bornology 8 
adapted to E and containing 8%. The sets of 8 are those that are contained in a 
set homothetic to the closed convex balanced envelope of a finite union of sets of 8. 

Every adapted bornology is contained in the canonical bornology. 


PROPOSITION 2. — In a locally convex space E, every precompact set is bounded. 
Let A be a precompact subset of E, and V be a convex balanced neighbourhood 
of 0. There exists a finite sequence (a;), <;<, of points of A such that 


Sin 


Ac U @+4+V). 
1<i<n 
Since B = {a,,...,a,} is bounded, there exists a scalar X such that 0 <A’ < 1 
and AB < V; we have AA <AB+AV <— V+ V, from which the proposition 
follows. 


CoroLLary. — In a locally convex space, the set of points of a Cauchy sequence is 
bounded. 
In fact, this set is precompact (GT, II, § 4, No. 2). 


Remark 5. — In general the bounded subsets of a locally convex space E are not all 
precompact (for example, if E is an infinite dimensional normed space, its unit ball 
is not compact (I, p. 15, th. 3)). However, this is so if E is a weak space (II, p. 42) : for 
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the Hausdorff topological vector space associated with E is then isomorphic to a sub- 
space of a product K!' whose bounded subsets are precompact (cf. III, p. 4, cor. 2). 
For other examples, see IV, p. 18. 


PROPOSITION 3. — Let A be a subset of a locally convex space E. Suppose that A 
is bounded; then for every sequence (x,) of points of A and for every sequence (A,) 
of scalars tending to 0, the sequence (X,x,) tends to 0. Conversely, if there exists a 
sequence (x,) of non-zero scalars such that for every sequence (x,) of points of A, the 
sequence (X,x,) is bounded, then A is bounded. 

Suppose that A is bounded. If (X,) is a sequence of scalars tending to 0, and V is 
a neighbourhood of 0, we have 4,A < V whenever n is large enough, and the first 
assertion follows. 

Conversely, if A is not bounded and if (A,,) is a sequence of scalars 4 0, then there 
exists a continuous semi-norm p and a sequence (x,) of points of A, such that 
P(x,) = ra . We have then that p(i,,x,,) > n, and the sequence (i,x,) is not bounded. 


CoROLLaRY. — A subset A of E is bounded if and only if every countable subset of A 
is bounded. 


3. Image under a continuous mapping 


PROPOSITION 4. — Let E and F be two locally convex spaces and f:E > F a conti- 
nuous mapping. Assume that f(0) = 0 and that there exists a real number m > 0 
such that f(Ax) = A"f(x) for every X > 0. Then, if A is a bounded subset of E, f(A) 
is bounded in F. 

In fact, if V is a neighbourhood of 0 in F, then f~ '(V) is a neighbourhood of 0 
in E. If A is bounded in E, there exists A > 0 such that A < Af” 1(V) and this implies 
that f(A) < AV. 


CorROLLARY 1. — Let E and F be two locally convex spaces, and u:E > F be a conti- 
nous linear mapping. If A is a bounded subset of E, then u(A) is bounded in F. 


CoroLLary 2. — Let E = [| E; be the product of a family of locally convex spaces. 
iel 
Then a subset of E is bounded if and only if all its projections are bounded. 
More generally : 


CorROLLary 3. — Let E be a vector space, (F;);-; a family of locally convex spaces 
and f, a linear mapping from E into F, (for ie 1). Suppose E is assigned the coarsest 
topology (locally convex) for which all the f, are continuous (II, p. 26). Then, for a 
subset A of E to be bounded, it is necessary and sufficient that f(A) is bounded in F, 
for all iel. 

In fact, if A is bounded, so are the f(A) (cor. 1). Conversely, if the JA) are bounded 
and if p is a continuous semi-norm on E, then there exists a finite subset J of I and 
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a family (q;);-5, Where q; is a continuous semi-norm on F,, such that p < sup (4; °f)) 


consequently p is bounded on A. 


Coroiary 4. — Let E; (1 <i <n) and F be locally convex spaces, and f be a 


continuous multilinear map from - E; into F. If B; is a bounded subset of E,, for 


i=1 


1 <i<n, then f({| B,) is bounded in F. 
i=1 


CorOLLARY 5. — Let E and F be two locally convex spaces and u:E > F be a conti- 
nuous polynomial mapping. If A is a bounded subset of E, then uA) is bounded. 


4. Bounded subsets in certain inductive limits 


PROPOSITION 5. — Let (E,);-, be a family of Hausdorff locally convex spaces, and 
let E be the topological direct sum of this family (II, p. 29). In order that a subset B 
of E be bounded, it is necessary and sufficient that there exists a finite subset J of 1 
such that pr,(B) is bounded in E, for ie J and pr{B) < {0} for alli€ J. 

Let J be a finite subset of I. Since the topology of E induces the product topology 
ont E, (IL p. 30, prop. 7 and p. 31, prop. 8), it follows from III, p. 4, cor. 2 that the con- 


ditions is sufficient. 

Conversely, let B be a bounded subset of E. Then pr,(B) is bounded for all 7 (IU, 
p. 4, cor. 1). Therefore it is enough to prove that there exists a finite subset J of I 
such that pr(B) < {0} for all i¢ J. If not, then there exists an infinite sequence (i,) 
of distinct elements of I and an infinite sequence (x,) of elements of B such that 
pr,,(x,) # 0. Since E,, is Hausdorff, there exists a continuous semi-norm p, on E,, 
such that p,(pr,,(x, )> n. Hence p = x P, © pr; is a continuous semi-norm on 


E and p is not bounded on B, which is a contradiction. 


PROPOSITION 6. — Let E be a locally convex space which is the strict inductive limit 
of an increasing sequence (E,,) of closed vector subspaces of E (II, p. 33). A subset B 
of E is bounded if and only if it is contained in one of the subspaces E,,, and is bounded 
in this subspace. 

The condition is sufficient, since the topology induced on E, by that of E is preci- 
sely the given topology of E, (II, p. 32, prop. 9). To see that the condition is necessary, 
it is enough (III, p. 4, prop. 3) to prove that if a sequence (x,,) of points of E is not 
contained in any of the subspaces E,, then it cannot tend to 0. By extracting a sub- 
sequence of the sequence (x,,), we can assume that there exists a strictly increasing 
sequence (n,) of integers such that, for every index k, we have x, ¢ E,, and x,€E,, ,. 
Then there exists (II, p. 33, lemma 2) an increasing sequence (V,) of convex sets 
such that V, isa neighbourhood of 0inE,,, V,4, 0 E,, = V, and such that x, ¢V,4, 
for every index k. The union V of the V, is then a neighbourhood of 0 in E, and we 
have x, ¢ V for all k. This proves that the sequence (x,) does not tend to 0. 
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The conclusion of prop. 6 is not necessarily true for a space E which is the inductive ~ 
limit of a non-denumerable directed set of closed subspaces of E (cf. III, p. 38, exerc. 7). 


PROPOSITION 7. — Let (E,),>9 be a sequence of Hausdorff locally convex spaces, 
and for every n, let u,:E, > E,, be an injective linear mapping which is compact 
(i.e. such that there exists a neighbourhood of 0 in E,, whose image under u, is relatively 
compact; this implies that u, is continuous). Let E be the inductive limit of the system 
(E,, u,) CII, p. 29), and let v, be the canonical mapping from E,, into E. Then the locally 
convex space E is Hausdorff. Moreover, for every subset A of E, the following condi- 
tions are equivalent : 

(i) A is bounded; 

(ii) there exists an integer n such that A is the image under v, of a bounded subset 
of E,, ; 

(iii) A is relatively compact. 

We identify E, with a vector subspace of E (endowed with a topology finer than 
the induced topology). 


Lemma 1. — Under the hypothesis of prop. 7, the topology of E is the finest topology 
for which all the mappings v,:E, — E are continuous. 

We need to prove that, if U is a subset of E such that U - E, is open in E, for 
every 1, then U is open in E; in other words, we must prove that, for every x € U, 
there exists a convex balanced set V such that x + V c U and that Vn E, is a 
neighbourhood of 0 in E, for every large enough n (II, p. 27, prop. 5). For every n, 
let W,, be a convex balanced neighbourhood of 0 in E, such that the closure H, 
of W,, in E,,, is compact. Let x € U and let ny be an integer such that xe E,|. We 
shall construct, by induction, a sequence (€,),>9 of scalars > 0 such that 
x + 5 ¢,H, is contained in U for n > no. Suppose that the ¢, for i < n have 


noSi<n 


been constructed. If n = no, set V,_, = {0}; if not, set 


V.i1= &% ¢H,. 
noSi<n-1 
Then V,_, is compact in E,, and a fortiori in E,,,.Since U7 E,,, isopeninE,,,, 
there exists a scalar ¢, > 0 such that x + V, = x + V,_, + &,H, is contained 
in U (GT, I, § 4, No. 3, cor.). Let V = U V,. Then V is convex and balanced ; for 


n2no 


n >No, we have VN E, > ¢,H, 0 E, > ¢,W,, hence Vo E, is a neighbourhood 
of 0 in E,. This completes the proof of the lemma. 

The set U = E — {0} is such that the set UM E, = E, — {0} is open in E, 
for every n, hence U is open in E, which proves that E is Hausdorff (GT, III, § 1, No. 3, 
prop. 2). It is clear that property (ii) implies (iii) and that (iii) implies G@). Finally 
we show that (i) implies (ii). For this it is enough to show that if a subset A of E is 
not absorbed by any of the sets }’ H,, then A is not bounded. But then there 


O<i<n 
exists a sequence (x,,),5 , of points of A such that, foreveryn, wehavex,¢n? > H,. 


O<i<n 


No. 5 BORNOLOGY IN A TOPOLOGICAL VECTOR SPACE TVS WI.7 


Then the set of the x,/” is closed by virtue of lemma 1, since its intersection with E,, 
is discrete for every integer m. The complement of the set of the x,/m is then an open 
neighbourhood of 0 which does not absorb the sequence (x,), hence A is not bounded. 


Remarks. — 1) With the above notations, let F, be the vector space generated by 
H,, with a norm equal to the gauge of H,. We shall see (III, p. 8, cor.) that F, is a 
Banach space. The injection from F, into E,,, is compact, hence a fortiori also the 
injection w, from F, into F,,,. Further, E is the inductive limit of the inductive system 
(F,. W,) Of Banach spaces. For, a convex balanced neighbourhood V of 0 in E is 
such that V ~ E, absorbs H,,_, for all n > 1, and conversely, if a convex balanced 
set W in E is such that W 1 E, absorbs H,_,, then W 1 E,_, contains a set homo- 
thetic to W,_, for all m > 1, and hence W is a neighbourhood of 0 in E. 

2) Let F be a locally convex space, k an integer >0O and f:E*>F a 
multilinear mapping. For f to be continuous, it is necessary and sufficient 
that the restriction of f to E* is continuous for every n. We verify imme- 
diately that E* has the final locally convex topology for the family of linear 
mappings v, x x v,:E, X x E, > Ex: x E (II, p. 28, cor. 2 and p. 30, 
prop. 7) and that u, x -- x u, is a compact injective linear mapping from (E,)* 
into (E,.,)*. It is now enough to apply lemma 1. 


5. The spaces E, (A bounded) 


Let E be a locally convex space and A be a convex balanced subset of E. We 
recall that E, denotes the vector space generated by A, with p, the gauge of A, 
as the semi-norm (II, p. 26, Example 3). We verify immediately that the canonical 
injection of E, into E is continuous if and only if A is bounded. If, in addition, E is 
Hausdorff, a bounded set A does not contain a line (IIL, p. 2, Remark 4) and so pa 
is a norm (II, Joc. cit.). 

We shall say that a uniform space X is semi-complete if every Cauchy sequence 
in X is convergent. A complete uniform space is semi-complete; but the converse 
is not always true (GT, II, § 4, exerc. 4); however, a metrizable semi-complete space 
is complete (GT, IX, § 2, No. 6, prop. 9). 


PROPOSITION 8. — Let E be a Hausdorff locally convex space and let A be a closed, 
balanced, bounded and convex subset of E. Let (x,) be a Cauchy sequence in Ex. Then 
this sequence converges in E', if and only if it converges in E. 

The canonical injection from E, into E is continuous. Hence, if (x,) converges 
in E,, it converges in E. Conversely, suppose (x,,) converges to y in E. There exists 
an increasing sequence of integers (n,) such that pa(x, — x,) < 2°"! ifm>n, 
and n > n,. Therefore the sequence (x,, + 2~*A) is decreasing. Since A is closed 
in E, we have yen (x, + 2~*A), which proves that (x,,)> hence (x,), converges 


to y in E,. 
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CoROLLARY. — If A is semi-complete (in particular, complete) then E, is a Banach 
space. 

In fact, a Cauchy sequence in Ey, is also a Cauchy sequence for the topology of 
E and is contained in a set homothetic to A, hence converges in E. 


6. Complete bounded sets and quasi-complete spaces 


DEFINITION 6. — A locally convex space E is said to be quasi-complete if every closed 
and bounded subset of E is complete (for the uniform structure induced by that of E). 

A complete locally convex space is quasi-complete, but the converse is not always 
true. * For example, if E is an infinite dimensional Hilbert space, or more generally, 
an infinite dimensional reflexive Banach space, then E with its weakened topology 
is quasi-complete but not complete (II, p. 51, prop. 9). , 

A quasi-complete space is semi-complete, since every Cauchy sequence is con- 
tained in a closed and bounded subset (III, p. 3, corollary and prop. 1). In particular, 
a locally convex metrizable and quasi-complete space is complete. 

In a Hausdorff quasi-complete space, the closure and the closed convex balanced 
envelope of a precompact subset are compact; in fact, they are precompact (II, 
p. 25, prop. 3), and complete being closed and bounded (III, p. 3, prop. 2). 


PROPOSITION 9. — (i) A closed vector subspace of a quasi-complete locally convex 
space is quasi-complete. 

(ii) The product of quasi-complete locally convex spaces is quasi-complete. 

(iii) The topological direct sum of quasi-complete locally convex spaces is quasi- 
complete. 

(iv) A locally convex space which is the strict inductive limit of a sequence of closed 
quasi-complete subspaces is quasi-complete. 

Assertion (i) follows from Remark 2 (III, p. 2), Gi) from HT, p. 4, cor. 2, (iii) from 
prop. 5 (III, p. 5) and (iv) from prop. 6 (III, p. 5). 


We shall see later that the quotient space of a quasi-complete locally convex space 
by a closed vector space is not necessarily quasi-complete (IV, p. 63, exerc. 10). 


PROPOSITION 10. — Let E be a locally convex space, M a vector subspace of E such 
that every point of E is in the closure of a bounded subset of M. Then every continuous 
linear mapping f from M into a Hausdorff quasi-complete locally convex space F 
uniquely extends to a continuous linear mapping from E into F. 

The hypothesis implies that M is dense in E, hence f extends uniquely to a conti- 
nuous linear mapping f from E into the completion F of F (GT, IIL § 3, No. 4, corol- 
lary). But every x € F lies in the closure ofa bounded subset B of M; hence f(x) is in the 
closure of {(B) in F. But f(B) is bounded in F, hence its closure in F is complete, 
and coincides with its closure in F. This proves that f(x) F. 
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7. Examples 


a) Let X be a topological space. Let A(X), the vector space of numerical (finite) 
functions on X be assigned the topology of compact convergence (GT, X, § 1, No. 3): 
this is the coarsest topology for which the restriction mappings #(X) > A(H) 
are continuous (where H runs through the family of compact subsets of X and 
where £#(H) is assigned the topology of uniform convergence). Cor. 3 of III, p. 4 shows 
that a subset A of #(X) is bounded if and only if, for every compact subset H of X, 
the set of restrictions to H of functions belonging to A is uniformly bounded. 

* b) (Spaces of infinitely differentiable functions.) Let n > 1 be an integer. For 
every open set U in R", let @ *(U) denote the vector space of infinitely differentiable 
functions on U(VAR, R, 2.3). Let f be in @ *(U). For every multi-index «=(a,,..., %,,) 
in N", 6%f denotes the partial derivative 0!*!//0x% ...6x*! ; this is a continuous function 
on U (VAR, R, 2.3 and 2.4). For every integer m > 0, and every compact subset 
H of U, set 


(1) Plt) = Bee |OF(2)| . 


xeH 


Then p,,4 is a semi-norm on @%(U). 

Let @*(U) be assigned the topology defined by the semi-norms p,,,,. This is 
the coarsest of the topologies for which the mappings f— 0*f from @%(U) into 
&(U) are continuous, where #(V) is assigned the topology of compact convergence. 
There exists an increasing sequence of compact subsets (H,),,5, of U whose interiors 
cover U; the family of semi-norms p,, ,,, defines the topology of @ °(U), which then 
becomes a locally convex metrizable space. The space @ *(U) is complete ; in other 
words, it is a Fréchet space (II, p. 24) : in fact, let (f,) be a Cauchy sequence in @ “(U) ; 
for every « € N", the sequence (0*f,) converges in the complete space #(U) (TG, X, 
§ 1, No. 5, th. 1) to a continuous function g,. By induction on |x|, we deduce from th. 1 
of FVR, IL, p. 2 that g, = 0’g, for every ae N”. In other words, the sequence (f,) 
converges to gy in @“(U). 

Let A be a subset of @ *(U). In order that A be bounded, it is necessary and suffi- 
cient that the number sup p,, ,(/) is finite for every integer m > 0 and for every 

fed 


compact subset H of U; this condition means that for every « € N", the set of func- 
tions 0°f|H for f € A is uniformly bounded for every compact H < U. 

Let H < U be compact. We denote by @,7(U) the subspace of  *(U) consisting 
of those functions whose support lies in H. The space @2°(U) of infinitely differen- 
tiable functions with compact support in U is the directed increasing union of 
subspaces @,7(U) where H runs through the family of compact subsets of U. Each 
space @,7(U) will be assigned the topology induced by that of @~(U), and @2(U) 
with the corresponding inductive limit topology. If the sets H, are such that their 
interiors form a cover of U, then the space @2(U) is the strict inductive limit of 
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the Fréchet spaces @,f(U); it is therefore complete (II, p. 32, prop. 9) and every 
bounded subset of @2°(U) is contained in one of the subspaces @,°(U) (IIL p. 5, 
prop. 6). ,. 

c) (Gevrey’s spaces.) Let I be a compact interval in R. For every integer n > 0, 
D"f denotes the nth derivative of a numerical function f defined on I (whenever 
this derivative exists). Let s > 1 and M > 0 be two real numbers. Let Y, ,,(I) denote 
the vector space of those infinitely differentiable functions f on I (FVR, I, p. 28) 
for which the sequence (|D"f|/M"(7!)°),,5 is bounded in the space @(D) of all conti- 
nuous functions on I (with the topology of uniform convergence). The space Y, (1) 
is a Banach space with the norm 


Ifllam = SUP, |[D"f()|/M"(n!)° . 


For M < M,, we have %, y(I) < Y, yD, and 


IF law S UF lls. 


for every fe Y, (1). Let (1) denote the union of the spaces Y, (I) and endow 
it with the inductive limit topology of the topologies of Y, (1). 

Let M < M’ and let B be the unit ball (closed) in Y, 4(I). We will prove that B 
is a compact subset of the Banach space Y, (I). It is clear that B is closed in Y, ,,{1) 
and so it is enough to prove that B is precompact in Y, (I). Let ¢ > 0 and let N 
be a positive integer such that (M/M’N < ¢/2. Let k be a positive integer; the set 
of all functions D‘*'f, as f ranges over B, is bounded in @(1), hence the set of all 
functions D*f, as f ranges over B, is relatively compact in (1) : this follows from 
the theorem of finite increments (FVR, I, p. 23, cor. 1) and from Ascoli’s theorem 
(GT, X, § 2, No. 5). We define a norm on Y, (1) by 


af) = ue [D"f(x)|/M"(nl)° . 


xel 


The above argument shows that B is precompact for the topology associated with 
the norm q; in other words, there exists a finite subset C of B such that for every 
f¢B, there exists g e C such that q(f — g) < «. Finally, for every n > N, we have 


ID"() — D'g2)|/M"n!)° < 2(M/M’)" < «, 


from which we get | f — g|| < s. This proves that B is precompact in &, ,,(1). 

The space (I) is the inductive limit of the spaces Y, (I) as k ranges over N ; by 
prop. 7 (III, p. 6) every bounded subset of Y(I) is contained in one of the spaces 
G, {1 and is relatively compact in this space. 

* d) (Spaces of holomorphic functions.) Let n > 1 be an integer. For every open 
subset U of C”, #(U) denotes the space of functions holomorphic in U, and is 
assigned the topology of compact convergence in U. For every compact subset L 
of C", #(L) denotes the space of germs of holomorphic functions in a neighbourhood 
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of L; we endow this space with the finest locally convex topology for which the 
canonical mappings ny: #(U) > #(L) are continuous, where U ranges over the 
set of open neighbourhoods of L. 

For every integer m > 1, let U,, be the set of points of C” which are at a distance 
< 1/m from L. It can be shown that the canonical mapping zy, from #(U,,) into 
HL) is injective, and that the restriction mapping from #(U,,) into #(U,) is 
compact for p > m. We can then apply prop. 7 (III, p. 6). Let A be a bounded subset 
of #(L); then there exists an integer m > 1 such that A consists of germs of func- 
tions in a neighbourhood of L, belonging to a bounded set B in #(U,,). Moreover, 
a mapping } from #(L) into a topological space T is continuous if and only if 
the mapping > o ny from #(U) into T is continuous for every open neighbourhood 
UoL., 


§ 2, BORNOLOGICAL SPACES 


In this paragraph, E denotes a locally convex space, and 8 its canonical bor- 
nology (III, p. 3, def. 5). 


Lemma |. — Let G be a semi-normed space, p its semi-norm, and u a linear mapping 
from G into E. The following conditions are equivalent : 

(i) u is continuous ; 

(ii) the image of the unit ball of G under u is bounded in E; 

(iii) for every sequence (x,) of points of G tending to 0, the sequence (u(x,,)) is bounded 
in E. 

It is immediate that (i) implies (11) (III, p. 4, cor. 1) and that (ii) implies (ili). Let V 
be a neighbourhood of 0 in E; if v7 !(V) is not a neighbourhood of 0 in G, then there 


exists a sequence (y,) of points of G — uw 1(V) such that p(y,) < a Hence the 
n 


sequence x, = ny, tends to 0 in G and u(x,) EnV, which implies that the sequence 
(u(x,)) is not bounded. Therefore (iii) implies (i). 


PROPOSITION 1. — The following conditions are equivalent : 

(i) Every semi-norm on E which is bounded on bounded subsets of E is continuous. 

(i’) Every convex balanced subset of E which absorbs the bounded subsets of E 
(I, p. 7, def. 4) is a neighbourhood of 0 in E. 

(ii) E is the inductive limit of the semi-normed spaces E,, where A ranges over the 
directed increasing set of closed, convex, balanced and bounded subsets of E. 

(ii) There exists a family (E,), of Semi-normed spaces, and for every ieé I, a linear 
mapping u;:E, > E such that the topology of E is the finest locally convex topology for 
which the u, are continuous. 

(iii) For an arbitrary locally convex space F, a linear mapping u: E — F is continuous 
if and only if for every sequence (x,) of points in E tending to 0, the sequence (u(x,)) is 
bounded in F. 
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(iii’) For an arbitrary semi-normed space F, a linear mapping u:E — F is conti- 
nuous if and only if u(X) is bounded in F for every bounded set X in E. 

It is immediate that (i) and (i) are equivalent in view of the correspondence 
between semi-norms and convex, balanced, absorbent subsets (II, p. 20). If p is a 
semi-norm on E, which is continuous on each E,, then p is bounded on bounded 
subsets of E; hence (i) implies (ii) (II, p. 27, prop. 5). It is clear that (41) implies (ii’). 

Now let (E,, u;);-, be as in (ii’) and let u be a linear mapping from E into a locally 
convex space F, such that («(x,)) is bounded in F for every sequence (x,,) of points of 
E tending to 0. It follows from lemma 1 of III, p. 11 that the linear mapping wou, :E,>F 
is continuous for all ie I. Hence, if the topology of E is the finest locally convex 
topology for which the uw, are continuous, then uw is continuous (II, p. 27, prop. 5). 
This proves that (ii’) implies (iii). 

It is immediate that (iii) implies (iii’) (III, p. 3, cor.) Finally, if p is a semi-norm on E, 
which is bounded on bounded subsets of E, the condition (iii’) asserts that the identity 
map is continuous from E into the semi-normed space (E, p); in other words, p is 
continuous. This proves that (iii’) implies (1). 


DEFINITION 1. — _ A locally convex space is said to be bornological if it satisfies the 
equivalent conditions of prop. |. 


Examples. — 1) Every semi-normed space is bornological. 

2) In particular, every finite dimensional locally convex space is bornological. 

3) On account of the transitivity of final locally convex topologies (II, p. 28, cor. 2), 
we deduce at once from condition (ii) that if (E;);., is a family of locally convex borno- 
logical spaces and if E is assigned the finest locally convex topology for which the 
linear mappings u;:E; > E (for ie 1) are continuous, then E is bornological. In 
particular, an inductive limit, a direct sum, a quotient space of bornological spaces are 
bornological spaces. 

On the other hand, a closed subspace of a bornological space is not necessarily 
bornological (IV, p. 63, exerc. 8). 


CoROLLARY .— Every Hausdorff and semi-complete bornological space is an inductive 
limit of Banach spaces. 

In fact, the spaces E,, where A is closed and bounded are Banach spaces (III, 
p. 8, corollary). 


PROPOSITION 2. — A locally convex metrizable space is bornological. 


Suppose E is metrizable, and p a semi-norm on E which is bounded on bounded 
subsets of E, but which is not continuous. Let A be the set of all x € E such that 
P(x) < 1. Let (V,),5, be a decreasing sequence forming a fundamental system of 
neighbourhoods of 0 in E. Since p is not continuous, A is not a neighbourhood of 0; 
hence for every n > 0, we have A } n~'V,, and there exists a point x, in V,,, such 
that n~ +x, ¢ A, that is, p(x,) = n. The sequence (x,) tends to 0, hence is bounded 
(IIL, p. 3, corollary) ; this contradicts the hypothesis on p. 
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COROLLARY. — Every Fréchet space (II, p. 24) is the inductive limit of Banach spaces. 


§ 3. SPACES OF CONTINUOUS LINEAR MAPPINGS 


1. The spaces #, (E; F) 


Let F be a topological vector space, E an arbitrary set, and S a family of subsets 
of E. Consider the vector space F® with the uniform structure of S-convergence 
(GT, X, § 1, No. 2). We know that this structure is compatible with the commutative 
group structure of F¥ (GT, X, § 1, No. 4, cor. 2). The topology so deduced is called the 
S-topology. If X is a subset of F®, or more generally, a set with a mapping j:X — F®, 
then the unverse image under j of the S-topology on F¥ is called the S-topology on X. 


Remarks. — 1) The S-topology is identical with the S’-topology, where S’ denotes 
the bornology generated by & (III, p. 1). 

2) Let M e€ © and let V be a neighbourhood of 0 in F; let T(M, V) denote the set 
of all fe F® such that f(x) e V for every xe M. If © is stable under finite unions, 
the sets T(M, V) form a fundamental system of neighbourhoods of 0 for the G- 
topology of FF. 


PROPOSITION |. — Let E be a set, S a family of subsets of E, F a topological vector 
space and H a vector subspace of F*. In order that the S-topology be compatible with 
the vector space structure of H, it is necessary and sufficient that u(M) is bounded in F 
for every ue Hand every Me G. If, moreover, F is locally convex, then the S-topology 
on H is locally convex. 

On account of Remarks 1) and 2) above, we see that a necessary and sufficient 
condition for the S-topology to be compatible with the vector space structure of H 
is that the sets H ~ T(M, V) are absorbent in H (I, p. 7, prop. 4); but this implies 
that for every u € H, every subset M € G, and every balanced neighbourhood V of 0 
in F, there exists A # 0 such that uM) c AV; that is to say (III, p. 2) that u(M) is 
bounded in F. Finally, the last assertion of the proposition follows from the fact 
that if V is convex, so is T(M, V). 


COROLLARY, — Let E and F be two locally convex spaces, S a family of bounded sub- 
sets of E, and £(E; F) the vector space of continuous linear mappings from E into F. 
Then the G-topology is compatible with the vector space structure of &(E; F) and 
is locally convex. 

It is enough to remark that if wis a continuous linear mapping from E into F and M 
is a bounded subset of E, then u(M) is bounded in F (III, p. 4, cor. 1). 


Given two locally convex vector spaces E and F, and a family S of bounded 
subsets of E, let #. (E; F) denote the locally convex space obtained by assigning 
the S-topology to F(E; F). 
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Examples. — 1) If © is the set of all finite subsets of E, then the G-topology is 
the topology of simple convergence and the space Y;(E; F) is also denoted by 
LE; F). A bounded subset of Y(E ; F) is called a simply bounded subset of A(E; F). 

2) If S is the set of compact (resp. precompact, compact convex) subsets, then the 
S-topology is called the topology of compact (resp. precompact, compact convex) 
convergence and the space #z(E; F) is also denoted by YE; F) (resp. ¥,.(E; F), 
LAE; F)). (Cf IV, p. 48, exerc. 7.) 

3) If S is the set of all bounded subsets of E, we say that the G-topology is the 
topology of bounded convergence and the space Lz (E; F) is denoted by Y(E; F). 

4) When F = K, the space “(E; F) is the dual E’ of E. We denote by Eg, E/ ete. 
the space #z (E: K), ¥,(E; K) etc. The space E; (resp. E,) is called the weak dual 
(resp. strong dual) of E. A bounded subset of E{ (resp. E;) is said to be weakly (resp. 
strongly) bounded. We observe that the weak topology on E’ is none other than 
o(F’, E) CI, p. 42). 

When E = F, we denote by #(E), “g(E) etc. the space Y(E; F), “(E; F) ete. 

Let p be a continuous semi-norm on F and M a bounded subset of E. Let 


(1) Py) = any P(u(x)) . 


It is immediate that py, is a semi-norm on (FE; F) and that if TP is a fundamental 
system of semi-norms on F, the family of semi-norms p,,, where p ranges over T and 
M ranges over a base for the bornology generated by G, is a fundamental system of 
semi-norms of #;(E; F). 

In particular, if E and F are semi-normed spaces, and if p (resp. qg) denotes the 
semi-norm of E (resp. F), then the topology of bounded convergence on Y(E; F) 
is defined by the semi-norm 
(2) ru) = sup q(u(x)) 

P(x)<1 
(cf: GT, X, § 3, No. 2). When we consider ¥,(E; F) as a semi-normed space, we 
shall always, unless the contrary is expressly stated, mean the semi-norm (2). If F 
is a normed space, the semi-norm (2) is a norm. 


Remarks. — 3) Let A be a dense subset of the unit ball of E. In view of the continuity 
of u, we also have 


(3) r(u) = sup q(u(x)) . 
For example 
(4) r(u) = sup q(u(x)). 
p(x) <1 
Since we have u(tx) = tu(x) for te R, we also have, 
z = q(x) 
a OO SE, MN = PD 


whenever p # 0. 
4) The formula (2) shows that the map u +> r(u) is lower semi-continuous on &(E; F). 
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PROPOSITION 2. — Let E and F be two focally convex spaces and let S be a set of 
bounded subsets of E. 

1) The S-topology on L(E; F) is identical with the S-topology, where S denotes 
the smallest adapted, bornology (Ill, p. 3) on E which contains S. 

2) Suppose that {0} is not dense in F and let S' be another set of bounded subsets 
of E. Then the G'-topology is coarser than the S-topology if and only if S' c &. 

Let ue L(E; F), Me S and let p be a continuous semi-norm on F. Since po u 
is a continuous semi-norm on E, this is the same as saying that pou is bounded 
above by 1 on M or on the closed, convex balanced envelope M of M; in other words, 
we have py = Py. Moreover, it is clear that we have p,y = Apy for all 1 > 0 and 
Pum = SUP(Py; Pw)» from which the first assertion follows, since S has the set 
of homothetics of the closed convex balanced envelopes of finite unions of sets of S 
as a base. 

We now prove the second assertion : first, if F is the base field, it follows from the 
definition that the S-topology on E’ = Y(E; F) has as a fundamental system of 
neighbourhoods of 0, the set of polars of the sets of S. Let A be a bounded subset 
of E, whose polar A° is a neighbourhood of 0 for the S-topology ; then there exists 
a closed convex balanced set Be © such that A° > B®, and so A c B°°; but by 
cor. 3 of II, p. 45, we have B°° = B, and hence A c B and A&G. Therefore if S’ 
is a set of bounded subsets of E, the S’-topology is coarser than the S-topology 
on E’ if and only if S’ c S. The general case follows immediately, since if ye F 
is not in the closure of 0, we can verify that the mapping which makes f € E’ cor- 
respond to the mapping x +> f(x) y is an isomorphism of the locally convex spaces 
E’s onto its image in %&AE; F). 


2. Condition for “;(E; F) to be Hausdorff 


ProposiTION 3. —— Let E and F be two locally convex spaces, F being assumed 
Hausdorff, and let S bea family of bounded subsets of E. If the union A of the sets of S 
is total in E, then the space £5(E; F) is Hausdorff. 

Let uw, be a non-zero element of #(E; F); since uw, is continuous and A is total 
in E, there exists an x, in A such that u(x.) # 0. Since F is Hausdorff, there exists 
a neighbourhood V of 0 in F such that uo(x,) ¢ V. Let M € © be such that xy e M. 
Then the set U of all we Y(E; F) such that u(M) c V is a neighbourhood of 0 in 
L(E; F), and we have u, ¢ U, hence #(E; F) is Hausdorff. 

In particular, the following topologies on #(E; F) are Hausdorff whenever F is 
Hausdorff : simple convergence, compact convergence, precompact or compact 
convex, and bounded convergence. 


3. Relations between “(E; F) and #(E; F) 


Let E and F the two Hausdorff locally convex spaces, and suppose F is com- 
plete; let E be the completion of E. Since every continuous linear mapping u from E 
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into F extends uniquely to a continuous linear mapping % from E into F, we can 
identify the spaces Y(E; F) and Y(E; F) by the mapping uw %. In addition, let 
S be a family of bounded subsets of E; the S-topology on #(E; F) coincides with 
the S-topology on “(E; F) and also with the S-topology, where S denotes the 
family of closures in E of sets of S. 

For example, if E is normed, the topology of bounded convergence on Y(E; F) 
is identical with the topology of bounded convergence on Y(E; F) : for, every 
bounded subset of E is contained in the closure of a bounded subset of E. Since the 
unit ball of E is the closure of the unit ball of E, it follows from formula (3) (ITI, p. 14) 
that if F isa Banach space, the map u+> wis an isometry from Y(E; F) onto (E; F). 

We observe that if E is not a normed space, then there may exist bounded subsets 
of E which are not contained in the closure of any bounded subset of E (for example, 
if E is the weak dual of an infinite dimensional Banach space); however, this is so 
if E is metrizable and satisfies the first axiom of countability (III, p. 39, exerc. 16). 


4, Equicontinuous subsets of /(E; F) 


Let E and F be two locally convex spaces. For a subset H of #(E: F) to be equi- 
continuous it is necessary and sufficient that it is equicontinuous at the point 0 in E 
(I, p. 9, prop. 6); this implies that for every neighbourhood V of 0 in F, the set 


f) u—1(V) is a neighbourhood of 0 in E; or that for every continuous semi-norm 
ueH 


p on F, the function sup (po w) is a continuous semi-norm on E. Moreover (I, p. 5), 


ueH 
H is uniformly equicontinuous. We note that the convex balanced envelope of an 
equicontinuous subset is equicontinuous, since if p is a continuous semi-norm on 
F and H the convex balanced envelope of H, we have, for the uw, in H, the inequality 
po(>. Aw) < > |Ail-(p° u,), hence sup(p ou) = sup(p ou). 
i i ue ue 


Consequently, the family of equicontinuous subsets is a convex bornology on 
L(E; F) (IL p. 2, def. 2). 


PROPOSITION 4. — Let E, F be two locally convex spaces, and F be Hausdorff. Let 
the space F® of all mappings from E into F be assigned the topology of simple conver- 
gence. Then 

(i) The set of linear mappings from E into F is closed in FF. 

(ii) If H is an equicontinuous subset of L(E; F), the closure H of H in FE is con- 
tained in L(E;F) and is equicontinuous. 

We know that H is equicontinuous (GT, X, § 2, No. 3, prop. 6). It remains to prove 
the assertion (i). Let x, y be in E and A, pin K, and let A(x, y, A, w) be the set of all 
u é F¥ such that 


WAX + Ly) — Au(x) — puly) = 0. 


This set is closed in F® since the mapping u+> u(x) from F¥ into F is continuous 
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for every x € Eand since F is Hausdorff. But the set of linear mappings from E into F 
is equal to 
N AG, yA, pW). 


XsYAoH 


Thus this set is closed in F®. 


COROLLARY 1. — For an equicontinuous subset H of Z(E; F) to be relatively compact 
in L(E; F), it is necessary and sufficient that for all x EE, the set H(x) of all u(x) 
as u ranges over H, is relatively compact in F. 

In fact, this condition is necessary and sufficient for H to be compact in F®(GT, I, 
§ 9, No. 5, cor.). 


COROLLARY 2. — Every equicontinuous subset of the dual E' of E is relatively compact 
for the weak topology o(E’, E) on E’ (III, p. 14, Example 4). 
For, if H is an equicontinuous subset of E’, sup |u| is a continuous semi-norm on E; 
ucH 


in particular, for every x € E, the set H(x) is bounded, hence relatively compact in 
the field of scalars. 


CoROLLARY 3. — In the strong dual E, of a semi-normed space E, every closed ball 
is compact for the weak topology o(E’, E). 
This ball is also closed for o(E’, E). 


PROPOSITION 5.— Let E and F be two locally convex spaces and let T be a total subset 
of E. The following uniform structures coincide on every equicontinuous subset H of 
L(E;F): 

1) the uniform structure of simple convergence in T; 

2) the uniform structure of simple convergence in E; 

3) the uniform structure of convergence in the precompact subsets of E. 

We recall (III, p. 15, prop. 2) that the S-topology on #(E; F) coincides with the 
S-topology, where S is the smallest bornology adapted to E and containing G. 

In the statement of prop. 5, we can therefore replace the word « total » by « every- 
where dense ». The proposition then follows from the general properties of equi- 
continuous sets (GT, X, § 2, No. 4, th. 1). 


Examples. — * 1) Let p be the Lebesgue measure on R, and let E be the semi-normed 
space Y(u) (1 < p < oo) (INT, IV). For every numerical function f and every real 
number A, let f, be the function x +> f(x — A). Clearly the mapping fr Jf, defines a 
linear isometry from E onto itself. If f is continuous and has compact support, then f, 
converges to f uniformly, hence also in the mean of order p, as A tends to 0. Since the 
set #%(R) of all continuous functions with compact support is dense in E, and the set 
of linear isometries of E is equicontinuous, it follows from prop. 5 that for every f € E, 
Jj, converges in the mean of order p to f as h tends to 0. 

For p = 1, consider the Fourier transform, which associates to each f ¢ #1(1) the 
function f on R defined by 


70) = | en 2 F(x) d(x) 
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The set of linear forms f +> f(y) is an equicontinuous subset of the dual of L(y). 
On the other hand, we know that the set T of all characteristic functions of closed 
bounded intervals is a total subset of #1(u); and we verify easily that for all f eT, 
the Fourier transform fis a continuous function tending to zero at infinity. We deduce 
that this is true for all fe L(y) (« Riemann-Lebesgue theorem »). 
The relation sup |f(¥)| < |/ |i, shows that the map f/f is a continuous map 
yeR 


from #'() into the space Z(R) of all bounded functions on R, with the structure of 
uniform convergence. Since fis continuous for all f eT, it follows that fis continuous 
for all f € L'(). The fact that f tends to zero at infinity follows from the fact that the 
subspace @(R) of all continuous functions tending to zero at infinity is closed in A(R). 

2) Let E be the space of all continuous numerical functions on R endowed with the 
topology of compact convergence. Let K be a compact subset of R and let (1) be a 
sequence of measures on R with support in K. Suppose ||p,,|| < 1 for all 7. The set of 
the p, is then an equicontinuous subset of E’. Therefore, if for every function f e€ E, 


we have lim u,(f) = 0, the sequence of functions x b> [eranco converges to 0, 


n> oO 


uniformly on every compact subset of R (since the set of functions t+ e', as x ranges 
over a compact subset of R, is compact in E). , 


COROLLARY. — Suppose F is Hausdorff. Let H be an equicontinuous subset of £(E; F). 
Ifa filter ® on H converges simply to a mapping uy from E into F, then ug is a continuous 
linear mapping from E into F, and ® converges uniformly to ug on every precompact 
subset of E. 

The first assertion follows from prop. 4 (III, p. 16) and the second from prop. 5 

(III, p. 17). 
PROPOSITION 6. — Let H be an equicontinuous subset of Z(E; F). If F is metrizable 
and if there exists a countable total set in E, then the uniform structure on H of simple 
convergence in E is metrizable. If in addition, there exists a countable total set in F, 
then there exists a countable everywhere dense set in H (for the topology of uniform 
convergence on compact subsets of E). 

Let (a,) be a total sequence in E. Then the mapping u +> (u(a,)) is an isomorphism 
from £(E; F), where #(E; F) has the uniform structure of simple convergence 
on the set of the a,, onto a uniform subspace of F%. If F is metrizable (resp. metrizable 
and satisfies the first axiom of countability) then this is also true for FY (GT, IX, § 2, 
No. 4, cor. 2 and § 2, No. 8, corollary), and the proposition follows from prop. 5 
(III, p. 17). 


CoROLLARY 1. — Let E be a locally convex metrizable space, and F a normed space. 
Suppose that E and F both satisfy the first axiom of countability. Then FY(E; F) is the 
union of a countable family of equicontinuous subsets and there exists a countable 
set in £(E; F) which is dense for the topology of uniform convergence on precompact 
subsets of E. 

Let B be the unit ball of F and (V,) a countable fundamental system of neighbour- 
hoods of 0 in E, For every integer n, the set H, of allue Y(E; F) such thatu(V,) < B 
is equicontinuous and &(E; F) is the union of the H,. The corollary then follows 
from prop. 6. 
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CorROLLARY 2. — Every closed ball in the dual E' of a normed space satisfying the first 
axiom of countability, is a compact metrizable space for the weak topology o(E’, E), 
and for this topology there exists a countable dense subset in E’. 

This follows from prop. 6 and from III, p. 17, cor. 3. 


5. Equicontinuous subsets of E’ 


In this section, E denotes a locally convex space and E’ its dual. Whenever we 
talk of the polar M° of a set M in E (resp. E’), we shall always mean, unless otherwise 
stated, the polar of M relative to the duality between E and E’. Recall that if V is a 
closed convex balanced neighbourhood of 0 in E, we have V°° = V (IL p. 45, cor. 3). 


PROPOSITION 7.— Let M be a subset of E’. The following conditions are equivalent : 

(i) M is equicontinuous ; 

(ii) M is contained in the polar of a neighbourhood of 0 inE; 

(iii) the polar of M is a neighbourhood of 0 in E. 

If M is equicontinuous, there exists a convex balanced neighbourhood V of 0 
such that |wx)| < 1 for all x e V and all we M; then we have that M < V° and (i) 
implies (ii). With the same notations, if M < V° then V < V°° < M° and (ii) implies 
(iii). Finally, if M° contains a convex balanced neighbourhood V of 0, then 
M c M* c V° and the relations xe eV, we M imply |u(x)| < « for all ¢ > 0, 
which proves that (iii) implies (i). 

We remark that every x cE defines a mapping j(x):u+- u(x) from E’ into K. 
Hence we can talk of the S-topology on E, where G is a family of subsets of E’ : this 
is the inverse image under j of the S-topology on K®’. We verify immediately that 
if S is a convex bornology on E’, then the polars of sets of S form a fundamental 
system of neighbourhoods of 0 for the S-topology on E. This is so, in particular, 
when G is the family of equicontinuous subsets of E’ and prop. 7 implies : 


CorROLLARY 1. — The topology of E is identical with the topology of uniform conver- 
gence on equicontinuous subsets of E’. 

More generally, let F be a locally convex space; every ue L(E; F) defines a map 
Ju) :(x, f) > f(ux)) from E x F’ into K (ie. into R or C). This enables us to define, 
on the space “(E; F), the topology of uniform convergence on a set of subsets of 
E x F’. In particular : 


COROLLARY 2. — Let & be a family of bounded subsets of E. The S-topology 
on £(E; F) is the topology of uniform convergence on sets of the form Ax BCEx F’, 
where A is in S, and B belongs to the family of equicontinuous subsets of F'. 

For every ue L(E; F), every A € S and every closed convex balanced neighbour- 
hood V of 0 in F, the relation u(A) < V is equivalent to « j(u) (A x V°) is contained 
in the unit ball of K». 


PROPOSITION 8. — Let H be a family of linear mappings from E into a locally convex 
space F. For H to be equicontinuous, it is necessary and sufficient that for every equi- 
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continuous subset X in the dual F' of F, the set of linear forms f o u, for f € X andue H, 
is equicontinuous. 

It is obvious that the condition is necessary. Suppose it is verified, and let V be 
a closed convex balanced neighbourhood of 0 in F. Since V° is equicontinuous, 
there exists a neighbourhood W of 0 in E such that | f (u(x))| < lforallxeW,ueH 
and f € V° ;in other words, u((W) < V°° = Vforallu e H, hence H is equicontinuous. 


6. The completion of a locally convex space 


THEOREM 1 (Grothendieck). — Let E be a locally convex space, and let S be an adapted 
and covering bornology on E. Let F < E* be the space of those linear forms on E 
whose restriction to each set belonging to S is continuous. If F is assigned the S- 
topology, then the canonical injection from E's into F extends to an isomorphism from 
the completion E's of E's onto F. 

Since every simple limit of linear forms on E is a linear form (III, p. 16, prop. 4) 
and since the bornology & on E is covering, it follows from GT, X, § 1, No. 6, cor. 2 
that the space F with the S-topology is Hausdorff and complete. It is clear that Eg isa 
topological vector subspace of F; hence it is enough to prove that E’s is everywhere 
dense in F. This follows from the following lemma : 


Lemma 1. — Let A be a closed convex balanced subset of E and let u be a linear form 
on E whose restriction to A is continuous. Then for every & > 0, there exists an x' € E’ 
such that 


, 


|u(x) — <x,x'>| <e forevery xeA. 


Let ¢ > 0. There exists a closed convex balanced neighbourhood U of 0 in E such 
that |u(x)| < ¢ forall xe Un A. We know that the polar U° of U in E* is contained 
in E’ and is compact for the topology o(E*, E) (III, p. 17, cor. 2). Since the polar 
A° of A in E* is closed for o(E*, E), it follows that A° + U? is a closed convex subset 
of E* (GT, III, § 4, No. 1, cor. 1). 

Let C be a closed convex balanced subset of E. Then C is closed for o(E, E’) 
(II, p. 45, cor. 3), hence also for o(E, E*), and as a consequence, we have C = C°° 
(for the duality between E and E*). As a result, we have 


AQU=A® OU = (APU UY 3 (AP 4+ UP) 


from which, we get 
(A aU) c (AS + UY")? = AP + UP.” 


Since the linear form e~'u belongs to (A 7 U)’, there exist v € A° and w € U® such 
that u = e(v + w). Hence x’ = ew belongs to E’ and u — x’ = ev is bounded above 
in absolute value by « on A; hence the lemma. 

Now let E be a locally convex Hausdorff space and E its completion. Every conti- 
nuous linear form f on E extends to E by continuity: hence we have (E)' = E’ 
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(III, p. 16) and every element of E defines a linear form on E’: that is, an element of 
the algebraic dual E’* of E’. In addition, the duality between E (resp. E) and E’ is 
separating (II, p. 24, cor. 1). Consequently E and E can be identified with vector 
subspaces of E’*. 


THEOREM 2. — Let E be a locally convex Hausdorff space and E its completion: we 
identify E and E with vector subspaces of E'*. Then for an element f € E'* to belong to 
E, it is necessary and sufficient that the restriction of f to every equicontinuous subset 
of E’ is continuous for the topology o(E’, E). 

The space E can be identified with the topological dual of E’ when E’ is assigned 
the topology o(E’, E) (II, p. 43, prop. 3); on the other hand, if S is the set of equi- 
continuous subsets of E’, the given topology on E is the S-topology (IIL, p. 19, cor. 1). 
Then it follows from III, p. 13, prop. 1, that the sets of S are bounded for o(E’, E) 
(cf. later on, III, p. 22, prop. 9); in other words, S is an adapted and covering bor- 
nology for the topology o(E’, E). Theorem 2 is then a consequence of th. 1 if we 
replace E by E’ and E’g by E. 


CoROLLARY 1 (Banach). — Let E be a Hausdorff and complete locally convex space. 
In order that a linear form on E’ be continuous for the weak topology o(E’, E) (ie. 
arises from an element of E) it is sufficient that its restriction to every equicontinuous 
subset of E’ is continuous for o(E’, E). 


Remark. — Suppose in addition, that there exists a countable total set in E; then 
every equicontinuous subset of E’ is metrizable for the topology o(E’, E) (III, p. 18, 
prop. 6): therefore to verify that a linear form u on E’ is weakly continuous, it is 
enough to verify that for every equicontinuous sequence (x) in E’ which converges 
to 0 for o(E’, E), we have lim u(x/) = 0. 

COROLLARY 2. — Let (E;);-, be a family of Hausdorff locally convex spaces and let E 
be their topological direct sum. Then the canonical mapping from the direct sum of the 
E, into E is an isomorphism. In particular, E is complete if and only if all the E, are 
complete. 

We know that the dual of E can be identified with the product of the duals of the 
E, (U1, p. 30, formula (1)). Let ue E, and let u; € E* be the restriction of u (considered 
as an element of E’*) to E; c E’. It is immediate that it is enough to prove that u, = 0 
except for a finite number of indices ie I. Suppose on the contrary that there exists 
a sequence (i,),-~ Of distinct indices such that u, # 0. Then there exists x, € E;, 
such that u, (x,,) = n. The set H of all x, is equicontinuous in E’ and the restriction 
of u to H is not bounded, which is impossible. 


7. G-bornologies on # (E; F) 


Let E and F be two locally convex spaces and S a family of bounded subsets of E. 
To say that a subset H of Y(E; F) is bounded for the S-topology means that for 
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every Me G, every neighbourhood V of 0 in F absorbs the set H(M) = U u(M); 


this is the same as saying that for every M ¢« G, the set H(M) is bounded in F. Equi- 


valently, this means that for every neighbourhood V of 0 in F, the set MQ u~'(V) 
ueH 


absorbs every subset M of &. 


PROPOSITION 9. — Let E and F be two locally convex spaces and S a family of bounded 
subsets of E. Then every equicontinuous subset of Z(E; F) is bounded for the S- 
topology. 

For, if H is an equicontinuous subset of “(E; F) and V a neighbourhood of 0 


in F, the set M wu” '(V) is a neighbourhood of 0 in E, hence absorbs every bounded 
ucH 
subset of E. 


A subset of #(E; F) which is bounded for a S-topology is not necessarily equi- 
continuous, even if S is covering and S is the canonical bornology on E (IV, p. 50, 
exerc. 17). In the following paragraph we shall study, under the name barrelled 
spaces, the spaces E such that every simply bounded subset of “(E ; F) is equiconti- 
nuous. For the present note the following result : 


PROPOSITION 10. — Let E be a bornological space (in particular, a metrizable locally 
convex space) and F a locally convex space. Every subset H of &(E;F) which is 
bounded for the topology of bounded convergence is equicontinuous. 


For every convex balanced neighbourhood V of 0 in F, the set M u~!(V) absorbs 
ueH 


every bounded subset of E, hence is a neighbourhood of 0 in E; this proves that H 
iS equicontinuous. 


8. Complete subsets of 4, (E; F) 


Proposition 11.— Let E and F be two locally convex spaces, S a cover of E con- 
sisting of bounded subsets. If F is Hausdorff and quasi-complete (III, p. 8), then every 
equicontinuous subset H of &(E; F) which is closed for the S-topology is a complete 
uniform subspace of %e(E; F). 

Since H is bounded in %,(E; F) (IU, p. 22, prop. 9) and closed in F® for the G- 
topology (IIL p. 16, prop. 4), this follows from cor. 3 of GT, X, § 1, No. 5. 


Remark 1. — Let M be a complete uniform subspace of %&(E; F). For every set 
of bounded subsets S’ > & of E, the S’-topology is finer than the G-topology on 
Y(E; F); on the other hand, there exists a fundamental system of neighbourhoods 
of 0 for the S’-topology which are closed for the topology of simple convergence 
(III, p. 13, Remark 2), and a fortiori for the S-topology. We conclude (GT, II, § 3, 
No. 5, cor. 1) that M is complete for the S’-topology. 


CoROLLaRy. — Let E and F be two locally convex spaces, H an equicontinuous subset 
of LCE; F). If F is Hausdorff and quasi-complete and if a filter ® on H converges 
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simply at all points of a total subset T of E, then there exists a continuous linear mapping 
u from E into F such that ® converges uniformly to u on every precompact subset of E. 

For, by virtue of prop. 5 (IIL, p. 17) ® is a Cauchy filter for the uniform structure 
of precompact convergence in E; by prop. 11, the closure H of H in AE; F) is 
complete and so ® converges uniformly on every precompact subset of E to a mapping 
ueH. 


Remark 2. — Let (u,) be a sequence of continuous linear mappings from a Banach 

space E into a Banach space F; it may happen that (u,(x)) has a limit at every point 

of an everywhere dense vector subspace T of E, without the sequence (w,) being 

bounded in the normed space “(E; F). For example, take E to be the space of all 

continuous numerical functions on R, tending to zero at infinity, with the norm 

| f{| = sup | (| and let T be the subspace of continuous numerical functions 
xeR 


with compact support. The sequence of continuous linear mappings ft > nf(n) 
from E into R converges to 0 for all fe T, but is not bounded in Y(E; R). The 
same example shows that in the space ¥(T; R), a sequence (v,) may be simply 
convergent and non-bounded for the topology of bounded convergence. 


On the other hand, the sequence of continuous linear mappings ft> >) f(k) 
k=1 


is a Cauchy sequence in #(T; R) for the topology of simple convergence, but does 
not tend to a limit in #(T; R) for this topology. 


PROPOSITION 12. — Let E be a bornological locally convex space, F a complete locally 
convex Hausdorff space and S a family of bounded subsets of E containing the image 
of every sequence converging to 0. Then the space Yz(E; F) is complete. 

Let ® be a Cauchy filter in Y(E; F). Then ® is a Cauchy filter for the topology 
of simple convergence, hence converges in F¥ ; moreover, its limit w is a linear mapping 
from E into F and ® converges to u uniformly on every set of S (GT, X, § 1, No. 5, 
prop. 5). It follows that the image under u of a sequence converging to zero is a sequen- 
ce converging to zero, hence, that u is continuous, since E is bornological (III, p. 11, 


prop. 1, (iii)). 
CoROLLARY 1. — The strong dual of a bornological space is complete. 


COROLLARY 2. — Let E be a semi-normed space, and F a Banach (resp. Fréchet) 
space. The space E; F) is a Banach (resp. Fréchet) space. In particular, the dual 
of a semi-normed space is a Banach space. 


§ 4. THE BANACH-STEINHAUS THEOREM 


In this paragraph E denotes a locally convex space and E' its dual. Whenever we 
talk of the weak topology on E’, we shall mean o(E’, E). 
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1. Barrels and barrelled spaces 


PROpOSITION 1. — Let T be a subset of E. The following conditions are equivalent : 

(i) T is convex, balanced, closed and absorbent. 

(ii) T is the polar of a convex, balanced and weakly bounded set M in E’. 

(iii) There exists a lower semi-continuous semi-norm p on E, such that T is the set 
of all x €E satisfving p(x) < 1. 

(i) = (ii) : under the hypothesis of (i), let M = T°; then M is convex and balanced 
in E’. For every xe E, there exists a real number r > 0 such that rx eT, hence 


ju(x)| < “ for all we M; in other words M is weakly bounded. From cor. 3 of II, 


p. 45, we have T = M’°, hence T satisfies (ii). 
(ii) = (aii) : under the hypothesis of (ii), let p(x) = sup |u(x)| for all xeE. It is 
ueM 


immediate that T = M° consists of all x ¢ E such that p(x) < 1. The semi-norm 
p on E’ is lower semi-continuous, being the superior envelope of a family of conti- 
nuous functions (GT, IV, § 6, No. 2, corollary). 

(iii) = (1) : this is clear. 


COROLLARY. — The following conditions are equivalent : 
(i) every weakly bounded subset of E’ is equicontinuous: 
(ii) every convex, balanced, closed and absorbent set in E is a neighbourhood of 0; 
(ili) every lower semi-continuous semi-norm on E is continuous. 


DEFINITION 1. — A set T satisfying the equivalent conditions of prop. 1 is said to 
be a barrel in E. 


DEFINITION 2. — A space E is said to be barrelled if it satisfies the equivalent condi- 
tions of the corollary of prop. 1. 


We know (III, p. 22, prop. 9) that every equicontinuous subset of the dual E’ of E 
is strongly and weakly bounded. We can therefore restate the definition of barrelled 
spaces as follows : 


Scholium. — In the dual of a barrelled space, the class of equicontinuous sets, the class 
of strongly bounded sets, the class of weakly bounded sets and the class of relatively 
compact sets for the weak topology are all identical. If E is Hausdorff and barrelled, 
and if Ej is its strong dual, the polars of the neighbourhoods of 0 in one of the spaces 
form a base of the canonical bornology of the other, and the polars of bounded subsets 
of one of the spaces form a base for the filter of neighbourhoods of 0 of the other space. 


PROPOSITION 2. — Every locally convex space E which is a Baire space (GT, IX, § 5, 
No. 3) is barrelled. 

Let T be a barrel in E; since T is absorbent, E is the union of closed sets nT (n 
integer > 0); since E is a Baire space, at least one of these sets contains an interior 
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point, hence T itself has an interior point x. If x #¢ 0, since — x eT, and 0 is a point 
of the open segment with extremities x and — x, 0 is an interior point of the convex 
set T (II, p. 14, prop. 16). Therefore T is a neighbourhood of 0. 


Coro_LLary. — Every Fréchet space (and in particular, every Banach space) is barrelled. 
This follows from Baire’s theorem (GT, IX, § 5, No. 3, th. 1). 


PROPOSITION 3. — Let (F;);-; be a family of barrelled spaces, and for every ie I, let f, 
be a linear mapping from F, into a vector space E. The space E with the finest locally 
convex topology for which the f, are continuous (II, p. 27, prop. 5), is a barrelled space. 

Let T be a barrel in E. Since f, is continuous, f;~'(T) is a convex, balanced, closed 
and absorbent set in F;; in other words, a barrel in F;; since F; is barrelled, f,~ (T) 
is a neighbourhood of 0 in F,, for all i¢ I. This implies that T is a neighbourhood 
of 0 in E (IL, p. 27, prop. 5). 


CoROLLARY 1. — Every quotient space of a barrelled space is barrelled. 


CoROLLARY 2. — Let (E;);-; be a family of locally convex spaces and let E be the topo- 
logical direct sum of this family. For E to be barrelled, it is necessary and sufficient that 
each E, is barrelled. 

The condition is evidently sufficient by virtue of prop. 3; it is also necessary, by 
cor. 1, since each E, is isomorphic to a quotient space of E (IL p. 31, prop. 8). 


CorROLLARY 3. — Every inductive limit of barrelled spaces is a barrelled space. 
We shall prove later (IV, p. 14, corollary) that every product of barrelled spaces 
is barrelled. 


2. The Banach-Steinhaus theorem 


THEOREM 1. — Let E be a barrelled space, F a locally convex space. Every simply 
bounded subset H of &Y(E; F) is equicontinuous. 


For, let p be a continuous semi-norm on F; let g = sup (po uv). Since H is simply 
ueH 


bounded, we have q(x) < + oo for all x ¢ E and q is a lower semi-continuous semi- 
norm, being the finite superior envelope of continuous semi-norms. Since E is 
barrelled, g is a continuous semi-norm and therefore H is equicontinuous. 


COROLLARY 1. — Let E and F be two Banach spaces, H a family of continuous linear 
mapping from E into F; if, for all x € E, we have sup |ju(x)|| < + 00, we also have 
ueH 
sup ||u|| < + 00. 
ueH 
In fact, the hypothesis says that H is simply bounded and the conclusion that it is 
equicontinuous. In addition, every Banach space is barrelled (III, p. 25). 


COROLLARY 2. — (Banach-Steinhaus theorem). — Let E be a barrelled space, F a 
locally convex Hausdorff space, and let (u,) be a sequence of continuous linear mappings 
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from E into F, which converges simply to a mapping u from E into F. Thenue L(E; F), 
and (u,,) converges to u uniformly on every precompact subset of E. 

The sequence (u,) is, in fact, simply bounded, hence equicontinuous, and the 
corollary follows from the cor. of prop. 5 of III, p. 18. 


Remarks. — 1) The property expressed by cor. 2 does not imply that E is barrelled : 
we shall see later that the strong dual of a Fréchet space possesses this property, 
while not necessarily being barrelled (IV, p. 23, cor. to prop. 2 and p. 58, exe>©rcye 

2) Let E and F be two Banach spaces, and (u,) a sequence of continuous linear 
mappings from E into F such that sup ||u,|| = + oo. Then the set X of all x e E such 
that sup ||w,(x)|| = + 0o is dense in E and is the intersection of a sequence of open sets 
in E. For, let X, denote the set of all x e E such that sup ||u,(x)|| > k (for k integer > 0). 
Each X,, is open and X is the intersection of the X,. Since E is a Baire space, it is enough 
to show that each X, is dense in E. But, if the complement of X, contains a non-empty 
open set U, we would have ||u,(x)|| < 2k for xe U — U and, since U — U is a neigh- 
bourhood of 0, we would have sup |{u,|| < + ©. 


CoROLLARY 3. — Let E be a barrelled space, F a locally convex Hausdorff space 
and © a filter on £(E; F) which converges simply in E to a mapping u from E into F. 
If ® contains a simply bounded subset of &(E; F), or if ® has a countable base, then 
u is a continuous linear mapping from E into F and ® converges uniformly to u on 
every precompact subset of E. 

Suppose first that ® contains a simply bounded set H; since H is equicontinuous 
(th. 1), the corollary follows from the corollary of prop. 5 (III, p. 18). If ® has a coun- 
table base, every elementary filter Y associated with a sequence u, (GT, I, § 6, No. 8) 
which is finer than ® is then simply convergent to uw in E and it follows from cor. 2 
that wu is a continuous linear mapping from E into F, and that ¥ converges to u for 
the topology of uniform convergence on precompact subsets of E. Consequently, 
the same holds for ®, since the latter is the intersection of elementary filters, each 
finer than ® (GT, I, § 6, No. 8). 

We observe that a filter on Y(E; F) which converges simply and has a countable 
base does not necessarily contain a simply bounded set : to see this consider the 
example of the filter of neighbourhoods of 0 in #(K; F) when the topology of F 
is metrizable, but cannot be defined by a single norm. 


Example. — Let E be the Banach space (over C) consisting of continuous complex 
functions with period | in R, with the norm | f|| = sup | f(x)|. 


1 
For every integer ne Z and every function feE, let c,(f) = | f(x) e772" dx 
10) 


(n-th Fourier coefficient of f); each of the mappings f +> c,(/) is a continuous linear 

form on E. Let (a,,) be a sequence of complex numbers such that, for every function 

Jf €E, the serie with the general term a,c,(f) + a_,c_,(f) is convergent. Under these 

conditions, the mapping u: ft> ag¢eo(f) + Y [o,c,(f) + «_,¢_,()] is a continuous 
n21 


linear form on E; *in other words, there exists a measure p on [0, 1] such that 


u(f) = [re du(x) for every function feE, and , is the n-th Fourier coefficient 


of p. ,, In fact, for every integer m > 0, the mapping f > Y o%¢,(f) is a continuous 


k=-m 
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linear form u,, on E, and for all f € E, the sequence (w,,( f)) converges to u( f), by hypo- 
thesis. The assertion then follows from Banach-Steinhaus theorem, since E is barrelled. 


COROLLARY 4. — Let E and F be two locally convex spaces, S a cover of E consisting 
of bounded subsets. If E is barrelled and F Hausdorff and quasi-complete, the space 
&z (E; F) is Hausdorff and quasi-complete. 

In fact, every bounded and closed subset of %(E; F) is simply bounded (because 
S is a cover of E), hence equicontinuous (III, p. 25, th. 1) and consequently is a 
complete subspace of %&(E; F) because of prop. 11 (IIL p. 22). 


COROLLARY 5, — The strong dual and the weak dual of a barrelled space are quasi- 
complete. 


3. Bounded subsets of “(E; F) (quasi-complete case) 


THEOREM 2. — Let E be a locally convex Hausdorff space, F a locally convex space 
and © a family of closed, convex, balanced, bounded and semi-complete subsets of E 
(II, p. 7). Every simply bounded subset H. of L(E; F) is bounded for the S-topology. 

Let Ac GS. The space E, is then a Banach space (III, p. 8, corollary), hence bar- 
relled. On the other hand, the canonical image of H in #(E, ; F) is simply bounded, 
hence equicontinuous (III, p. 25, th. 1). Consequently, the set of all u(x) for we H 
and x € A, is bounded in F, which proves that H is bounded for the S-topology. 


CorROLLARY 1. — Let E be a locally convex Hausdorff space, F a locally convex space, 
and & a family of bounded subsets of E. If E is semi-complete, then every simply bounded 
subset of L(E; F) is bounded for the S-topology. 

It is enough to apply th. 2, after replacing the sets of S by their closed, convex, 
balanced envelopes, since this does not change the S-topology. 

When E is semi-complete (for example quasi-complete), we can talk of the bounded 
subsets of #(E; F) without specifying the G-topology, since these are the same for 
all the S-topologies whenever GS is a cover of E. 


CoROLLARY 2. — Every semi-complete bornological space is barrelled. 
Every simply bounded subset of the dual of such a space is strongly bounded 
(cor. 1), hence equicontinuous (III, p. 22, prop. 10). 


COROLLARY 3.— Let E be a locally convex space. Every subset of E which is bounded 
for o(E, E’) is bounded. 

Let A be a subset of E. Saying that A is bounded for o(E, E’) means that every 
continuous linear form on E is bounded on A; Saying that A is bounded means that 
every continuous semi-norm on E is bounded on A. Let N be the closure of 0 in 
E and x the canonical mapping from E onto E/N. The continuous linear forms on 
E are the mappings of the form fon with fe(E/N)’ and we have an analogous 
characterization of continuous semi-norms on E. Replacing E by E/N and A by 
mA) we can thus limit ourselves to the case where E is Hausdorff. 
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Let S be the set of equicontinuous subsets of E’; when E’ is assigned the topo- 
logy o(E’, E), E can be identified with (E’)’g (IIL, p. 19, cor. 1). Every closed equiconti- 
nuous subset of E’ is compact for o(E’, E) (III, p. 17, cor. 2), hence complete for 
o(E’, E). It is now enough to apply th. 2. 


§ 5. HYPOCONTINUOUS BILINEAR MAPPINGS 


1. Separately continuous bilinear mappings 


Let E, F, G be three locally convex spaces. For every bilinear mapping u from 
E x F into G, and for every x € E (resp. y € F), we denote by u(x, .) (resp. u(., y)) 
the mapping yt> u(x, y) (resp. x > u(x, y)) from F into G (resp. from E into G). 


DEFINITION 1. — A bilinear mapping u from E x F into G is said to be separately 
continuous if, for all x © E, the linear mapping u(x, .) from F into G is continuous, 
and for all y € F, the linear mapping u(., y) from E into G is continuous. 

The following proposition follows immediately from the definition. 


PROPOSITION 1. — For a bilinear mapping u from E x F into G to be separately 
continuous, it is necessary and sufficient that for all y € F, the linear mapping u(., y) 
fromE into G is continuous and that the linear mapping y +> u(., y) from F into (E; G) 
is continuous. 

We can also say that, to every linear mapping v e Y (F; &(E; G)) is associated 
the bilinear mapping (x, y)+>v(y) (x), then we define a linear bijection from 
L(F; £(E;G)) onto the vector space of separately continuous bilinear mappings 
from E x F into G. 

A separately continuous bilinear mapping from E x F into G need not necessarily 
be continuous on E x F (Il, p. 47, exerc. 2; cf however III, p. 30, and IV, p. 26, 
th. 2). 

The notion of a separately continuous bilinear form on a product E, x E, of 
two locally convex spaces is directly related to that of a continuous linear mapping 
when E, and E, are assigned the weak topologies (II, p. 42), Suppose that (E,, F,) 
and (E,, F,) are two pairs of real (resp. complex) vector spaces in separating duality 
(Joc. cit.); we assign to E, (resp. F,) the weak topology o(E,, F;) (resp. o(F;, E,)) 
for i = 1, 2, and denote by B(E,, E,) the vector space of separately continuous 
bilinear forms on E, x E,. Applying prop. 1 to the case when G = K, we see that, 
for every bilinear form ® € B(E,, E,) and every x, € E,, the mapping x, +> @(x,, x,) 
is a continuous linear form on E,, hence (II, p. 43, prop. 3) there exists one element, 
and only one “@(x,)¢F, such that 


(1) D(x,, Xy) = CX, 4@(x,)> 


for every x, €E, and x, ¢E,; moreover, the mapping “®:E, — F, is linear and 
continuous for the (weak) topologies of E, and of F,. 
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Conversely, for every continuous linear mapping u:E, > F, the mapping 
(x1, X2) Fe @(x,, X2) = <X,, u(xz)> is a separately continuous bilinear form on 
E, x E,, and we have u = “®. Thus we have defined an isomorphism d:® +> “® 
from B(E,, E,) onto #(E,; F,), said to be canonical. Similarly the formula 


(2) O(x,, X3) or <$P(X,), xX» 


defines a canonical isomorphism s:® > *® from B(E,, E,) onto #(E,, F,); we 
have evidently the commutative diagram 


aw 


L(E,;F,) mre L(E,;F 


where ¢ is the isomorphism of transposition (II, p. 46, prop. 5 and corollary). In view 
of the definition of weak topologies on F, and F,, it is immediate that when B(E,, E,), 
LY(E,;E,) and #(E,; F,) are assigned the topology of simple convergence, the 
isomorphisms of diagram (3) are topological vector space isomorphisms. 


2. Separately continuous bilinear mappings on a product of Fréchet spaces 


PROPOSITION 2. — Let E, F and G be three locally convex spaces. Suppose that E 
and F are metrizable and E is barrelled. Let H be a set of separately continuous bilinear 
mappings from E x F into G. Suppose that for every x € E, the set of mappings u(x, .) 
from F into G, where u runs through H, is equicontinuous. Then H is equicontinuous. 
Let U, (resp. V,,) be a fundamental sequence of neighbourhoods of 0 in E (resp. F). 
If H is not equicontinuous, there exists a closed, convex, balanced neighbourhood 
W of 0 in G such that for all n, H(U,, x V,,) is not contained in W. There exists then 
a sequence of pairs (x,, y,) €U, x V,, and a sequence (u,) of elements of H, such 
that u,(x,, y,) € W. Let p be the gauge of W. For every y e F and every ue H, the 
mapping u(., y) from E into G is continuous, hence p o u(., y) is a continuous semi- 
norm on E. On the other hand, for every xe¢E, the set of mappings u(x, .) 
for ue H is equicontinuous; since the sequence (y,) tends to 0, it is bounded, and 
the set of all u(x, y,), forn > 0 and ue H, is bounded (III, p. 22, prop. 9). It follows 
from this that the function p’(x) = Say P(UCx, y,)) is a lower semi-continuous semi- 
n20 
norm (finite) on E. Since E is barrelled, p’ is continuous (III, p. 24, corollary). Since 
(x,,) tends to 0 in E, p’(x,) tends to 0, so that we have p’(x,) < 1 ifn is large enough; 
but then p(u,(x,, y,)) < p’(x,) <1, hence u,(x,, y,)€W, which contradicts the 
hypothesis on u,, X,, Y,- 
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CoROLLarRY 1. — Let E and F be two Fréchet spaces, and G a locally convex space. 
Every separately continuous bilinear mapping from E x F into G is continuous. 

In fact, every Fréchet space is barrelled (III, p. 25, corollary). 

Let E and F be two locally convex spaces. We use @(E, F) to denote the space 
of continuous bilinear forms on E x F, with the topology of uniform convergence 
on sets of the form A x B, where A (resp. B) is bounded in E (resp. F). The formula 


u(x, Y) = <y5o (u) (x)> 


(for xe E, ye F and we A(E, F)) defines a continuous linear injective mapping 
from BE, F) into YE; F;). 


CoROLLARY 2. — Suppose that E and F are metrizable and that E is barrelled. Then 
is a topological vector space isomorphism from B(E, F) onto ¥,(E; F;). 

Let fe Z(E; F;). Put u(x, y) = <y, f(x)> for x € E and ye F. The bilinear form 
uonE x F is separately continuous; by prop. 2, it belongs to @(E, F), and we have 
f = (u). Hence 6 is a linear bijection from @(E, F) onto Y(E; F*). It is immediate 
that o is bicontinuous, hence cor. 2 follows. 


3. Hypocontinuous bilinear mappings 


In what follows, we shall define a notion which is intermediate between that of 
a continuous bilinear mapping and that of a separately continuous bilinear mapping. 


PROPOSITION 3. — Let E, F, G be three locally convex spaces, S a family of bounded 
subsets of E. Let u be a separately continuous bilinear mapping from E x F into G. 
The following properties are equivalent : 

a) For every neighbourhood W of 0 in G and every set M € G, there exists a neigh- 
bourhood V of 0 in F such that uM x V) ¢ W. 

b) For every set M € &, the image of M under the mapping x > u(x, .) is an equi- 
continuous subset of L(F; G). 

c) The mapping y+> u(., y) from F into Ye (E;G) is continuous. 

a) expresses that y+> u(., y) is continuous at the point 0, on account of the defi- 
nition of neighbourhoods of 0 in ¥¢(E; G) (IIL, p. 13); likewise a) expresses that 
the image of M under the mapping x+> u(x, .) is equicontinuous at the point 0 
(III, p. 16). 


DEFINITION 2. — Let u be a bilinear mapping from E x F into G. We say that u is 
S-hypocontinuous if u is separately continuous and if it verifies one of the equivalent 
conditions a), b), c) of prop. 3. 

The condition c) of prop. 3 shows that the notion of S-Aypocontinuous bilinear 
mapping depends on S only through the S-topology on Y(E, G). 

For every set I of bounded subsets of F, we define similarly the notion of T-hypo- 
continuous mapping, by interchanging the roles of E and F in prop. 3. A separately 
continuous bilinear mapping wu is said to be (S, Z)-hypocontinuous if it is both G- 
hypocontinuous and T-hypocontinuous. 
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Every continuous bilinear mapping from E x F into G is (G, T)-hypocontinuous 
for every pair (S, TX) of sets of bounded subsets : for every neighbourhood W of 0 
in G, there exists a neighbourhood U of 0 in E and a neighbourhood V of 0 in F 
such that u(U x V) c W;; since every set M e€ S is bounded, there exists A > 0 
such that AM c V, and so 


uM x AV) = uAM x V) CuU x V) CW. 
The converse is in general false (III, p. 47, exerc. 3). 


PROPOSITION 4. — Let u be a S-hypocontinuous bilinear mapping from E. x F into G. 
For every set Me &, the restriction of u to M x F is continuous, and uM x Q) 
is bounded in G for every bounded subset Q of F. 

The first assertion follows from cor. 3 of GT, X, § 2, No. 1. Let W be a neighbour- 
hood of 0 in G; there exists, by hypothesis, a neighbourhood V of 0 in F such that 
u(M x V) < W. Since there exists A # O such thataQ < V, wehave Au(M x Q) = 
u(M x AQ) < W, and this proves the second part of the proposition. 


PROPOSITION 5. — Let u be a(S, T)-hypocontinuous bilinear mapping from E x F 
into G. For every pair of sets Me ©, Ne, u is uniformly continuous on M x N. 

The proposition follows immediately from prop. 2 of GT, X, § 2, No. 1 and prop. 5 
of GT, X, § 2, No. 2. 


Proposition 6. — Jf F is a barrelled space, every separately continuous bilinear 
mapping u from E x F into a locally convex space G is S-hypocontinuous for every 
set S of bounded subsets of E. 

In other words, the /inear mapping y +> u(., y) from F into ¥,(E; G) is continuous, 

It is enough (III, p. 30, prop. 3) to prove that the image of every bounded subset M 
of E under x+> u(x, .) is equicontinuous in Y(F; G). But, by virtue of prop. 1 
(IIL, p. 28) this image is a simply bounded subset of Y(F ; G), and since F is barrelled, 
every simply bounded subset of #(F ; G) is equicontinuous (III, p. 25, th. 1). 


Remark, — Suppose the topology of F is the finest locally convex topology on F 
for which the linear mappings h, : F, + F are continuous (II, p. 27). Then condition c) 
of prop. 3 (III, p. 30) shows that if E and G are locally convex, then the 
bilinear mapping u:E x F > G is S-hypocontinuous if and only if each of the 
bilinear mappings 


(x, Vy) b> u(x, h{y,)) 


from E x F, into G is S-hypocontinuous. 

Now suppose that E is a locally convex space which is the strict inductive limit 
of an increasing sequence (E,,) of closed vector subspaces of E (II, p. 33); then every 
set M € G is contained in one of the E, and is bounded in this subspace (III, p. 5, 
prop. 6). We denote by &,, the family of all subsets belonging to G contained in | ae 
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Condition a) of prop. 3 (III, p. 30) shows that for a bilinear mapping u:E x F +G 
to be S-hypocontinuous, it is necessary and sufficient that each of the restrictions 
u,:E, x F > G of u is S,-hypocontinuous. 


4. Extension of a hypocontinuous bilinear mapping 


PROPOSITION 7. — Let E, F, G be three locally convex spaces, G being assumed 
Hausdorff; let E, (resp. F,) be a dense vector subspace of E (resp. F). Let u be a sepa- 
rately continuous bilinear mapping from E x F into G. 

1) Ifu(E,y x Fo) = {0}, then u = 0. 

2) Let Sy be a family of bounded subsets of Ey; if the restriction of u toE, x Fo 
is So-hypocontinuous then so is u. 

1) By hypothesis, for all x e Ey, the continuous linear mapping u(x, .) is null on 
F,, hence on F : therefore for all ye F, the continuous linear mapping u(., y) is 
null on Ey, hence on E. This proves that u = 0. 

2) For every closed neighbourhood W of 0 in G and for every set M € Gp, there 
exists, by hypothesis, a neighbourhood V of 0 in Fy such that uM x V) c W. 
But V isa neighbourhood of 0 in F; for every x € M, the relation u({x} x V) c W 
implies that wu {x} x V) < W, since u(x, .) is continuous and W is closed ; therefore 
u(M x V) ¢ W, which proves that w is S -hypocontinuous. 


PROPOSITION 8. — Let E, F, G be three locally convex spaces; assume that G is 
Hausdorff and quasi-complete. Let E, (resp. Fy) be a dense vector subspace of E 
(resp. F), Sp (resp. Tq) a family of bounded subsets of E, (resp. F,) such that every 
point of E (resp. F) is in the closure of an element of Sy (resp. T,). Then every (S,_, To)- 
hypocontinuous bilinear mapping u from E, x Fo into G extends uniquely to a sepa- 
rately continuous bilinear mapping u from E x F into G and ui is (So, Xo)-hypo- 
continuous. 

The uniqueness and hypocontinuity of u follows from prop. 7; it remains to 
prove the existence of uw. For every y’eF y, the continuous linear mapping 
x’ +> u(x’, y’) from E, into G extends uniquely to a continuous linear mapping 
xt u,(x, y’) from E into G(III, p. 8, prop. 10). It follows immediately that for every 
x €E, the mapping y’ b u,(x, y’) from F, into G is linear; and we shall show that 
it is continuous. By hypothesis, there exists M € S,, such that xe M. For every 
closed neighbourhood W of 0 in G, there exists, by hypothesis, a neighbourhood 
V of 0 in F, such that (M x V) < W; since x u,(x, y’) is continuous, we deduce 
that u,(M x V) c W, and in particular u,(x, »’) € W for all y’ € V. This establishes 
our assertion. By virtue of prop. 7, the bilinear map wu, fromE x Fo into Gis(G,, T)- 
hypocontinuous. We end the proof by interchanging the roles of E and F in the first 
part of the proof, applied to u,. 


5. Hypocontinuity of the mapping (u, v)> vou 


PROPOSITION 9. — Let R, S, T be three locally convex Hausdorff spaces. Suppose that 
the spaces £(R;S), £(S; T), LCR; T) are each assigned the topology of simple 
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(resp. compact, bounded) convergence. Then the bilinear mapping (u, v) > vo u from 
L£(R;S) x LS;T) into L(R; T) is (S, T)-hypocontinuous, where I is the family 
of equicontinuous subsets of £(S; T), and S the family of finite (resp. compact, bounded) 
subsets of £(R;S). 

Wefirst prove that (u, v) + v o wis T-hypocontinuous. Let H be an equicontinuous 
set in f(S ; T), let W be a neighbourhood of 0 in T and let M bea finite (resp. compact, 
bounded) subset of R. We must show that there exists a neighbourhood V of 0 in 
S such that if uM) < V and veH, then v(u(M)) c W. But for this, it is enough 
to have v(V) < W for all v € H, and the existence of such a neighbourhood follows 
from the equicontinuity of H. 

To see that (u,v) vou is S-hypocontinuous, we shall prove that, for every 
neighbourhood W of 0 in T, every finite (resp. compact, bounded) subset M of R 
and every finite (resp. compact, bounded) subset L of “(R; S) there exists a finite 
(resp. compact, bounded) subset N of S such that the relations v(N) < W andueL 


imply that o(u(M)) < W. Evidently it is enough to show that we can take N=U u(M), 


ueL 


i.e. that the set N is finite (resp. compact, bounded) whenever L and M are. This is 
immediate if L and M are finite, or if M is bounded in R and L is bounded in F(R; S) 
(for the topology of bounded convergence, cf. III, p. 22). Finally, we show that if M 
is compact in R and L is compact in #(R; S) for the topology of compact con- 
vergence, then N is compact in S. But if m, is the restriction to M of u € L, the mapping 
ut> Uy from L into the space @(M ; S) of all continuous mappings from M into S, 
with the topology of uniform convergence, is continuous; hence the image of L 
under this mapping is compact, and our assertion then follows from the continuity 
of the map (v, x) w(x) from @(M ; S) x M into S (GT, X, § 1, No. 6, prop. 9). 

In the two corollaries that follow, we assume as in prop. 9, that the spaces F (R ; S), 
L(S;T), Y(R; T) are all three assigned the topology of simple convergence, or 
all three the topology of compact convergence, or all three that of bounded conver- 
gence. 


COROLLARY 1.— For every equicontinuous subset H of Z(S; T) the map(u, v) > vou 
from £(R;S) x H into (R;T) is continuous. 
This follows immediately from prop. 9 (III, p. 32) and 4 (III, p. 31). 


COROLLARY 2. — Suppose § is barrelled. If the sequence (u,) tends to u in Z(R; S) 
and the sequence (v,) tov in £(S, T), then the sequence (v, © u,) tends tov ouin L(R; T). 

In fact, the sequence (v,), being simply bounded in #(S; T) is equicontinuous, 
since S is barrelled (III, p. 25, th. 1); the corollary is then a consequence of cor. 1. 
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§ 6. BOREL’S GRAPH THEOREM 
1. Borel’s graph theorem 


THEOREM 1. — Let E be a locally convex space which is the inductive limit of Banach 
spaces, F a Souslin locally convex space, for example a Lusin space (GT, IX, § 6, No. 2 
and No. 4), and u a linear mapping from E into F. If the graph of u is a Borel subset of 
E x F, then u is continuous. 

Let E, be a family of Banach spaces, and (u;) a family of continuous linear mappings 
u,:E, > E such that the topology of E is the finest locally convex topology for which 
the u, are continuous. It is enough to prove that the composed mappings wo u, are 
continuous, or in fact (GT, IX, § 2, No. 6, prop. 10) that the restriction of uo u, to every 
closed subspace G of E; satisfying the first axiom of countability is continuous. 
The graph of this restriction is the inverse image of the graph of u under the conti- 
nuous mapping u, x Id,:G x F—>E x F, hence is a Borel set in G x F. In 
addition, G x F is a Souslin space and every Borel subset of a Souslin space is a 
Souslin space (GT, IX, § 6, No. 3, prop. 10). Th. 1 then follows from th. 4, GT, IX, 
§ 6, No. 8. 

Remark. — Recall (IU, p. 12) that every homological Hausdorff and semi-complete 


space, for example every Fréchet space, is the inductive limit of Banach spaces. * This is 
also true for the strong dual of a reflexive Fréchet space (IV, p. 23, prop. 4). , 


2. Locally convex Lusin spaces 


PROPOSITION 1. — Let E be a Hausdorff locally convex space. Suppose that there 
exists a sequence (E,),en Of Fréchet spaces satisfying the first axiom of countability, 
and continuous linear mappings u,:E,,— E such that E = U u,(E,). Then E is a 
Lusin space. a 
Let P,, be the kernel of u,; then u, defines a bijective continuous mapping from 
the quotient space E,/P, onto u,(E,). Since E,/P, is a Fréchet space satisfying the 
first axiom of countability (GT, IX, § 3, No. 1), hence a polish space (GT, IX, § 6, No. 1, 
def. 1), u,(E,,) is a Lusin subspace of E (GT, IX, § 6, No. 4, prop. 11). Therefore by 
GT, IX, § 6, No. 7, cor. of th. 3, the space E, which is regular (GT, III, § 3, No. 1) isa 
Lusin space. 
Example |. — Every Fréchet space satisfying the first axiom of countability is a polish 
space, hence a Lusin space. Consequently, so are the spaces @(X), where X is locally 
compact and has a countable base (the topology of @(X) being that of compact con- 
vergence, cf. GT, X, § 3, No. 3, corollary and § 1, No. 6, cor. 3) ; * the spaces @ ©(U), where 
U is an open subset of R" (III, p. 9) and #(U), where U is an open subset of C” (III, p. 10). 
Prop. 1 shows that the spaces @°(U), where U is an open set in R”, (I), where I 
is a compact interval in R and s > 1, and #(K), where K is a compact subset of C” 
are all Lusin spaces (III, p. 10). , 


THEOREM 2. — Let E be a locally convex space, which is the inductive limit of an 
increasing sequence (E,nen Of Subspaces of E, endowed with the topologies of Fréchet 
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spaces satisfying the first axiom of countability. Suppose that every compact subset 
of E is contained in one of the E,, and is compact in this space. Let F be a Fréchet space 
satisfying the first axiom of countability. Then the space Z(E;F) is a Lusin space. 

The space E is bornological (III, p. 12), hence the space Y(E; F) is complete 
(II, p. 23, prop. 12). The linear mapping j: f +> (/IE,,),en iS an injection from Y(E; F) 
into the product space [| &(E,,; F); by virtue of the hypothesis on the compact 


neN 
subsets of E and the definition of the S-topologies, j is an isomorphism from &(E; F) 


onto its image (endowed with the topology induced by the product topology); 


moreover, since “(E ; F) is complete, this image is a closed subspace of |] &(E, ; F) 
neN 


(GT, II, § 3, No. 4, prop. 8). By GT, IX, § 6, No. 4, it is therefore enough to prove that 
each of the spaces Y.(E; F) is a Lusin space. For the rest of the proof, we shall assume 
that E is a Fréchet space satisfying the first axiom of countability. 

Since F is a Fréchet space satisfying the first axiom of countability, it is isomorphic 
to a closed subspace of a countable product of Banach spaces F,, each of which is 
a quotient of F (II, p. 5), hence satisfies the first axiom of countability. The linear 
mapping j’: f +> (pr, ° f),cn iS an injection from Y(E; F) into the product space 
[| &E; F,), and by using the definition of the S-topologies and of the open sets 
neN 
in a product, j’ is an isomorphism from &(E; F) onto its image; moreover, since 


LE; F) is complete, this image is a closed subspace of [] #&(E; F). Therefore 


neN 
it is enough to prove that each of the spaces Y(E; F,) is a Lusin space (GT, IX, 
§ 6, No. 4), and consequently, we can assume that F is a Banach space satisfying the 
first axiom of countability. 

The space £(E;F) is the union of a countable family of equicontinuous and 
closed subsets (III, p. 19, cor. 1 and GT, X, § 2, No. 3, prop. 6). But every equiconti- 
nuous subset H of ¥,(E ; F) is metrizable and satisfies the first axiom of countability 
(IIL, p. 18, prop. 6 and GT, X, § 2, No. 4, th. 1); if H is closed, then it is a complete 
space for the uniform structure induced by that of Y(E ; F), since the latter is complete 
In other words, H is a polish space, and a fortiori a Lusin space; consequently the 
regular space YE; F) is a Lusin space (GT, IX, § 6, No. 7, cor. of th. 3). 


CoROLLARY. — The hypotheses on E being as in th. 2, assume, in addition that every 
bounded subset of E is relatively compact. Then the strong dual of E is a Lusin space. 
* In particular, the strong dual of a Fréchet space satisfying the first axiom of counta- 
bility, which is also a Montel space, is a Lusin space. P 


* Example 2. — Let U be an open subset of R”. The corollary applies in particular to 
the Fréchet space E = @ *(U); its dual @~ °(U) (the space of distributions with compact 
support on U) is then a Lusin space. 

The space @,*(U) is a strict inductive limit of a sequence of Fréchet spaces (UV) 
satisfying the first axiom of countability (III, p. 9). We can show that each of the spaces 
@°(U) is a Montel space; in addition, every bounded subset of ¢,~(U) is contained 
in one of the spaces €°(U) (IL, p. 5, prop. 6). We can then apply the corollary of th. 2. 
Then the dual @~ °(U) of @,°(U) (the space of distributions on U) is a Lusin space for 
the strong topology. 
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Similarly we prove that for every open subset U of C”, and for every compact subset K 
of C", the strong dual of #(U) and the strong dual of #(K) are Lusin spaces. ,, 


Remark, — Let E be as in th. 2; let F be a Hausdorff locally convex space which is the 
union of the images of a sequence of continuous linear mappings u,:F,, > F, where 
each F, is a Fréchet space satisfying the first axiom of countability; then Y(E; F) 
is a Lusin space. As in prop. 1, we first reduce to the case where each uy, is injective; 
then, as in the proof of th. 2, we can assume that E is a Fréchet space satisfying the first 
axiom of countability. Then, by I, p. 20, prop. 1, A(E; F) is the union of the Y(E; F,); 
moreover, the canonical injection Z(E; F,,) > &(E; F) is continuous (GT, X, § 1, No. 4, 
prop. 3). Since each of the spaces #(E; F,,) is a Lusin space by th. 2, #(E; F,) is also 
a Lusin space for the topology induced by that of Y(E ; F) (GT, IX, § 6, No. 4, prop. 11) ; 
consequently &(E ; F) isa Lusin space by virtue of GT, IX, § 6, No. 7, corollary of th. 3. 


* 3, Measurable linear mappings on a Banach space ' 


PROPOSITION 2. — Let E be a Banach space, F a locally convex space and u a linear 
mapping from E into F. Assume that for every closed subset B of F, every compact 
subset X of E and every measure \ on X, the intersection X ~ u7 \(B) is p-measurable. 
Then u is continuous. 

First assume that F is the base field. For every compact subset X of E and every 
measure pt on X, the restriction of u to X is u-measurable (INT, IV). Suppose that 
u is not continuous. Then we can find a sequence of points (x,) in E such that 
> ||x,|| < co and |u(x,)| > for every integer n. Consider the mapping 


g:(t,) + ¥. t,x, from the cube C = (0, 1)% into E; it is clear that g is continuous. 


Hence f = uog is measurable for every measure on C (INT, V); in particular for 
the measure p which is the product of Lebesgue measures on the factors of C. Hence 
there exists a compact subset D of C such that n(D) > 4 and such that the restric- 
tion of f to D is continuous, hence also bounded. Let M be the upper bound of 
|f| on D and let p € N be such that p > 4M. Let s = (s,) and t = (t,) be two points 
of D such that s, = ¢, for alln #4 p. Then 


f(s) — fF) = AY) 5,%, — YS Xn) = GS, — tp) ulx,) 


Since | f(s) — f(t)| < 2M and |u(x,)| > p < 4M, we get 
ls, -41<3. 


The Lebesgue-Fubini theorem (INT, V, 2nd ed., § 8, No. 3, cor. 2 of prop. 7) implies 
that u(D) < 4; this gives a contradiction. Hence u is continuous. 

In the general case, for every v € F’, the linear form v o uw is continuous, by the pre- 
ceding argument. Let (x,),,<n be a sequence of points of E tending to 0; then the 
sequence (u(x,)),cn tends to 0 in F, if F is assigned the topology o(F, F’); hence this 
sequence is bounded for o(F, F’) and so it is bounded in F (III, p. 27, cor. 3). Since E 
is bornological (IIL, p. 12, prop. 2); the linear mapping u:E — F is continuous. ,, 


! The results of this section depend on the book of Integration. 


Exercises 


§1 


1) Let E be a left topological vector space over a non-discrete topological field K. A subset 
B of E is said to be bounded if for every neighbourhood V of 0 in E there exists’ # Oin K such 
that AB c V. 

a) Show that if B is bounded in E, then for every neighbourhood V of 0 in E, there exists a 
neighbourhood U of 0 in K such that U.Bc V. 

b) Show that the closure of a bounded set in E is bounded. The union of two bounded sets 
is bounded. Every precompact set in E is bounded. Extend the corollaries of III, p. 4, prop. 4 
to topological vector spaces over K. 

c) Prove that if A is a bounded set in K (considered as a vector space on the left over itself) 
and B is a bounded set in E, then A.B is bounded in E. 

d) Extend prop. 3 of III, p. 4 to the case where K is a metrizable topological division ring. 
e) Extend the notion of a quasi-complete space and its properties to topological vector 
spaces. 


2) a) Let E be a left topological vector space over a non-discrete topological field K. Prove 
that if there exists a neighbourhood V of 0 in E which is bounded (exerc. 1), than the sets AV, 
fort e¢ Kanda 0, form afundamental system of neighbourhoods of 0 in E. If K is metrizable, 
the Hausdorff topology associated with the topology of E(GT, III, § 2, No. 6) is metrizable. If 
K =R or K =C, the locally convex topology on E which is the finest of the topologies 
coarser than the given topology on E (II, p. 80, exerc. 23) can be defined by a single semi- 
norm. 
b) Prove that the topology of an infinite product of locally convex Hausdorff spaces (of 
which none is just 0) cannot be defined by a single semi-norm. 
c) Let E be a locally convex space whose topology is defined by an increasing sequence (p,) 
of semi-norms. In order that the topology of E be defined by a single semi-norm, it is necessary 
and sufficient that there exists an integer m) such that for every n > ny there exists a number 
k, = 0 such that p,(x) < k,p,,(x) for all x € E. 
da) Let E be the vector space over R consisting of infinitely differentiable numerical functions 
on the internal I = (0, 1). For every integer n > 0, let p,(f) = sup (sup |f(x)}) (with 
O<k< xel 


Sk<en 
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f > = f); show that the p, are norms on E and that the topology defined by the sequence 
of norms p, cannot be defined by a single norm. 


3) Let E be a metrizable vector space over R, da translation invariant distance, compatible 
with the topology of E. Let |x| = d(x, 0) (1, p. 16). Prove that for every integer n > 0, we have 


x 


|x| < nl Deduce from this that if B is a bounded subset of E, then sup |x| < + oo (in 
xeB 


other words, B is bounded for the distance d(GT, IX, § 2, No. 3)). Give an example of a metri- 
zable vector space E and an unbounded set in E which is bounded for the distance d(exerc. 2). 


4) Let E be a topological vector space over a non-discrete metrizable topological field K. 
Show that if E is a Baire space and if in E there exists a countable base for the bornology formed 
by bounded subsets of E (III, p. 37, exerc. 1), then there exists a neighbourhood of 0 in E which 
is bounded, and consequently the Hausdorff topology associated with the topology of E is 
metrizable (III, p. 37, exerc. 2) (compare with exerc. 6). 


5) Let E be a metrizable vector space over a non-discrete valuated field K. Prove that if (B,) 
is an arbitrary sequence of bounded subsets of E (IIL, p. 37, exerc. 1), then there exists a sequence 
(A,) of scalars # 0, such that the union of the sets 4,,B,, is bounded. 


6) Let E be a locally convex space, which is the strict inductive limit of a strictly increasing 
sequence (E,,) of locally convex Hausdorff spaces, each E, being closed in E,,, (II, p. 32, 
prop. 9). 

a) Prove that E is not metrizable (use III, p. 5, prop. 6 and the preceding exerc. 5). 

b) In order that there exist a countable base for the canonical bornology of E, it is necessary 
and sufficient that the canonical bornology of each E, has a countable base in E,,. 


“| 7) a) Let E be an infinite dimensional Banach space and let S be the family of compact, 
convex and balanced subsets of E, which is a directed set for the relation <. Show that E is 
the inductive limit of the inductive system of the Banach spaces E,, where A runs through ©. 
(Prove by contradiction that a neighbourhood V of 0 for the inductive limit topology of the 
topologies of E, contains a ball with center 0; for this, note that otherwise, there will exist 
a sequence (x,) of points of E such that ||x,|| < 1/n?, and which will not belong to V.) Deduce 
from this that there exist bounded subsets in E which are not contained in any E, for A c G. 


b) Let E be an infinite dimensional Banach space. On the vector space [| E,,, where E,, = E 


m=1 
for each m, let 7, denote the topology obtained by taking the product of the Banach space 
topology on each E,, for m < n, and for m > n, the finest locally convex topology on E,,; 


F, denotes the locally convex space [] E,, with the topology 7,. Every identity map F,->F,,,, 
m=1 


is continuous; show that the inductive limit space of the inductive system F,, is the space F 
obtained by assigning to [] E,, the topology which is the product of the Banach space topo- 
m=1 


logies on each of the factors. Deduce from this that there are bounded subsets in F which 
are not bounded in any F,. 


8) Prove that in a space which is an infinite product of topological vector spaces (over R 
or C) none just the point 0, there does not exist a countable base for the canonical bornology 
(first show that it is enough to prove this for the space RN, and then use III, p. 38, exerc. 4). 


9) Let E be the vector space over R consisting of all regulated functions on the interval I = {0, 1) 
(FVR, I, p. 4). For every integer n > 0, let V, be the set of all functions f ¢ E such that 


1 
| | f(Q)| dt < 1/n. Show that the sets V, form a fundamental system of neighbourhoods 
0 

of 0 for a metrizable topology which is compatible with the vector space structure of E and 


§1 EXERCISES TVS III.39 


that for this topology the sets V, are bounded ; but the convex envelope of each V,, is the entire 
space E. (Observe that every function f ¢ E can be written as f = 3(g + A), where g and h 
belong to E, and 


1 1 + 
i /|ea) at -( a] dt = il /|F@) at) 
0 0 @2 0 


Deduce from this that the only locally convex topology coarser than the topology of E is the 
coarsest topology on E. 


10) Let (E,),.; be an infinite family of Hausdorff topological vector spaces, none just the point 

0, over a non-discrete topological field K. Let E be the direct sum vector space of the E,, and 

ZF, the topology on E defined in I, p. 24, exerc. 14. Then a subset B of E is bounded for 7) 

(III, p. 37, exerc. 1) if and only if B is contained in a product subspace |] E,, where H isa finite 
1eH 

subset of I and the projections of B on each E, forte H are bounded. Deduce (for K = R 

or C) that, if each E, is a quasi-complete space, then E with 7, is quasi-complete. 


11) Let E be a topological vector space over a field K with a non discrete valuation. 

a) Fora balanced subset A of E to absorb every bounded subset (III, p. 37, exerc. 1) of E, it is 
sufficient that A absorbs the set of points of every sequence (x,) tending to 0 in E. Then A is 
said to be bornivorous. 

b) Let u be a linear mapping from E into a topological vector space F over K. The image 
of every bounded subset of E under wu is bounded in F if and only if for every sequence (x,) 
of points of E tending to 0, the sequence (u(x,)) is bounded in F. 

c) Suppose E is metrizable. Show that every bornivorous subset of E is a neighbourhood 
of 0 in E. Deduce that if uw is a linear mapping from E into a topological vector space F over 
K which transforms every sequence converging to 0 in E into a bounded sequence in F, then 
u is continuous on E. 


12) Let E be a Hausdorff topological vector space over a field K with a non-discrete va- 
luation, and F a metrizable vector space over K. If u is a continuous linear mapping from E 
into F such that, for every bounded subset B of F, u~1(B) is bounded in E, show that wu is an 
isomorphism from E onto a subspace of F. 


13) Let I be an infinite set, and (E,),.; a family of locally convex spaces, none of which is 0. 
Let f be a linear mapping from E = |] E, into a Banach space F. Show that if the image of 


tel 
every bounded subset of E under f is a bounded subset of F, then there exists a finite subset 
H of I such that for every 1 ¢ H, the restriction of f to E, (considered as a subspace of E) is 
null. (Argue by contradiction that if not, we can construct a bounded sequence (x,) in E whose 
image under f is unbounded in F.) 


14) Show that if the topology of a metrizable locally convex space E cannot be defined by 
a single norm, then there does not exist a countable base for the canonical bornology of E 
(using III, p. 38,. exerc. 5, show that otherwise there will exist a bounded bornivorous set (III, 
p. 39, exerc. 11) in E, and complete the argument using III, p. 39, exerc. 11, c)). 


15) In a Hausdorff topological vector space E over R, let A be a compact convex set and B 
a closed, convex and bounded set. Show that the convex envelope C of the union A U B is 
a closed set. (Consider a point z in the closure of C, but not in A, and reduce to the case where 
z = 0. Observe that there exists a neighbourhood V of 0 and a number & < 1 such that the 
relations 0 <A’ <1, xe A, ye B, Ax + (1 — A) yeV imply that A < « Next, for every 
neighbourhood W of 0 consider the set of triplets (A, x, y) such that Ax + (1 — yew, 
O<A<l1LxeA yeB) 


16) Let E be a locally convex metrizable space satisfying the first axiom of countability, 
such that its completion E is a Fréchet space which satisfies the first axiom of countability. 
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Show that every bounded subset B of E is contained in the closure of a bounded subset of E. 
(Reduce to the case where B is countable, arranged as a sequence (x,);,on the other hand, 
let (p,,) be an increasing sequence of semi-norms defining the topology of E; for each integer n 
consider a sequence (y,,,),> 1 of points of E, which converges to x, and is such that p,(x,, —V,4) <1 
for all k > 1.) 


“| 17) Let A be the set of increasing mappings > 1 from N into N;; for every «eA, let B 
denote the set of all points z = (z,)¢R™ such that |Z,| < a(n) for all neéeN. 

a) Show that the sets B, form a base for the bornology of all bounded subsets of the space RN. 
b) For every ae A, the set RB, is a vector subspace of RN, distinct from RN and dense in RN; 

hence there exists a linear form J, # 9 (not continuous) on RN such that f(z) = 0 for all 
zeB,. 

c) Let E be the vector space consisting of all mappings g:«+> (g,(«)) € RN from A into RN 
such that for all ne N, the sum p,(g) = ¥ lane) | is finite. Show that the p, are semi-norms 


oe 


which define the topology of a Fréchet space on E. 

d) Let H be the set of all A e E such that h(a) € RB, for all a e A; show that H is an everywhere 
dense vector subspace of E (observe that every he E such that h(a) = 0 except for a finite 
number of values of « € A belongs to H). 

e) Let Ey cE be the vector subspace of E consisting of all g e E such that > | f,(g(«))| < +00; 


the mapping u:g > (f,(9(a))),ca is then a linear mapping from E, into the Banach space 
F = ¢'(A) (I, p. 4). Prove that u(E,) is everywhere dense in F (observe that for every finite 
subset J of A, there exists g ¢ E, such that g(a) = 0 for all ae A — J and that the f,(g(«)) 
for a ¢J take arbitrary values in R). Show that u~‘(0) is everywhere dense in E, (use d)). 
Finally, show that for every bounded subset C of E, there exists 2% € A such that Sul G (00) = =0 
for all ge Co E,, and deduce that the closure of uC 4 E,) in F is not a neighbourhood 
of 0 in F. 

f) Let G be the graph of u in E, x F, a vector subspace of the Fréchet space E x F. Show 
that G is everywhere dense in E x F (observe that for every xe E,, x + wu 1(0) is dense 
in E). However, show that for every bounded subset M of G, the closure M of MinE x F 
does not contain the bounded set {0} x U of E x F, where U is the unit ball in F (if N = pr,(M), 
observe that because of e), u(N) cannot contain U). 


18) In the Banach space (1(N) (I, p. 4) let e,, be the sequence (Sinn 0 such that 6,,, = 0 for 
m #n and 6,, = 1. Define a continuous mapping from ¢'(N) in R which transforms the 
bounded sequence of the e, into a non bounded subset of R (use Urysohn’s th. (GT, IX, § 4, No. 2,- 
th. 2)). 


§ 2 


1) Let E bea locally convex space, and 7 its topology. Amongst the locally convex topologies 
on E for which the bounded sets are the same as those for 7, there is one 7’ finer than all 
the others, and this is the only one amongst these topologies which is bornological. The space 
obtained by assigning E with 7’ is called the bornological space associated with E. A linear 
map u from E into a locally convex space F transforms every bounded subset of E into a 
bounded subset of F if and only if it is continuous for the topology 7’. 

Show that the topology 7 ’ is the finest of the locally convex topologies on E for which the 
canonical injections E, > E, where A runs through the family of convex, bounded and balanced 
subsets of E, are continuous. 


2) Let I be an infinite set and (E,),., a family of locally convex spaces, none of which is 0. 
a) Suppose that each space E, is bornological. Show that if, in addition, the product space 
R' is bornological, then the product E = |] E, is bornological (using II], p. 11, prop. 1 (iii) 


tel 
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and p. 39, exerc. 15, reduce to proving the following : a linear mapping f from E into a Banach 
space, which transforms every bounded set into a bounded set, and whose restriction to 
each E, is null, is necessarily null on E. For this consider, for every x = (x,) € E, the restriction 
of f to the product of lines Rx,). 

b) Deduce from a) that every product of a sequence (E,,) of bornological spaces is bornological. 


“| 3) Let E bea locally convex space, L a vector subspace of E of finite codimension, and S 
a convex balanced bornivorous set (III, p. 39, exerc. 11) in L. We shall prove that there exists 
a convex, balanced and bornivorous set S’ in E such that S = S’OL. 

a) We can reduce to the case where L is a hyperplane such that E = L @ Ra for a point 
a ¢L, and such that there exists a bounded sequence (x,,) in E such that if we put x,=2,(y, +a) 
with 4, €R and y, €L, then |A,| tends to + oo; if By is the convex balanced envelope of the 
set consisting of a and the x,, then we have y, + aeA, 'B, for all n. 

b) Let B be the set of all bounded, convex, balanced subsets of E which contain By; by hypo- 
thesis, for every B e 8, there exists pp > 0 such that 2p,B 7 L c S. Show that if R is the 
convex balanced envelope of the union of the sets p,B for Be B, then we have RAL cS. 


4) Deduce from exerc. 3 that if E is a locally convex bornological space, then every subspace 
of E with finite codimension is bornological (cf IV, p. 64, exerc. 11). 


§3 


1) Let X be a Hausdorff topological space, and F a topological vector space (over R or C). 
Show that on the space @(X ; F) of all continuous maps from X into F, the topology of compact 
convergence is compatible with the vector space structure. 


2) Let E and F be two Hausdorff locally convex spaces, and S a family of bounded subsets 
of E. 

a) Show that if F is not just 0, then a necessary (and sufficient) condition for ¥ (E; F) to 
be Hausdorff is that the union of the sets of S is total in E (use Hahn-Banach th.). 

b) Suppose that S is a cover for E. Show that there exists an isomorphism from F onto a 
closed subspace of ¥ (E; F). Deduce that if Y(E; F) is quasi-complete, then F is necessarily 
quasi-complete. 

c) Suppose that S is a bornology adapted to E (IH, p. 3, def. 4). In order that Y(E; F) be 
metrizable, it is necessary and sufficient that F is metrizable and that there exists a countable 
base (III, p. 1) for the bornology GS. In order that the S-topology on “(E; F) be defined by 
a single norm it is necessary and sufficient that the topology of F can be defined by a single 
norm and that there exists a set M € S which absorbs every set of S. 


3) Let E bea topological vector space over R (resp. C). Show that for every family S of bounded 
subsets of R (resp. C) none of which is the point 0, the space ¥& (R; E) (resp. Y(C; E)) is 
canonically isomorphic to E. Deduce that for every integer n > 0 and every covering S of 
R" (resp. C”) by bounded subsets, Y (R”; E) (resp. & (C"; E)) is isomorphic to E”. 


4) a) Let E,, E,, F be three topological vector spaces (over R or C). Let f be a continuous 
linear mapping from E, into E,, and G, (resp. S,) a family of bounded subsets of E, (resp. E,), 
such that f(S,) < S,. Show that w+ we f is a continuous linear mapping from ¥; ,(E,; F) 
into #z (E,; F). 

b) Let E, F be two topological vector spaces, and M be a vector subspace of E. Let f be the 
canonical map from E onto E/M, and S be a family of bounded subsets of E. Show that the 
mapping u++ uo f is an isomorphism from Y,,, (E/M; F) onto the subspace of % (E; F) 
consisting of those continuous linear mappings from E into F which are null on M. 

5) Let (E,),-a be a family of locally convex spaces, E a vector space (over the same field of 
scalars as the E,), and for each we A, let A, be a linear mapping from E, into E. The space E 
is assigned the finest locally convex topology for which the A, are continuous (II, p. 27). For 
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every we A, let S, be a family of bounded subsets of E,, and let S be the union of the families 

h,(S,) of bounded subsets of E. Under these conditions, show that, for every locally convex 

space F, the G-topology on ¥(E; Ff) is the coarsest topology for which the linear mappings 

ur>uoh, from Y(E; F) into &, (E,; F) are continuous. In particular, if E is the topological 

direct sum (II, p. 29, def. 2) of the family (E,)aca (each E, being identified with a subspace of E), 

then the product space [] %, (E,; F) is canonically isomorphic to the space ¥,(E; F), 
acA 


where G is the union of the G, in $(E). 


6) Let (E,),.; be a family of Hausdorff locally convex spaces, none of which is 0, let E be the 
product space |] E, and F be a normed space. Show that there exists a canonical isomorphism 
tel 

from the space #(E; F) with the topology of bounded convergence (resp. of simple conver- 
gence, resp. of precompact convergence) onto the topological direct sum space of the spaces 
£ (E,; F), where each of these spaces is assigned the topology of bounded convergence (resp. 
of simple convergence, resp. of precompact convergence). (Observe that if u is a continuous 
linear mapping from E into F, then there exists a finite subset H of I such that uw~ '(0) contains 
the product of the E, for all indices 1 ¢ H.) 


7) Let E, F,, F, be three topological vector spaces, let f be a continuous linear mapping 
from F, into F,, and © bea set of bounded subsets of E; show that u+> f ou is a continuous 
linear mapping from ¥,(E; F,) into A (E; F,). 


8) Let E be a topological vector space, with a set of bounded subsets of S. Let (G,),-; be a 
family of topological vector spaces, and F be a vector space (over the same field of scalars 
as E and the G,); for every € I, let g, be a linear mapping from F into G,. Suppose F is assigned 
the coarsest topology for which the g, are continuous. Show that the S-topology on #(E; F) 
is the coarsest topology for which the linear mappings u+> g, o u from #(E; F)into & (E;G,) 
are continuous. In particular, if F = [] G,, the product space [] 4 (E; G,) is canonically 


tel tel 


identified with Y (E; F). 


9) Let E and F be two Hausdorff topological vector spaces, and H an equicontinuous subset 
of Y(E; F). Show that if there exists a countable total set in E, and if every bounded subset 
of F is metrizable, then H is metrizable for the topology of simple convergence in E. If moreover, 
every bounded subset of F satisfies the first axiom of countability, then so does H. 


10) Let E be a topological vector space, which is a Baire space, and F be a topological vector 
space. 
a) Show that, if a subset H of #(E; F) is bounded for the topology of simple convergence, 
then H is equicontinuous (for every closed neighbourhood V of 0 in F, consider the sets 
M, = NM u7*(nV)). 

ucH 
b) Show that, if a subset H of #(E, F) is not equicontinuous, the set of all x e E such that 
H(x) is not bounded in F is the complement of a first category set. Deduce from this that, 
if (H,,) is a sequence of subsets of “(E; F) which are not equicontinuous, then there exists 
an x € E such that none of the sets H,(x) is bounded in F (« principle of condensation of singu- 
larities »). 


“7 11) Let T be a metrizable topological space, E a topological vector space which is a Baire 
space, and M a family of mappings from E x T into a topological vector space F, satisfying 
the following conditions : 

1° for all t, € T, the set of all mappings x + f(x, tf.) where f runs through M, is an equicon- 
tinuous set of linear mappings from E into F; 


2° for all xy € E, the set of all mappings t:> f(xp, ¢) from T into F, where f runs through M, 
is equicontinuous. 
Show that M is equicontinuous. (Given ¢, ¢ T and a closed balanced neighbourhood V of 0 
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in F, for every x € E, let d, be the upper bound of the radii of all open balls with center t) in T 
such that, for an arbitrary point ¢ in one of these balls, we have f(x, t) — f(x, to) € V for all 
J €M. Show that x + d, is upper semi-continuous at every point x) ¢ E; for this, show that 
if we had d. > a > d, for points arbitrarily close to x,, then for every neighbourhood W 
of 0 in F, f(Xos t) — t (Xo. ty) would belong to V + W for d(t, tp) < a and f eM. Finally 
use GT, IX, § 5, No. 4, th. 2.) 


12) Let E be a bornological locally convex space, and S be a family of bounded subsets of E 
containing the image of every sequence converging to 0. 

a) Show that for every locally convex space F, every bounded subset of ¥ (E; F) is equi- 
continuous, 

b) Show that if F is a Hausdorff and quasi-complete locally convex space, then the space 
£;(E; F) is quasi-complete. 


13) Show that if E is a Hausdorff and semi-complete locally convex space, then for every 
locally convex space F, every subset of #(E; F) bounded for the topology of simple conver- 
gence is bounded for every S-topology. 


§ 4 


1) Show that the completion of a Hausdorff barrelled space is barrelled. 


2) Let E be a vector space over R or C. Show that E, with the finest locally convex topology 
on E (II, p. 25) is barrelled. Deduce from this examples of barrelled spaces which are not 
metrizable and are not Baire spaces. 


3) Let E be a Hausdorff locally convex space with a countably infinite base (a,). 

a) Show that E admits a countable, topologically independent base (e,) (using the fact that 
every line in E has a topological complement, define the e, by induction). 

b) Show that, for E to be barrelled, it is necessary and sufficient that the topology 7 of E is 
identical with the finest locally convex topology on E (observe that the convex balanced 
envelope of every sequence (A,¢,) is closed in E). In particular, if Z is metrizable, E is not 
barrelled (cf: exerc. 2). 


4) Let E bea Banach space in which there exists an infinite algebraically independent sequence 
(a,) which is total in E (for example the space e'(N) (L, p. 4)). Let B be a base of E containing 
the a,; we know (II, p. 80, exerc. 24) that B is not countable. Let (e,) be a sequence of distinct 
elements of B, and distinct from the a,, and let C be the complement of the set of the e, in B. 
Let F,, be the vector subspace of E generated by C and the e, for indices k < n; Eis the’ union 
of the F,,. Let S be the unit ball in E; show that there exists an index n such ‘that So F,, 
not a first category set. Deduce that for this value of n, F,, is a metrizable, non-complete Bare 
space. 


5) Give an example of a locally convex space which is a complete, Hausdorff Baire space, 
but is not metrizable (cf GT, IX, § 5, exerc. 16). 


6) A locally convex space E is said to be relatively bounded if there exists a bounded barrel 
in E. 

a) In order that E be relatively bounded, it is necessary and sufficient that the topology of E 
is coarser than a topology defined by a semi-norm. Then there exists a base for the canonical 
bornology of E consisting of barrells. 

b) For E to be bornological and relatively bounded, it is necessary and sufficient that the 
topology of E is the lower bound of a family of normed space topologies on E (cf. III, p. 40, 
exerc. 1). Further, in order that there exist also a countable base for the canonical bornology 
of E, it is necessary and sufficient that the topology of E is the lower bound of a sequence of 
normed space topologies. 
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7) A locally convex space E is said to be infra-barrelled if every barrel of E which is borni- 
verous (III, p. 39, exerc. 11) is a neighbourhood of 0 in E. Every bornological space is infra- 
barrelled; every barrelled space is infrabarrelled. Show that the completion of a Hausdorff 
infrabarrelled space is barrelled (use the fact that in a Hausdorff locally convex space E, each 
barrel absorbs every convex, balanced, bounded and semi-complete subset of E). 


8) Let (E,),.; be a family of infrabarrelled spaces, and for every1 € I, let f, be a linear mapping 
from E, into a vector space E. Show that the space E, with the finest locally convex topology 
for which the f, are continuous, is infrabarrelled. In particular, every quotient space of an 
infrabarrelled space is infrabarrelled; every topological direct sum of infrabarrelled spaces is 
infrabarrelled. 


9) Let I be an uncountably infinite set; on the direct sum vector space E = R®, consider, 
on the one hand, the finest locally convex topology 7, and on the other hand, the topology 7, 
defined in I, p. 24, exerc. 14, which is locally convex; we know that 7 and J, are distinct 
(II, p. 75, exerc. 11) and that E with 7) is complete (GT, III, § 3, exerc. 10). Show that the 
bounded sets in E are the same for 7 and J, (IIL, p. 39, exerc. 10) and that E with 7, is not 
barrelled (observe that the set T of all x = (&,) € E such that )’ |&,| < 1 is a barrel and use 
exerc. 11 of II, p. 75). = 


10) Show that an infrabarrelled space in which every closed convex balanced and bounded 
subset is semi-complete is a barrelled space. 


11) Let E be an infrabarrelled space, F a locally convex space. Show that every subset of 
L (E; F) which is bounded for the topology of bounded convergence is equicontinuous. 


“7 12) a) Let E be a locally convex space, (A,) an increasing sequence of convex balanced 
sets in E such thatA = U A, is absorbent. Let(W,,) be a decreasing sequence of convex balanced 


neighbourhoods of 0; then the convex balanced envelope V of the W, 7 A, is absorbent; 
if E is barrelled, V is a neighbourhood of 0. 

b) Let & be a filter on E; suppose that for every n, there exists a set M, e & such that 
(M,, + W,,) 0 A, = ©. Let V,, be the convex balanced envelope of the W, 7 _A, fork <n—1 
and of W,, in such a way that V,, is a neighbourhood of 0 and that we have $V c V, for all n. 
Show that(M,, + V,) 0 A, = © for alln. 

c) Deduce from a) and b) that if E is barrelled and if § is a Cauchy filter on E, then there exists 
an integer N such that, for all M € & and every neighbourhood W of 0 in E,M + W meets Ay. 
(Argue by contradiction ; with the notations of 5), consider a set M € § with small order $V.) 


4 13) a) Let E be a barrelled space, (C,,) an increasing sequence of convex, balanced sets 
such that E = UC,. Let U be a convex, balanced and absorbent set such that for every n, 


UC, is closed in C,. Show that U is a neighbourhood of 0 in E. (Show that U < 2U, by 
considering a filter § on U converging to a point x e E and applying exerc. 12, c)). 

b) Let E bea barrelled space, (E,,) an increasing sequence of subspaces of E such that E = U E,. 
Show that if U is a subset of E such that U 1 E, isa barrel in E, for every n, then U is a neigh- 
bourhood of 0 in E. In particular, E is the strict inductive limit (IL p. 33) of the sequence (E,). 


“ 14) a) LetE bea Hausdorff locally convex space, L a subspace of E with finite codimension, 
and T a barrel in L. Show that there exists a barrel T’ in E such that T’ 1 L = T (show that 
we can take for T’ the sum of the closure T of T in E and of a finite dimensional compact convex 
set). 

b) Let E bea barrelled space, L a subspace of E, which has a complement having a countable 
basis. Show that L is barrelled (use a) and exerc. 13, b)). : 

*c) Let E be a Hausdorff locally convex space ; its completion E can be identified with a closed 
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subspace of a barrelled space F, which is the product of a family of Frechet spaces (II, p. 5, 
prop. 3 and IV, p. 14, corollary). Let (e,),.4 be the basis of a complement in F of the subspace E, 
and let H, be the hyperplane in F generated by E and the e, for indices B # «; by 5), H, isa 
barrelled space. For every x € E, let u(x) be the point of the barrelled space G = [| H, (sub- 
acA 
space of F*) all whose coordinates are equal to x ; wis an isomorphism from E onto the subspace 
A © G, where A is the diagonal in F*. Show that u(E) = Aq Gisclosed in G, and consequently 
that every Hausdorff locally convex space is isomorphic to a closed subspace of a Hausdorff 
barrelled space. , 


15) Let E be a Hausdorff barrelled (resp. infrabarrelled) space, and E be its completion. Show 
that every subspace F of E which contains E is barrelled (resp. infrabarrelled) (cf IIL, p. 24, 
cor. and IV, p. 52, exerc. 1). 


“7 * 16) Let (E,),.; be an uncountable family of Hausdorff barrelled spaces, none of which are 
the point 0, and let E = [| E,; then E is barrelled (IV, p. 14, corollary). Let G be the subspace 
tel 

of E consisting of all points (x,) such that x, = 0 except for a countable number of indices. 

Every sequence of points of G which converges in E has a limit belonging to G, but G is dense 

in E. 

a) Show that every subset M of G’ = E’, which is bounded for o(E’, G) is contained in a 

finite product I] E; (IV, p. 12, prop. 13), where H is a finite subset of I; consequently M is 
veH 

bounded for o(E’, E). Deduce from this that G is barrelled. 

b) Let F bea subspace of E such that G c F c Eand such that G is a hyperplane (everywhere 

dense) in F; F is barrelled (exerc. 15). Show that F is not bornological. (Argue by reductio ad 

absurdum ; if there were a convex, balanced and bounded set A in F such that G is an everywhere 

dense hyperplane in the normed space F, (III, p. 7), then there would exist a sequence of 

points of G converging to a point of F not belonging to G) (cf. IV, p. 52, exerc. 2). , 


17) a) Let E be a Hausdorff locally convex space, L a vector subspace of E of finite codimen- 
sion, and T a borniverous barrel in L. Show that there exists a borniverous barrel T’ in E 
such that T’ > L = T. (Reduce to the case where L is a hyperplane in E. Let E, be the borno- 
logical space associated with E (III, p. 40, exerc. 1), L, the hyperplane L with the topology 
induced by that of E, ; observe that T is a neighbourhood of 0 in L, and consider the following 
two cases : that Lo is dense in Ep, or is closed in E, ; show that for T’ we can take the closure 
T of T in E or the sum of T and a compact convex set of dimension 1). 

5) Let E be an infrabarrelled space, L a vector subspace of E of finite codimension. Deduce 
from a) that L is infrabarrelled (cf IV, p. 64, exerc. 11). 


7 18) Let E bea strict inductive limit space of an increasing sequence (E,,) of locally convex 
metrizable subspaces (II, p. 33), and let F be a vector subspace of E such that every point 
of E is a limit point of a sequence of points of F. _ 

a) If E, is the closure of E, in E, then E is the strict inductive limit of the sequence (E,). Let 
F, be the closure of F 7 E, in E. Show that E is the union of the increasing sequence of sub- 
spaces F,,. 

A Suppose E is barrelled. Show that F is bornological. (Let u be a linear mapping from F 
into a Banach space G which transforms every bounded subset of F into a bounded subset 
of G. Show that there exists a linear mapping from E into G, whose restriction to F is equal 
to u, and whose restriction to each F,, is continuous. Finally use exerc. 13, 5) of III, p. 44.) 


19) A Hausdorff locally convex space E is said to be ultrabornological if every convex subset 
of E which absorbs all the convex, balanced, bounded and semi-complete subsets of E, is a 
neighbourhood of 0 in E. 

a) Show that every ultrabornological space is both bornological and barrelled. 

b) Let E be a Hausdorff locally convex space such that the closed, convex, balanced envelope 
of the set of points of every sequence tending to 0 is semi-complete. Show that if E is borno- 
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logical then it is ultrabornological. In particular every bornological and quasi-complete 
space is ultrabornological; every Fréchet space is ultrabornological. 

c) Let (E,) be a directed increasing family of vector subspaces of a vector space E such that, 
E is the union of the E,. Let 7, be a locally convex topology on E, for every «, and let 7 be 
the finest locally convex topology for which the canonical injections from E, into E are conti- 
nuous. Suppose that 7 is Hausdorff and that, for every a, the topology on E, induced by 7 
is 7,. Show that if each of the spaces E, is ultrabornological, then E with 7 is ultrabornological. 
d) Show that every finite product of ultrabornological spaces is ultrabornological; deduce 
that every topological direct sum of ultrabornological spaces is ultrabornological. 


e) Show that the product space E= 5 E, of an infinite sequence of ultrabornological 
n=0 

spaces is ultrabornological. (Let A be a convex subset of E which absorbs every convex, 

balanced, bounded and semi-complete subset of E. Show that if A were not a neighbourhood 

of 0 in E, then there would have existed a sequence (x,) in § A such that x, has its first — 1 

coordinates zero, but is # 0. Next observe that the closed convex balanced envelope of the set of 


points of such a sequence is identical to the set of points } i,x,, where >) |A,| < 1, and 
n=0 n=0 


that this envelope is a semi-complete set.) 


20) Show that, for a Hausdorff locally convex space E to be ultrabornological it is necessary 
and sufficient that it is the inductive limit of a family of Banach spaces. (To see that the condition 
is necessary, consider the convex, balanced, bounded and semi-complete sets B in E, and the 
spaces E,. To see that it is sufficient, observe that if E is the inductive limit of a family of Banach 
spaces E,, we can assume that the E, are (algebraically) subspaces of E; if V is a convex set 
in E which absorbs the convex, balanced, bounded and semi-complete subsets of E, show 
that V absorbs each ball B, of E, (argue by reductio ad absurdum) ; if V does not absorb B,, 
then it does not absorb a sequence (x,) of points of B,, tending to 0 in E; then use the fact 
that in a Banach space, the closed, convex envelope of a compact set is compact.) 


21) Show that if E is a Hausdorff locally convex semi-complete space, then the bornological 
space associated with E (III, p. 40, exerc. 1) is ultrabornological. 


“— 22) Let E be an infinite dimensional Banach space satisfying the first axiom of counta- 
bility. 

a) Show that the set % of all compact, convex and balanced subsets A of E such that E, 
is infinite dimensional, is infinite and has a cardinality < 2°74 (GT, IX, § 5, exerc. 17). 
For every x) € E and every Ae #, the set x) + A contains a free subset of cardinality 20°74) 
(IL, p. 80, exerc. 24, c)). 

b) Let x) # 0 be in E. Show that there exists a family (v4), such that x) and the y, forma 
free family and that we have y, € xX) + A forall Ae % (well order % and argue by transfinite 
induction, using a)). 

c) Let f € E* be a linear form such that f(x9) = 1 and f(y,) = 0 for all Ac %, and let 
H = f '(0). Show that a subset M of H which is convex, balanced and semi-complete is neces- 
sarily finite dimensional (observe that if not, M will contain an infinite dimensional compact 
convex and balanced set A; hence y, will belong to H nm (xy + M)). 

d) Show that H with the topology induced by that of E is not ultrabornological, in spite of 
being bornological and barrelled (III, p. 44, exerc. 14). (By using c), show that if H were ultra- 
bornological, its topology would have been the finest locally convex topology, and deduce 
a contradiction.) 


$5 


1) Let E, F and G be three locally convex spaces, S a cover of E consisting of bounded sets. 
Show that if u is a separately continuous bilinear mapping from E x F into G such that for 
every set Me © the restriction of u to M x F is continuous, then u is S-hypocontinuous. 
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2) Let E be the direct sum space R®, with the topology induced by the product topology 


on RN. Show that the bilinear form ((x,), (y,)) ~~ ¥ x,y, on E x E, is separately continuous, 
but that for every set S of bounded subsets of E containing at least one infinite dimensional 
bounded set, this bilinear form is not S-hypocontinuous. 


3) Let E be the space R™ with the finest locally convex topology (II, p. 26) ; let F be the space 
RN; the space E is ultrabornological (III, p. 45, exerc. 19) and complete, whilst F is metrizable 
and complete. Let S (resp. T) be the set of all bounded subsets of E (resp. F). Show that the 


bilinear form ((x,), (,)) 2 ¥) X,), ONE x F is(S, T)-hypocontinuous, but is not continuous 


n=0 


(cf. IV, p. 48, exerc. 11). 


4) Let E be a locally convex space, F an infrabarrelled space (III, p. 44, exerc. 7) and T the set 
of all bounded subsets of F. Show that, if a bilinear mapping from E x F into a locally convex 
space G is T-hypocontinuous, it is (S, T)-hypocontinuous for every set S of bounded subsets 
of E (cf. Ill, p. 44, exerc. 11). 


5) a) Let E, Fand G be three Hausdorff locally convex spaces, and ua bilinear mapping from 
E x F into G. In order that there exist a balanced neighbourhood U of 0 in E such that the 
set of all mappings u(x, .), where x runs through U, is equicontinuous in #(F; G), it is neces- 
sary and sufficient that uw is continuous when we replace the topology of E by the coarsest 
topology for which the sets XU (A # 0) form a fundamental system of neighbourhoods of 0. 
Show that if G is normed, this condition is satisfied by every continuous bilinear mapping 
from E x F into G. 

b) Take for E, F and G the product space RN, and for wu the continuous bilinear mapping 
((x,). (¥,)) — (%,),). Show that there does not exist any neighbourhood U of 0 in E such that 
the set of maps u(x, .), where x runs through U, is equicontinuous in #(F; G). 


6) Let E, F and G be three topological vector spaces. A set H of bilinear mappings from E x F 
into G is said to be separately equicontinuous if for all x € E, the set of linear mappings u(x, .), 
where uw runs through H, is equicontinuous in #(F; G) and if for all ye F, the set of linear 
mappings u(., y), where uw runs through H, is equicontinuous in #(E; G). 

Suppose that F is metrizable, and that E is a Baire space (cf. III, p. 43, exerc. 5 and V, p. 79, 
exerc. 15). Show that every separately equicontinuous set of bilinear mappings from E x F 
into G is equicontinuous (cf. III, p. 42, exerc. 11). 


7) Let E, F and G be three topological vector spaces, S a set of bounded subsets of E, and 
H a set of separately continuous bilinear mappings from E x F into G. The following pro- 
perties are equivalent : 

a) For every neighbourhood W of 0 in G and every set M ¢€ G, there exists a neighbourhood 
V of 0 in F such that uM x V) c W for all we H. 

B) For every set M € G, the image of H x M under the mapping (u, x) +> u(x, .) is an equi- 
continuous subset of #(F; G). 

y) As uruns through H, the set of mappings y +> u(., y) from F into ¥, (E; G) is equicon- 
tinuous. 
We then say that H is a S-equihypocontinuous set of bilinear mappings (separately continuous) 
from E x F into G. Similarly for a set T of bounded subsets of F, we define the notions of a 
Z-equihypocontinuous set and a (GC, T)-equihypocontinuous set. 


8) Let H be a G-equihypocontinuous set of bilinear mappings from E x F into G (exere. 7). 
For every subset M € GS, show that H is equicontinuous in M x F; moreover, for every 
bounded subset Q of F, the union of the sets uM x Q), where u runs through H, is bounded 
in G. 


9) Let H be a (©, T)-equihypocontinuous set of bilinear mappings from E x F into G 
(exerc. 7); show that for every pair of sets Me SG, N e€ TZ, H is uniformly equicontinuous in 
Mx N. 
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10) Let E,, E, and F be three topological vector spaces, G, (resp. G,) an everywhere dense 
subspace of E, (resp. E,), and ©, (resp. S,) a family of bounded subsets of G, (resp. G,). 
Let H be a set of separately continuous bilinear mappings from E, x E, into F; if the set of 
restrictions to G, x G, of the mappings ue H is (S,, S,)-equihypocontinuous, then so 
is H. 


11) If F is a barrelled space, every separately equicontinuous set of bilinear mappings from 
E x F into a locally convex space G is S-equihypocontinuous for every set S of bounded 
subsets of E. 


12) Let E, F be two topological vector spaces, and let f be the bilinear mapping (x, u) u(x) 
from E x #(E; F) into F; let Z be a topology compatible with the vector space structure 
of #(E; F) and finer than the topology of simple convergence. Let S be a family of bounded 
subsets of E, Ua family of bounded subsets of W(E; F) (for the topology 7 ). Show that f is 
S-hypocontinuous if and only if 7 is finer than the G-topology; f is U-hypocontinuous if 
and only if the sets of U are equicontinuous subsets of “(E; F). 


13) Let E, F, G be three topological vector spaces, and S (resp. T) a family of bounded subsets 
of E (resp. F). Let H be the vector space of T-hypocontinuous bilinear mappings from E x F 
into G. 

a) Show that on H the topology of uniform convergence on sets of the form M x N, where 
Me G and Ne @ is compatible with the vector space structure; this topology is called the 
(S, T)-topology on H. For every mapping u € H, let # be the continuous mapping x +> u(x, .) 
from E into %4(F; G). Show that w+> @ is an isomorphism from the space H, endowed with 
the (G, T)-topology, onto the space ¥YZ(E; Yq (F; G)). 

b) Let L bea subset of H such that, for every pair (x, y)¢ E x F, the set of all u(x, y), where u 
runs through L, is bounded in G (simply bounded subset of H). Show that, if E, F, G are locally 
convex, and if E and F are Hausdorff and quasi-complete, then L is bounded in H for the(G, T)- 
topology. 

c) Let E, F, G be three Hausdorff locally convex spaces. If E is barrelled and F quasi-complete 
or barrelled, then every simply bounded subset L of H is T-equihypocontinuous (III, p. 47, 
exerc. 7). 

d) If E and F are barrelled, and G quasi-complete, and if S and T are coverings of E and F 
respectively, then H is Hausdorff and quasi-complete for the (SG, Z)-topology. 


14) Extend the definitions and results of § 5 to arbitrary multilinear mappings. Let E, F, G 
be three topological vector spaces, S (resp. T) a family of bounded subsets of E (resp. F), 
and Ua family of bounded subsets of the space £5 (E, F; G) of bilinear (S, T)-hypoconti- 
nuous mappings from E x F into G, endowed with the (S, T)-  opelaey (exerc. 13). Show 
that the trilinear map (x, y, uv) u(x, y) from Ex F x Y5x (E,F;G) into G is (S, I)- 
hypocontinuous; in order that it is (S, UW)-hypocontinuous, it is necessary and sufficient 
that every set Le U is S-equihypocontinuous (III, p. 47, exerc. 7). 


“1 15) Let E be the space of all sequences x = (&,), of real numbers such that the series 
with the general term &, is convergent. Put |x|] = sup| © &|. 
n k= 


a) Show that ||x|| is a norm on E, and that E is complete for this norm. 
b) Show that the vector space ("(N) (I, p. 4), considered as a subspace of E, is Everywhere 


dense (for the topology of E); the topology on ¢'(N) defined by the norm |x|], = om 15, | 


is strictly finer than the topology induced by that of E. 
c) Let (P,,) be an increasing sequence of finite subsets of N x N forming a cover of N x N. 


For every x = (&,) € E and every y = (n,) € @(N), let fix, y) = & Ein;- Then the sequence 
(f,(x, y)) tends to a limit for every pair (x, y)eE x @(N) if and ‘only if for each of these pairs 
(x, y), the sequence (f,(x, y)) is bounded; the limit of f,(x, y) is then equal to ( Ds &,) ( 10m Nn) 


n=0 
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(Using exerc. 13, c) of III, p. 48, show that the sequence of bilinear forms (f,,) is equicontinuous, 

and observe that it converges in the subspace ?1(N) x ¢'(N); conclude the argument using b).) 

d) For every jéN, let p,, be the smallest number of closed intervals of N whose union is 

the projection of P, 1 (N x {/}) onto N; let p, = sup p,,. Show that the condition obtained 
jeN 


J 
in ¢) is equivalent to sup p, < + oo. (If , is the characteristic function of P,, show that 
n 


n? 


the norm of the bilinear form f, is sup(¥ |p,(4/) — 6,€@ + 1,/))).) 


n ‘ 
JjeN i=0 


§ 6 


“| 1) An exhaustion of a Hausdorff locally convex space is given by a sieve C = (C,, p,),>0 
(GT, IX, § 6, No. 5, def. 8) and, for every n > 0, a mapping p, from C, into the set of all convex 
and balanced subsets of E having the following properties : 

El) E is the union of the ,(c) where c ranges over Cy; 

E2) for every n and every ce C,, ,(c) is the union of the 9, , ,(c’) where c’ ranges over p, *(c); 
E3) for every sequence (c,),>, such that c,eC, and c, = p,(c,4,) for all k > 0, there exists 
a sequence (,) of numbers > 0 such that, for every sequence (x,) of points of E such that 
x, € b,(c,) and every sequence (A,) of real numbers satisfying 0 < A, < p, for all k, the series 


> 4X, is convergent in E. 
k=0 
a) Under the above hypotheses, show that if in addition the $,(c) are closed for ceC,, then 


i.e) 
we can assume that the p, have been so chosen that we have ¥ A,x,€0,(C,,) for all m > 1 
Ea k=m 


(take the p, such that ¥> p, < 1). 


k=0 


b) Suppose that we are given a sieve C and sequence (6,,) of mappings into the set of convex 
and balanced subsets of E satisfying El), E2) and the following condition : 
E3’) for every sequence (c,),5 9 Such that c, = p,(c,,,) for all k > 0, there exists a sequence 
(u,) of numbers > 0 such that, for every sequence (x,) of points of E with x, € $,(c,) for all k, 
the sequence of points (1,x,) is contained in a convex, bounded balanced and semi-complete 
set in E. 

Show that then the condition E3) is also verified (take p, = 27 *p,). 

A locally convex Hausdorff space is said to be exhaustible if there exists an exhaustion 
of E. 


47 2) Let E be a locally convex space which is a Baire space, F a locally convex exhaustible 
space (exerc. 1), and (C,,, p,,, >,,) an exhaustion of F. 

a) Let uw be a linear mapping from E into F and let W be a convex, balanced and absorbent 
set in F. Show that there exists a sequence (c,) such that c,€C,, ¢, = p,(c, 41) for all k > 0, 
and a sequence (m,) of integers > 0, such that each of the sets u~ '(,(c,) © m,W) (which 
is denoted by M,) is not a thin set in E. Show that for every « > 0, there exists a sequence 
(v,) of numbers > 0 such that if the sequence (x,),5, of points of E is such that x, €v,M, 
for all k > 1, the serie } u(x,) converges in F and that its sum belongs to eW. 

k=1 
b) Suppose, in addition, that E is metrizable and that the graph of u in E x F is closed. Show 
that for every ¢ > 0, we have u~'(W) < (1+8) u7 1(W). (Observe that if (U,) is a countable 
fundamental system of neighbourhoods of 0 in E, then for every k there exists a convex balanced 
neighbourhood V, of 0 in E such that V, c U, 0 v,M,. For every point aeu~ 1(W), find 
k 


a sequence (X,),>9 such that x)eu~'(W), x,¢v,M, fork > 1 anda— > x,eV, for all 
j=0 


k > 1, then apply a).) 
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c) Deduce from 5) that if E is a metrizable Baire space, then every linear mapping from E 
into F whose graph is closed is continuous. 


3) Show that a Fréchet space E is exhaustible (if (U,) is a decreasing sequence forming a 
fundamental system of closed, convex and balanced neighbourhoods of 0 in E, consider 
the finite intersections of the sets (m + 1) U,, where m and & run through N). 


4) a) Every closed subspace of an exhaustible locally convex space is exhaustible. 

b) Let E be an exhaustible locally convex space, and u:E > F a continuous linear surjective 
mapping from E into F. Show that F is exhaustible. In particular, every quotient space of E 
by a closed subspace of E is exhaustible. Every space obtained by assigning to E a Haus- 
dorff locally convex topology coarser than that of E is exhaustible. 


5) Let (C"”),,59 be a sequence of sieves C”™ = (C”, p\™),,). For every n > 0, put 


oO 
D, = Cx CH, xx CP x TL {ay}, 


m=nt1 
where a,, = 0 for all m > 0; the mapping p,:D,,, > D, is taken to be equal to 


PO x pRB» x x pM x g@@*D) x TT id, 
m=nt+2 
where q*?) is the unique mapping from C*’*) onto {0}, and id,, is the identity map of {a,, }. 
Then (D,, p,) is a sieve. 

Let (EB). be a sequence of Hausdorff locally convex spaces; we assume that for each 
m there exists an exhaustion (C®, p”, 6”), , 9 of E™. Consider the Hausdorff locally convex 
space E = [| E”, and for every n, put 

m 


b, = 4 x GD, x x 66) x TT te 
m=ntt1 
where W,, is the mapping from {a,,} into the set of convex and balanced subsets of E™ such 
that y,(a,,) = E™. Show that (D,, p,,,) is an exhaustion on the product space E. 


6) Show that an inductive limit (II, p. 31) of an increasing sequence of subspaces E,, of a 
vector space E, with topologies 7,,, such that E,, endowed with 7,, is exhaustible, is an exhaus- 
tible locally convex space, if it is Hausdorff. 


CHAPTER IV 


Duality in 
topological vector spaces 


Throughout this chapter, all the vector spaces under consideration are vector spaces 
over a field K which is either R or C. 


§ 1. DUALITY 


1. Topologies compatible with a duality 


In this section, E and F denote two vector spaces put into duality by a bilinear 
form B (II, p. 40). We recall (II, p. 41) that we defined two linear mappings 


dy: F > E*, s,:E— F* 
characterized by the relation 


(1) Bx, y) = <x, dg(y)> = <¥, Spx) 
for xe E, ye F. 


DEFINITION 1. — A locally convex topology Z on E is said to be compatible with 
the duality between E and F if dg is a bijection from F onto the dual of the locally convex 
space obtained by assigning the topology 7 to E. 


If there exists one such topology 7, the mapping d, is injective, that is to say, 
the duality between E and F is separating in F (II, p. 41). 


PROPOSITION 1. — (i) The closed convex subsets in E are the same for all the locally 
convex topologies on E which are compatible with the duality between E and F. 

(ii) The bounded subsets of E are the same for all the locally convex topologies 
on E which are compatible with the duality between E and F. 
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Let Z be a topology on E compatible with the duality between E and F, hence 
finer than o(E, F). If a convex subset of E is closed for 7, it is the intersection of 
closed, real half-spaces (II, p. 38, cor. 1), hence it is closed for o(E, F). This proves (i). 
Assertion (ii) was proved in cor. 3 of III, p. 27. 

Let F, denote the vector space F endowed with the weak topology o(F, E). Then 
the linear mapping s, maps E onto the dual (F,)’ of F, (I, p. 43, prop. 3). Let S 
be a family of bounded subsets of F,. By abuse of language, the inverse image under 
Sz of the S-topology on (F,)’ is called the G-topology on E. It is defined by the family 
of semi-norms 


(2) Da(X) = sup |B(x, y) |, 


where A runs through ©. In particular, when © is the family of finite subsets of F, 
the G-topology is precisely the weak topology o(E, F). 


DEFINITION 2. — Let E and F be two spaces in duality. The Mackey topology on E, 
denoted by ~(E, F) is defined as the S-topology on E, where & is the family of all sub- 
sets of F whose image in E* (under dg) is convex, balanced and compact for o(E*, E). 

When the duality between E and F is separating in F, d, is injective and the topo- 
logy o(F, E) on F is the inverse image under d, of the topology o(E*, E) on E*. 
In this case, S consists of all those subsets of F which are convex, balanced and 
compact for o(F, E). 

In general, if F, = d,(F) < E*, and if we denote by (x, y,)> B,(x, y,) the res- 
triction of the canonical bilinear form (x, x*)> <x, x*> to E x F,, then E and 
F, are put in duality by B,, and this duality is separating in F,, since by definition 
we have B(x, vy) = B(x, d(y)), def. 2 shows that 1(E, F) = 1(E, F,). 


Remark \1.— Let A be a compact convex subset of a Hausdorff locally convex 
space G, and let A be the closed convex balanced envelope of A. When the field K 
is R, the set A is the closed convex envelope of AU (— A); when K is C, the set A 
is contained in the closed convex envelope of 2A U (—2A) vu (2iA) u (—2iA). 
Consequently (II, p. 14, prop. 15), A is compact. 

We deduce, in particular, that when the duality between E and F is separating 
in F, the Mackey topology t(E, F) is also the S'-topology, where GS’ is the set of all 
convex subsets of F which are compact for o(F, E). In an analogous way we define 
the Mackey topology t(F, E) on F. 


THEOREM 1 (Mackey). — Let E and F be two spaces in duality ; suppose that the dua- 
lity is separating in F. In order that a locally convex topology FJ on E be compatible 
with the duality between E and F, it is necessary and sufficient that Z be finer than 
the topology o(E, F) and coarser than the Mackey topology WE, F). 

Identify F with its image in E* under d,. Let S, denote the set of all subsets of F 
which are convex, balanced and compact for o(F, E). By definition, t(E, F) is the 
S y-topology on E, hence is finer than o(E, F). 
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Lemma 1. — The subspace F of E* consists of all linear forms on E which are conti- 
nuous for t(E, F). 

Every element of F is a continuous mapping for o(E, F), hence for t(E, F). 

Conversely, let fe E* be continuous for t(E, F). There exists a neighbourhood U 
of 0 in E (for 1(E, F)), such that |f| < 1 on U; we can assume that there exists a 
set Ae S, such that U = A®. In other words, f belongs to the bipolar A°° of A 
for the duality between E* and E. But the topology o(F, E) on F is induced by 
o(E*, E); consequently A is convex, balanced and compact for o(E*, E), and the 
theorem of bipolars (II, p. 44, th. 1) implies the equality A = A°°. Therefore we 
have that fe F, from which the lemma follows. 


Lemma 2.— Let F be a locally convex topology on E such that every linear form 
on E which is continuous for Z belongs to F. Then JZ is coarser than ~(E, F). 

Let U be the set of convex, balanced neighbourhoods of 0 for 7. Let S be the 
set of polars in F of elements of U. By cor. 2 of HL p. 17, we have S < Go, and by 
cor. 1 of prop. 7 of III, p. 19, 7 is identical with the S’-topology, where G’ is the 
set of polars of sets of U in the dual E’ of E. But E’ c F, by hypothesis, hence every 
set of S’ is contained in a set of S; and the lemma follows. 

Let 7 bea topology on E compatible with the duality between E and F. Then 7 
is coarser than t(E, F) by lemma 2, and evidently 7 is finer than o(E, F). Conver- 
sely, F is the dual of E for the topology t(E, F) (lemma 1) and for the topology o(E, F) 
(II, p. 43, prop. 3), hence also for every topology intermediate between t(E, F) and 
o(E, F). 


CorROLLARY. — Let p be a semi-norm on E. The following conditions are equivalent : 

(i) p is continuous for the topology WE, F); 

(ii) every linear form f on E, such that |\f| < p, comes from an element of F. 

(i) > (ai) : if p is continuous for t(E, F), every linear form f on E such that | f| < p 
is continuous for t(E, F), hence comes from an element of F by lemma 1. 

(ii) = (i) : let Z be the topology on E defined by the semi-norm p. If condition (ii) 
is satisfied, the linear forms on E which are continuous for 7 belong to F. By lemma 2 
7 is coarser than t(E, F), hence p is continuous for 7t(E, F). 


Remark 2. — * Let K be a convex subset of F which is compact for the weak topo- 
logy o(F, E) and p a positive measure on K. Put 


P(x) = | [BOx, »)| du(y) 
K 


for all xe E. It is immediate that p is a semi-norm. Moreover, for every x € E, the 
relation « |B(x, y)| < 1 for all ye K» implies that p(x) < w(K). This proves that 
the semi-norm p on E is continuous for the Mackey topology 1(E, F). ,, 


Example. — Let G be a locally convex space and G’ its dual. On G’, the weak topo- 
logy o(G’, G) and the topology of convex compact convergence (III, p. 14) are 
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compatible with the duality between G’ and G. In general, the strong topology 
and the topology of compact convergence on G’ are not compatible with the duality 
between G’ and G. Recall however that when G is Hausdorff and quasi-complete, 
the topology of compact convergence on G’ coincides with that of convex compact 
convergence (III, p. 8), hence is compatible with the duality between G’ and G. 


DEFINITION 3. — Let E and F be two vector spaces in duality, and F the family of 
subsets of F which are bounded for o(F, E). Then the 7 -topology on F is denoted by 
BCE, F). 


Similarly, we define the topology B(F, E) on F. It can be seen easily that the topo- 
logy B(E, F) is identical with B(E, F/E°), and we can reduce to the case when the 
duality between E and F is separating in F. 


Remarks. — 3) Let E, denote the space E endowed with the topology o(E, F). The 
barrels (III, p. 24) in E, are the subsets of E which are convex, balanced closed and 
absorbent for o(E, F). These are none other than the polars of the subsets of F 
which are convex, balanced and bounded for o(F, E). Consequently, the family of all 
barrels in E, is a fundamental system of neighbourhoods of 0 for the topology B(E, F) 
in E. In other words, a semi-norm on E is continuous for B(E, F) if and only if it is 
lower semi-continuous for o(E, F) (cf IIL, p. 24, prop. 1). 

4) Let Z be a topology on E compatible with the duality between E and F. By 
prop. 1, (ii) of IV, p. 1, the topology B(F, E) on F is none other than the strong topology 
on F, when F is identified with the dual of E (with the topology 7). 

5) The topology B(E, F) on E is finer than t(E, F). It is not, in general compatible 
with the duality between E and F (cf however § 2). In particular, a subset of E which 
is bounded for o(E, F) is not necessarily bounded for B(E, F). 


2. Mackey topology and weakened topology on a locally convex space 


Let E be a locally convex space and E’ its dual. We put E and F’ in duality by 
means of the canonical bilinear form (x, x’) <x, x’> on E x E’. This duality is 
separating in E’. We shall consider three topologies on E compatible with the duality 
between E and E’ : 

a) the given topology on E, which we shall call the initial topology, whenever 
any confusion is likely to arise; 

b) the topology o(E, E’), called the weakened topology on E; 

c) the topology t(E, E’), called the Mackey topology on E. 

The initial topology is finer than the weakened topology and coarser than the 
Mackey topology; moreover, these three topologies can be distinct (IV, p. 49, 
exerc. 8). 

By prop. 1 of IV, p. 1, these three topologies have the same closed convex sets, 
the same barrels, the same bounded sets and the same adapted bornologies. In 
particular : 


PROPOSITION 2. — Let E be a locally convex space, and let A be a convex subset of E 
( for example, a vector subspace of E). The closure of A is the same for the initial topo- 
logy and for the weakened topology of E. 
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Remarks. — 1) For a family (x;);-; of elements of E to be total (resp. topologically 
independent) for the initial topology, it is necessary and sufficient that it is so for 
the weakened topology; this follows from prop. 2. Hence we can apply the criteria 
of II, p. 43. 

2) Let 7, and 7, be two locally convex topologies on E, compatible with the 
duality between E and E’, 7, being finer than 7,. Then every neighbourhood of 0 
for Z,, which is convex and closed for 7, is closed for 7, by prop. 1 of IV, p. 1. 
Consequently (GT, I, § 3, No. 3, corollary) every subset of E which is complete for 7, 
is so for Z, also. 

In particular, every subset of E which is complete for the weakened topology is 
complete for the initial topology, and every subset of E complete for the initial 
topology is so for the Mackey topology. If E is quasi-complete for the weakened 
topology, it is so for every topology compatible with the duality between E and E’. 
If it is quasi-complete for the initial topology, it is so for the Mackey topology. 

3) Suppose E is Hausdorff (for the initial topology). Let A be a subset of E which 
is closed and bounded for o(E, E’), hence also for every topology compatible with 
the duality between E and E’. Since A is precompact for o(E, E’) (III, p. 3, Remark 5), 
assuming that A is compact for o(E, E’) is equivalent to A being complete for o(E, E’). 

Therefore, on account of remark 2, we see that : 


PROPOSITION 3. — Suppose E is Hausdorff, and E' its dual. Every subset of E which 
is precompact for the initial topology and compact for o(E, E’), is compact for the 
initial topology. 


4) The topology P(E, E’) (IV, p. 4, def. 3) is finer than the Mackey topology. If 
B(E, E’) is distinct from 1(E, E’), it is not compatible with the duality between E 
and E’. The space E is barrelled if and only if the initial topology is equal to B(E, E’) 
(IU, p. 24). 


PROPOSITION 4. — Let E be a locally convex space. The Mackey topology on E is 
identical with the initial topology in each of the following cases : 

a) E is barrelled; 

b) E is bornological; 

c) E is metrizable. 

We note first that the Mackey topology on E is identical with the initial topology 
if and only if every convex subset of E’ which is compact for o(E’, E), is equi-conti- 
nuous. This is certainly the case if E is barrelled (IH, p. 24, corollary). 

Suppose E is bornological; let V be a convex and balanced neighbourhood of 0 
in E for the topology t(E, E’). Let B be a subset of E, bounded-for the initial topology. 
Since B is bounded for the Mackey topology, V absorbs B, and since E is bornolo- 
gical, V is a neighbourhood of 0 for the initial topology. 

In case c), the space E is bornological (II, p. 12, prop. 2). 
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3. Transpose of a continuous linear mapping 


In this section, E, and E, denote two locally convex spaces, with respective 
duals E, and Ej. 

Let u be a linear mapping from E, into E,. For u to be continuous when E, and 
E, are assigned the weakened topologies, it is necessary and sufficient that fou 
belongs to E;, for all fe E; ; this is the case if u is continuous. Then the linear mapping 
ftefou from E; into E; is called the transpose of u and is denoted by ‘u. 


PROPOSITION 5. — Let u be a continuous linear mapping from E, into E,. 

(i) If E, and E, are Hausdorff then u is injective if and only if the image of ‘u is 
dense in E\, for the weak topology o(E{: E,). 

(ii) For 'u to be injective it is necessary and sufficient that the image of u is dense 
in E,. 

A vector subspace of E, is dense for the initial topology if and only if it is dense 
for the weakened topology (IV, p. 4, prop. 2). Prop. 5 then follows from II, p. 47, 
cor. 2. 


PROPOSITION 6. — Let u be a linear mapping from E, into E, which is continuous 
for the weakened topologies. For i = 1, 2, let S, be a family of bounded subsets of E;. 
In order that 'u is a continuous mapping from (E}) 5, into (E})s, it is necessary and 


sufficient that, for every set A € S,, there exist sets A,,..., A, in S, anda real number 
X > 0 such that X.u(A) is contained in the closed convex balanced envelope of 
Ay Wn AL, 


This is an immediate consequence of prop. 2 of III, p. 15. 


CoROLLARY. — Let u be a continuous linear mapping from E, into E,. Then ‘u is 
continuous when the duals E; are assigned the following topologies : 

a) the weak topologies o(E;, E;); 

b) the strong topologies B(E;, E,); 

c) the Mackey topologies (E;, E,); 

d) the topologies of precompact convergence. 

Moreover, if E, is Hausdorff, ‘u is continuous when the duals E; are assigned: 

e) the topologies of compact convergence (resp. compact convex). 

The only point which requires a proof is the case c), when the topologies of E, 
and E, are not necessarily Hausdorff. Then for every linear form fe E#*, fo ‘wu is 
a linear form on E; ; hence there is a linear mapping v: Ej* > E* which is continuous 
for the topologies o(E{*, E) and o(E5*, E5) and is such that dz, ou = vod,, 
where d,, is the canonical mapping from E,; into E;* (i = 1, 2). Consequently, if A 
is a subset of E, such that d, (A) is convex, balanced and compact for o(E{*, E;) 
then dg (u(A)) = v(dg(A)) is convex, balanced and compact for o(E3*, E,) since 
the topologies o(E{*, E,) and o(E;*, E,) are Hausdorff. 


‘In other words, u(S,) is contained in the smallest adapted bornology containing S, 
(IU, p. 3). 
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PROPOSITION 7. — Let u:E, > E, be a linear mapping. We assume that u is conti- 
nuous for the weakened topologies of E, and E,. 

(i) The mapping u is continuous if E, and E, are assigned their Mackey topologies. 

Gi) If E, is bornological or barrelled, then u is continuous for the initial topologies 
of E, and E,. 

(iii) In order that u be continuous for the initial topologies of E, andE 4, it isnecessary 
and sufficient that the image under ‘u of every equicontinuous subset of E, be equi- 
continuous in E}. 

The hypothesis implies that ‘w is continuous for the weak topologies o(E}, E,) 
and o(E}, E,) (II, p. 46, corollary) hence the image under 'w of a convex, balanced 
and compact subset for o(E,, E,) is convex, balanced and compact for o(E}, E,), 
the topologies o(E,, E,) and o(E{, E,) being Hausdorff. Therefore, assertion (i) 
follows from GT, X,§ 1, No. 4, prop. 3, b). Assertion (ii) is a consequence of(i) : for, if E, 
is bornological or barrelled, its initial topology is the Mackey topology, and the 
Mackey topology of E, is finer than the initial topology of E,. Finally, the initial 
topology of E, is that of uniform convergence on equicontinuous subsets of E; 
(III, p. 19, cor. 1 of prop. 7). This proves (iii). 


COROLLARY. — Suppose E, is a normed space. Let u be a linear mapping from E, 
into E,. The following properties are equivalent : 

a) u is continuous; 

b) u is continuous for the weakened topologies; 

c) the image of the unit ball in E, under u is bounded in E, ; 

d) for every sequence (x,) of points of E, tending to 0 for the initial topology, the 
sequence (u(x,)) is bounded for the weakened topology of E,. 

Since E, is bornological the equivalence of a) and 5) follows from prop. 7; that 
of a) and c) is immediate. The equivalence of a) and d) follows from prop. 1 of IV, 
p. 1, and from prop. 1 of III, p. 11. 


PROPOSITION 8. — (i) Let E be a normed space, with dual E'. For every x EE, we 
have 


(3) Ix = sup <x, x’>]. 


x’eR’,||x’ || <1 


(ii) Let E, and E, be two normed spaces and u a continuous linear mapping from 
E, into E,. We have 


(4) I|fce|| = |u| . 
Let x cE. For every x’ € E’ such that ||x’|] < 1, we have 
Kx, x'>| < [ll Ix’ < [d- 


By Hahn-Banach theorem (II, p. 23, cor. 2), there exists an element x’ in E’ such 
that |x’|| < 1 and <x, x’> = |x\|. This proves (i). 
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Let us now prove (ii). By formula (3) and the definition of the transpose, we have 


|‘ui| = sup |'uy)] = sup |< x, u(y’) >| 
lly <a lly <1, [xl <4 
= sup |Ku(x), y'>| = sup |u(x)|| = lull . 
llxll <4, lly’ <1 IlxI| <1 
Remarks. — 1) Formula (3) is a particular case of (4), corresponding to the linear 


mapping +> Ax from K into E. 

2) Put Bix, y’) = (u(x), V'> = <x, ‘u(y’)> for xeEE,, y’€E,. The above proof 
shows that B is a continuous bilinear form on E, x Ej, with norm (GT, X, § 3, No. 2) 
equal to ||u||. 


CoroLiary. — Let E be a normed space satisfying the first axiom of countability. 
There exists a countable subset D of E’ — {0} such that we have 


(5) I|xl| = sup |< x, §>|/I16|) 
EeD 


for all x EE. 

Let B’ be the unit ball of the dual E’ of E with the weak topology o(E’, E) assigned 
to it. Then B’ is a compact metrizable space (III, p. 19, cor. 2); hence there exists 
a countable dense subset D’ in B’. Put D = D’n (E’ — {0}). Let x e E; the mapping 
x't+ <x, x’> from B’ into K is continuous, therefore 


sup |¢x, x’>| = sup Cx, &>] < sup |< E>//116 I < al. 


Formula (5) now follows from (3). 


4. Dual of a quotient space and of a subspace 


Throughout this section, E denotes a locally convex space, M a vector subspace 
of E, and M® the orthogonal of M in the dual E’ of E. Let p be the canonical mapping 
from E onto E/M;; then ‘p is injective, with image M°, hence defines a vector space 
isomorphism (not topological) 


m™:(E/M)' > M°. 


Similarly, let i be the canonical injection from M into E. Then ‘i is surjective (II, 
p. 24, prop. 2); its kernel is equal to M°, and we get a vector space isomorphism (not 
topological) 


1:E'/M° > M’. 


PROPOSITION 9. — (i) For a subset A of (E/M)' to be equicontinuous, it is necessary 
and sufficient that m(A) is an equicontinuous subset of E’. 
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(ii) Let S be a set of bounded subsets of E, and S, the set of the images of subsets 
A é S inE/M. Then nx is an isomorphism from (E/M);, onto M°, where M° is assigned 
the topology induced by that of Es. 

(iii) Suppose E is anormed space then x is an isometry from the normed space (E/M) 
onto the normed subspace M° of E’. 

Let A be a subset of (E/M)’ and B = ‘p(A) c E’. Put 


a(S) = sup |C& &>| 


for all €€ E/M. In order that A be equicontinuous, it is necessary and sufficient 
that the mapping q from E/M into R, is a continuous semi-norm. This implies 
that q op is a continuous semi-norm on E (II, p. 27, prop. 5, (ii)). Since we have 


(qop)(x) = sup |X x, x’>| 


for all xe E, this in turn implies that B is equicontinuous in E’, and (i) follows. 
Let Ae G and let f be a continuous linear form on E/M. For every X¢ R,, we 
have |f| < 4 on p(A) if and only if |‘p(f)| < 4 on A; hence (ii). 
Finally we prove (iii). Let y’ be in (E/M)’. An element in E/M has norm < 1 if 
and only if it is the image under p of an element of norm < 1 in E. Hence 


Iv = sup {Ky y>| = ue sy |< p(x), y’>| 


yeE/M, || y|| <1 


sup |< x, ‘p(v”)>| = |'p(v |. 


xeE, ||x|| <1 


and 'p induces an isometry from (E/M)’ onto M°. 


PROPOSITION 10. — (i) For a subset A of M’ to be equicontinuous, it is necessary 
and sufficient that it is the image under ‘i of an equicontinuous subset of E’. 

(ii) Suppose M is closed in E. Let S be a covering of E consisting of bounded subsets 
and let S, be the set of subsets of M of the form M « A for A in S. The bijective linear 
mapping 1 from EZ /M° onto Mg , is continuous. It is a homeomorphism if S is a directed 
set for the relation < and consists of closed convex and compact sets for o(E, E’). 

(iii) If E is assumed to be normed, then. is an isometry from E'/M° onto M’. 

The image under ‘7 of an equicontinuous subset of E’ is an equicontinuous subset 
of M’ (IV, p. 7, prop. 7). Conversely, let A be an equicontinuous subset of M’. The 
topology of M is defined by the set of restrictions to M of the continuous semi- 
norms on E. Hence there exists a continuous semi-norm p on E such that | f(x)| < p(x) 
for all fe A and for all x e M. Let B be the set of all linear forms g on E such that 
|\g| < p and whose restriction to M belongs to A. The set B is equicontinuous in E’; 
by Hahn-Banach theorem (II, p. 23, cor. 1), we have ‘i(B) = A, hence (i) follows. 

We now prove (ii). By prop. 6 of IV, p. 6, the linear mapping ‘i from Eg into M¢, 
is continuous, and defines, by passing to the quotient, a continuous linear mapping 
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. from EZ/M° onto M4,. Let 7 be the topology on M’ obtained by transferring 
that of E,/M° by 1; this is finer than the S,-topology. 

Suppose now that S is a directed set for < and consists of closed, convex, balanced 
and compact sets for o(E, E’). To show that 1 is a homeomorphism, i.e. that 7 is 
coarser than the S,-topology on M’, it is enough to prove that Y is compatible 
with the duality between M’ and M and that every equicontinuous set in M (consi- 
dered as the dual of M with 7) is contained in the homothetic of a set belonging 
to S,. Since 7 is finer than the S,-topology and G, is a covering of M, the linear 
form y't><¢y, y’> on M’ is continuous for Z for every ye M. Let f be a linear 
form on M’ which is continuous for 7 ; then fo ‘iis a continuous linear form on Eg. 
The S-topology on E’ is coarser than the Mackey topology t(E’, E); for, the mapping 
d,: E— E’”* is continuous for the topologies o(E, E’) and o(E’*, E’), and since the 
latter is Hausdorff, the image under d, of a set which is compact for o(E, E’) is 
compact for o(E’*, E’). By lemma 1 of IV, p. 3, there exists x»¢E such that 
S(i(X’)) = < Xo, x’> for all x’eE’. In particular, <x, x’> = 0 for all xe M°, and 
since M is closed in E, we have Xy € M (II, p. 45, cor. 2); and finally, f(y’) = «Xo, y’> 
for all y’e M’. This proves that Z is compatible with the duality between M and M'. 

Now let A be a subset of M equicontinuous for the topology 7 on M’. By the 
definition of 7, and in view of the hypothesis that S is directed, this means that 
there exists a set Be S containing 0 and such that the upner bound A of the numbers 
I<, ae | for ye A and x’ &BY, is finite (III, p. 19, prop. 7). Since B is closed in E, 
the theorem of bipolars (II, p. 44, th. 1) shows that we have A < A(BO M); this 
completes the proof of (11). 

We shall now prove (iii). Let y’e¢ M’. We shall prove the formula 


(6) ly = inf |[x’]. 

ti(x')=y" 
By prop. 8, (ii) of IV, p. 7, we have ||‘i|| = |j7||, and so ||‘7|| < 1, and 
(7) ly] < inf |x’]. 


Fi(x')= y’ 
By Hahn-Banach theorem (II, p. 23, cor. 3), there exists a linear form xg on E which 
extends y’ and is of the same norm; hence we get the inequality opposite to (7), 
since 'i(xo) = y’. 


Remark. — We know (II, p. 48, prop. 7, (ii)) that 1 is a topological vector space isomor- 
phism from E{|M° onto M{ (weak duals). For the topology of compact convex conver- 
gence, prop. 10 shows that 1 is an isomorphism from E/,/M° onto M/. when E is Haus- 
dorff and M closed in E. For the strong topologies, 1 is a continuous mapping from 
E,/M® onto M;,; it is an isomorphism if E is a Banach space * or if E is semi-reflexive 
and M is closed in E (IV, p. 15) ,, but this is not always so if E is a Fréchet space (IV, 
p. 58, exerc. 5, c)). 


PROPOSITION 11. — (i) The weakened topology on E/M is the quotient of that on E; 
the weakened topology on M is induced by that of E. 
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(ii) The Mackey topology on E/M is the quotient of that on E; the Mackey topo- 
logy on M is finer than the topology induced by t(E, E’). 


Assertion (i) follows from prop. 7 of II, p. 48. 

The canonical injection i:M — E is continuous for the weakened topologies, 
hence for the Mackey topologies t(M, M’) and t(E, E’) (IV, p. 7, prop. 7). Similarly, 
the canonical projection p:E > E/M is continuous for the Mackey topologies. We 
see immediately that the quotient topology on E/M obtained from 71(E, E’) is com- 
patible with the duality between E/M and (E/M)’, hence is coarser than the Mackey 
topology on E/M, by Mackey’s theorem (IV, p. 2, th. 1). This proves (ii). 


5. Dual of a direct sum and of a product 


For every ie I, let (E;, F;) be a pair of vector spaces, set in duality by a bilinear 
form B;. We put E = |] E, and F = © F,, and we identify each F, with a subspace 


iel iel 


of F. We put E and F in duality by means of the bilinear form 


(8) Bix, y) =). By. ¥,) for x=(x) and y =(y) 


(the family (B,(x;, y;));-; has finite support). 
We recall (II, p. 50, prop. 8) that the weak topology o(E, F) is the product of the 
weak topologies o(E,, F;). 


Lemma 3. — (i) For every iel, let S, be a family of subsets of F,, which is bounded 

for o(F;, E,); put S =U S;. Then the S-topology on E is the product of the S,- 
iel 

topologies on the E,. 

(ii) For every ie I, let 3; be an adapted bornology on the space E; endowed with 
the weak topology o(E;, F;), none equal to {@}. Let 3 be the family of subsets A 
of E =|] E, such that pr{A)€ 3, for alliel. Then the 3-topology on F is the direct 

ie] 
sum of the 3,-topologies on the F,,. 
Let 7 be the product of the S,-topologies. The sets of the form 
A=[][A;? x [] E,; 
ieJ ieI—J 
where J < I is finite and A; € GS; for all ie J, form a fundamental system of neigh- 
bourhoods of 0 for 7. We have A = (UA,)°, hence 7 is identical with the S-topo- 
ieJ 

logy. This proves (i). 

We assign the 3-topology to F and the 3,-topology to each F;. For every subset 
A of E, we have F; ~ A® = pr,(A)°, hence the injection from F; into F is continuous. 
Let g be a semi-norm on F; we assume that the restriction q, of g to F; is continuous 
for all i¢ I. Then we can find non-empty subsets A;¢3,; such that we have 


(9) adv) < ae |Bix;, »)| (y,€F)). 
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Put A =]] A,; then AeS. For y = (),),-; in F, we have 


iel 


ay) < ¥ adv) < ¥ sup |BAx;,, »)| = sup |BOx, »)|. 
icl ic] xjeA; xe. 
where the last equality follows from (8) since the family (),),., has finite support 
and the A, are non-empty and can be assumed balanced (GT, IV, § 5, No. 7, cor. 2 
to prop. 12). This inequality proves that q is continuous on F, and hence (ii). 


PROPOSITION 12. — The topology B(F, E) is the direct sum of the topologies B(F;,, E,). 
The topology B(E, F) is the product of the topologies B(E;, F;). 

We shall apply lemma 3 taking for ©, the family of all subsets of F; which are 
bounded for o(F,, E,) and for 3, the family of all subsets of E,; which are bounded 
for o(E,, F;). 

By cor. 2 of III, p. 4, 3 is the family of all subsets of E; which are bounded for the 
product topology of the o(E;, F;), which is identical with o(E, F). Hence our asser- 
tion on B(F, E) follows. 

We endow F = © F;, with the topology 7 which is the direct sum of the topo- 


tel 
logies o(F;, E,). Then the dual of F consists of the linear forms y+> B(x, y) where 
x runs through E (II, p. 30, prop. 6). By prop. 1 of IV, p. 1, the topologies 7 and 
o(F, E) have the same bounded sets. Assume first that that the topologies o(F,, E,) 
are Hausdorff. By prop. 5 of III, p. 5, these sets are contained in a subset of the form 
>. B, with J < I finite and B, bounded in F, (for o(F;, E,)) for all ie J. Since ¥’ B; 
ieJ ieJ 
is contained in the convex envelope of U nB;, where n = Card(J), we can apply 
ieJ 

lemma 3, to prove the assertion on B(E, F) in this case. 

For the general case, let N,; be the intersection of all neighbourhoods of 0 for 
o(F;, E,), and let N = )’ N;; then F/N is the topological direct sum of the F;/N; 


ie 
(II, p. 31, prop. 8); we deduce from this that every subset of F which is bounded 
for 7 is contained in a set of the form N + ) B, with J < I finite and B; bounded 
ieJ 
in F; for all ie J (IIL, p. 2, Remark 3); since the polar of this set in E is the same as 
that of )° B,, the result follows as above. 
ieJ 

PROPOSITION 13. — The Mackey topology t(F, E) is the direct sum of the Mackey 
topologies t(F;, E,) . The topology t(E, F) is the product of the topologies w(E,, F;). 

The assertion on t(F, E) follows from lemma 3 (ii) and the following property : 
for a closed, convex and balanced subset of F* = [] F* to be compact for o(F*, F), 

iel 

it is necessary and sufficient that its projection on each F* is compact for o(F¥, F,). 

To prove the assertion on t(E, F), assume first that the topologies o(F;, E,) are 
Hausdorff, it is enough (lemma 3 (i)) to prove that every subset A of F which is convex, 
balanced and compact for o(F, E) is contained in a set of the form ) A; where 

ieJ 


Jc I is finite and where A; is convex, balanced and compact for o(F;, E,). But 
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such a subset is bounded for o(F, E). By the proof of prop. 12, there exists a finite 

subset J of I such that A c )’ F,, and it is enough to take for A, the projection of A 
ieJ 

on F,. 

In the general case, with the same notations as in the proof of prop. 12, we have 
t(E;, F;) = (E,, F;/N;) and t(E, F) = t(E, F/N) (IV, p. 2) and since F/N is the 
topological direct sum of the F,/N;, we have reduced to the preceding case. 

QED. 


For the remainder of this paragraph, we assume that (E,),.; is a family of locally 
convex spaces. Let S denote the topological direct sum of the E, and P, their product. 
We define a linear mapping 6:S’ > [| E;, said to be canonical, by 


(10) A(x) = (Ea O'S’) 


(where S’ denotes the dual of S, and E; that of E,). 


PROPOSITION 14. — (i) The mapping ® is an isomorphism from the strong (resp. weak) 
dual of S = ® E, onto the product of the strong (resp. weak) duals of the E, : 


iel 

(ii) For a subset A of S' to be equicontinuous, it is necessary and sufficient that 
the projection of @(A) onto E; be equicontinuous for all ie I. 

(iii) The Mackey topology w(S, 8’) is the direct sum of the Mackey topologies 
t(E;, E}). 

(iv) The topology B(S, S’) is the direct sum of the topologies B(E,, E}). 

That 0 is bijective follows immediately from the definition of a topological direct 
sum (II, p. 30, prop. 6). Assertion (i) then follows from prop. 12 of IV, p. 12, for the 
strong topologies, and from prop. 8 of II, p. 50, for the weak topologies. Similarly 
(iii) follows from prop. 13 (IV, p. 12) and (iv) from prop. 12 (IV, p. 12). 

To prove (ii), let A be a subset of S’. Put 


(1) q(x) = sup |<x,x’>| for xeS; 
x’eA 

let g, denote the restriction of g to E,, whence 

(12) q(x;) = sup |<x,,x;>| for x,eE,, 
x/eA; 


where A; denotes the projection of 0(A) on E;. For A to be equicontinuous, it is 
necessary and sufficient that q is finite (that is, that each q, is finite) and continuous. 
In view of the characterization of continuous semi-norms on a topological direct 
sum (II, p. 27, prop. 5), this is the same as assuming that each gq, is continuous, or 
in fact, that each set A; is equicontinuous. Q.E.D. 

Let o be the linear mapping, said to be canonical, from © E; into the dual P’ 


iel 
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of P =[]E,, defined by the formula 


iel 


(13) <x, O(')> = DC %;5 X}> 


iel 


for x = (x,) in P and x’ = (x) in © E;. 

iel 
PROPOSITION 15. — (i) The map $ is an isomorphism from the topological direct 
sum of the strong duals of the E, onto the strong dual of P = [| E;. 


iel 

(ii) For a subset A of P’ to be equicontinuous, it is necessary and sufficient that 

it is contained in a finite sum )\ o(A,), where J <I is finite and where A, is equicon- 
ieJ 

tinuous in E; for allie J. 

(iii) The Mackey topology v(P, P’) is the product of the topologies t(E;, E;). 

(iv) The topology B(P, P’) is the product of the topologies B(E,, E;). 

It is immediate that $ is injective. A fundamental system of neighbourhoods of 0 
in P consists of sets of the form V = [| V; x []| E;, where J < I is finite and V, 


ieJ ieI—J 
is a neighbourhood of 0 in E, for i in J. The polar of V in P’ is equal to )’ o(V?). 
ieJ 
This proves the surjectivity of @ and also assertion (ii). 
Assertions (i) and (iv) follow from prop. 12 (IV, p. 12) and (iii) from prop. 13 
(IV, p. 12). 


CoROLLARY. — Every product of barrelled spaces is barrelled. 
A locally convex space E is barrelled if and only if the initial topology is identical 
with B(E, E’) (IV, p. 4, Remark 3). Hence it is enough to apply prop. 15 (iv). 


§ 2. BIDUAL. REFLEXIVE SPACES 


1. Bidual 


DEFINITION 1. — Let E be a locally convex space and E;, its strong dual. The dual 
of the locally convex space E, is called the bidual of E and is denoted by E”. 

For every xeE, let ¥ be the linear form x’+> <x, x’> on E’; it is continuous 
for the weak topology o(E’, E), hence a fortiori, for the strong topology on E’; 
therefore ¥ ¢ E” for all xe E. The map c, :x+> X¥ from E into E” is a linear mapping, 
said to be canonical. 


PROPOSITION 1. — The kernel of c,:E— E" is the closure of 0 in E. If E is Haus- 
dorff, Cz is injective. 

By construction, the kernel of c, is the intersection of the kernels of the continuous 
linear forms on E, i.e. the closure of {0} in E (II, p. 24, cor. 1). 

When E is Hausdorff, we identify E with a subspace of E”, by means of the mapping 
Ce. 
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The strong topology on E” is the S-topology, where & is the family of all strongly 
bounded subsets of E’. Since every equicontinuous subset of E’ is strongly bounded 
(III, p. 22, prop. 9), the initial topology on E is coarser than the topology obtained 
by taking the inverse image under c, of the strong topology on E”; it can be strictly 
coarser (IV, p. 52, exerc. 1). However : 


PROPOSITION 2. — Suppose that the space E is bornological or barrelled. The initial 
topological on E is the inverse image under c, of the strong topology on E". 

For, every subset of E’ which is strongly bounded is equicontinuous (III, p. 22, 
prop. 10 and III, p. 24). 


PROPOSITION 3. — Let E be a locally convex Hausdorff space. In order that the strong 
dual E;, of E be barrelled, it is necessary and sufficient that every subset of E” which 
is bounded for o(E", E’), is contained in the closure, for o(E”, E'), of a bounded subset 
of E. 

The equicontinuous subsets of E” are the subsets contained in the bipolar (for the 
duality between E” and E’) of a bounded subset of the subspace E of E”. It is now 
enough to apply the theorem of bipolars (IIL, p. 45, cor. 3) and the definition of a 
barrelled space (III, p. 24). 


Remark. — Let E be a locally convex Hausdorff space, E’ its dual and E” its bidual. 
We have E < E” < E™®, where E” is the algebraic dual of E’. If B is a bounded 
subset of E, its closure B in E’* endowed with o(E’, E’) is contained in E” : for, 
the polar U = B® of B in E’ is a neighbourhood of 0 in E,, and we have BcU° cE”. 


2. Semi-reflexive spaces 


DEFINITION 2. — Let E be a locally convex space. We say that E is semi-reflexive 
if the canonical mapping c, from E into E” is bijective. 

This implies that E is Hausdorff, and that every linear form on E’, which is conti- 
nuous for the strong topology B(E’, E), is of the form x’h» <x, x’) with xeE, ie. 
continuous for the weak topology o(E’, E). 


THEOREM |. — A /ocally convex Hausdorff space is semi-reflexive if and only if every 
bounded subset of E is relatively compact for the weakened topology o(E, E’). If E 
is semi-reflexive, the strong dual E, of E is barrelled. 

The second assertion follows from prop. 3 (IV, p. 15), and the identity between 
bounded subsets for the initial topology and for the weakened topology of E (III, 
p. 27, cor. 3). 

To say that E is semi-reflexive means that the topology on E, is compatible with 
the duality between E and E’, in other words, by Mackey’s theorem (IV, p. 2, th. 1) 
that the topology on E, is coarser than t(E’, E) (and in fact is identical with it); 
by definition (IV, p. 2), this means that every closed, convex and bounded subset of 
E is compact for o(E, E’), and this is equivalent to saying that every bounded subset 
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of E is relatively compact for o(E, E’), because the closed convex envelope of a 
bounded subset of E is bounded (III, p. 3, prop. 1). 


CoROLLARY. — Let E be a locally convex semi-reflexive space. Every closed vector 
subspace M of E is semi-reflexive ; moreover, the strong topology on E’/M° (considered 
as the dual of M) is the quotient of the strong topology on E’. 

Let B be a bounded subset of M. Since B is bounded in E, and the weakened 
topology o(M, M’) on M is induced by o(E, E’) (IV, p. 10, prop. 11), the closure 
of B in M endowed with o(M, M’) is compact. Hence, by th. 1, M is semi-reflexive. 
The last assertion of the corollary follows from prop. 10 of IV, p. 9, applied to 
the set S of all closed, convex and bounded subsets of E. 


Remarks. — 1) Suppose E is semi-reflexive. Every subset of E which is convex, 
closed and bounded for the initial topology is compact for the topology o(E, E’) 
(IV, p. 1, prop. 1). * On the other hand, the unit sphere (with the equation ||x|| = 1) 
of an infinite dimensional hilbertian space E is closed and bounded for the initial 
topology, but is not closed for the weakened topology, even if E is semi-reflexive. ,. 

2) By remark 3 of IV, p. 5, we can reformulate th. 1 as follows : the Hausdorff 
space E is semi-reflexive if and only if it is quasi-complete for its weakened topology. 
If it is semi-reflexive, then it is quasi-complete for its initial topology (IV, p. 5, Remark 2). 

3) Under the hypotheses of the above corollary, the space E/M is not necessarily 
semi-reflexive (IV, p. 63, exerc. 10). 


3. Reflexive spaces 


DEFINITION 3. — A locally convex space E is said to be reflexive if the canonical 
mapping c, from E into E” is a topological vector space isomorphism from E onto 
the strong dual of E,. 

In particular, a reflexive space is semi-reflexive, hence Hausdorff. 


PROPOSITION 4. — The strong dual of a reflexive space is reflexive. 
This follows immediately from def. 3. 


THEOREM 2. — Jn order that a locally convex Hausdorff space E be reflexive, it is 
necessary and sufficient that it is barrelled and that every bounded subset of E is rela- 
tively compact for the weakened topology o(E, E’). 

By th. 1 (IV, p. 15), this is the same as saying that E is reflexive if and only if it 
is semi-reflexive and barrelled. 

If E is reflexive, E, is reflexive (prop. 4) and consequently E is barrelled (IV, p. 15, 
th. 1). Conversely, if E is semi-reflexive and barrelled, c, is a bijection and is biconti- 
nuous by IV, p. 15, prop. 2, hence E is reflexive. 

Remarks. — * 1) Let E be an infinite dimensional real hilbertian space. Let F denote 


the space E endowed with the weakened topology. The spaces E and F have the same 
dual E’, and E is a reflexive Banach space (V, p. 17). Consequently, F is semi-reflexive. 
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However, the strong topology and the weakened topology on E are distinct, hence 
F is not reflexive. ,. 

2) Let E be a reflexive space and M a closed vector subspace of E. It may happen 
that neither M nor E/M are reflexive spaces (IV, p. 63, exerc. 10). * For the case of 
normed spaces, see prop. 7 of IV, p. 17. ,. 


4, The case of normed spaces 


Let E be a normed space. The strong topology on the dual E’ of E is defined by 
the norm 


(1) |x] = sup [¢x, x’> 


xeE, ||x|| <1 
and the strong dual of E is a Banach space (III, p. 24, cor. 2). Then the bidual E” 
of E is also a Banach space, for the norm defined by 


> 


(2) |x" = sup <x’, x")]. 

x'eE’,||x’ || <1 
By prop. 8, (i) of IV, p. 7, the canonical linear mapping c,:E — E” is an isometry. 
Henceforth, we shall identify E with a normed subspace of its bidual E”. 


PROPOSITION 5. — Let E be a normed space, E’ its dual and E” its bidual. The (closed) 
unit ball in E” is the closure of the unit ball B in E for the weak topology o(E", E’). 

By formulas (1) and (2), the unit ball in E” is the bipolar B°° of B. Prop. 5 then 
follows from the theorem of bipolars (II, p. 45, cor. 3). 


Remark. — A Banach space E is closed in its bidual E” for the strong topology, but 
is dense for the weak topology (prop. 5). 


In order that a normed space be reflexive, it is necessary and sufficient that it is 
semi-reflexive ; for, the initial topology of E is always induced by the strong topology 
of E”. Th. 1 (IV, p. 15) then implies the following result : 


PROPOSITION 6. — In order that a normed space E be reflexive, it is necessary and 
sufficient that the unit ball in E be compact for the weakened topology o(E, E’). 

We observe that a reflexive normed space is complete hence a Banach space, 
and that its dual is a reflexive Banach space by prop. 4 of IV, p. 16. 


PROPOSITION 7. — Let E be a reflexive Banach space and M a closed vector subspace 
of E. Then M and E/M are reflexive Banach spaces. 

Let E’ be the dual of E and M° the orthogonal of M in E’. As a normed space, 
we can identify the space E’/M° with the dual M’ of M (IV, p. 9, prop. 10). Since 
M is semi-reflexive (IV, p. 16, corollary), it is reflexive, hence so is E’/M°; similarly 
M° is reflexive, as also its dual E/M°° = E/M. 


Examples. — 1) Lete®(N) denote the Banach space of bounded sequences x = (x,,) nen 
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of scalars, with the norm 


(3) |x|| =sup|x,| dp. 4). 


neN 


Let c,(N) be the closed vector subspace of ’”(N) consisting of sequences tending 
to 0. Finally, let ¢!(N) be the vector space of summable sequences, endowed with 
the norm 


(4) Ixll, = 2) [ral 


neN 


We can show (IV, p. 47, exerc. 1) that the dual ofc,(N) can be identified with ¢'(N) 
in such a way that we have 


(5) (x xD) = DX 


neN 


for all xec,(N) and x’e("(N). Similarly the dual of ('(N) can be identified with 
¢”(N) in such a way that we have the relation (5) for all x € (?(N) and all x’ ¢*(N). 
Hence ¢*(N) is the bidual of co(N), and this latter space is not reflexive. 

* 2) Every hilbertian space is a reflexive Banach space (V, p. 17). , 

* 3) Let X be a Hausdorff topological space and » a complex measure on X. 
For every real number p > 1, the Banach space L?(X, p) is reflexive, and its dual 
can be identified with L“X, ) with p~! + q~? = 1 (INT, V, 2nd edition, § 5, No. 8 
and IX, § 1, No. 10). , 


5. Montel spaces 


DEFINITION 4. — A locally convex Hausdorff and barrelled space in which every 
bounded subset is relatively compact is called a Montel space. 


Examples. — 1) Every finite dimensional Hausdorff space is a Montel space. A normed 
space which is a Montel space is locally compact, hence is finite dimensional (I, p. 15, 
th. 3). 

2) With the notations and hypothesis of prop. 7 of III, p. 6, the space E, being the 
inductive limit of Banach spaces, is barrelled (III, p. 25); moreover, every bounded 
subset of E is relatively compact (III, p. 6, prop. 7). In other words, E is a Montel space. 

In particular, Gevrey spaces (III, p. 10) are Montel spaces. * This is true for the space 
H#(K) consisting of germs of functions analytic in a neighbourhood of a compact 
subset K of C” (III, p. 10).,, 

3) Every strict inductive limit E of a sequence (E,,) of Montel spaces (II, p. 33) such 
that E, is closed in E,,, for all n, is a Montel space; in fact, E is Hausdorff (II, p. 32, 
prop. 9 (i)), barrelled (III, p. 25, cor. 3) and every bounded subset of E is contained 
in one of the E, (III, p. 5, prop. 6) hence is relatively compact in E,, and consequently 
also in E. 

* 4) Let U be an open set in R” and let @ *(U) be the Fréchet space of infinitely* 
differentiable functions on U (III, p. 9). We shall prove that this is a Montel space. 
Since @ *(U) is a Fréchet space, it is barrelled (III, p. 25, corollary). Let B be a bounded 
subset of @ *(U) and let K be a compact subset of U. For every ae N” let H,, be the 
set of restrictions to K of the functions 6%f as f runs through B. Let «e N"; for every 
BeN” such that |B] = |a| + 1, the set H,, is bounded in @(K) since B is bounded 
in @ ~(U) ; by VAR, R., No. 2.2.3, theset H, , is equicontinuous, hence (GT, X, § 2, No. 5) 
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relatively compact in @(K). But the topology of @ *(U) is the coarsest among the 
topologies for which all the maps ft» 6°f|K from @*(U) into @(K) are continuous, 
therefore B is relatively compact in @°(U) (GT, I, § 4, No. 1, prop. 3 and § 9, No. 5, 
corollary). 

Similarly, the space oy (U) of all infinitely differentiable functions vith compact 
support in U (II, p. 9) is a Montel space. For, @5°(U) is the strict inductive limit of 
a sequence @°(U) of Fréchet spaces (III, p. 9), and it is enough to see that each of 
the spaces 6, a (U) is a Montel space (Example 3). But a bounded and closed subset 
of @°(U) is closed and bounded in @ “(U), hence compact in @ °(U), and consequently 
in Ge (U). , 


PROpOSITION 8. — Let E be a Montel space and § a filter on E, which converges to 
a point x, in E for the weakened topology. If § is a countable base, or contains a bounded 
set, then ®, converges to xX, for the initial topology also. 

Assume first that there exists a bounded set B in §. The closure B of B for the 
initial topology of E is bounded; in addition, B is compact because E is a Montel 
space. The topology on B induced by o(E, E’) is Hausdorff and coarser than the 
topology induced by the initial topology ; they therefore coincide (GT, I, § 9, No. 4). 
This prove the proposition for this case. 

Next assume that § has a countable base. It is enough (GT, I, § 6, No. 8, prop. 11) to 
consider the case of a sequence (x,), 5, tending to x) for o(E, E’). Let B be the set 
of all x, for » > 0. This set is bounded for o(E, E’), hence also for the initial 
topology (III, p. 27, cor. 3). Thus we have reduced to the first case of the proof. 

Every Montel space is reflexive : this follows from def. 4 and from th. 2 of IV, 
p. 16. Further : 


PROPOSITION 9. — The strong dual of a Montel space is a Montel space. 

Let E be a Montel space and E, its strong dual. Since E is reflexive, E, is barrelled 
(IV, p. 15, th. 1). Since every bounded subset of E is relatively compact the strong 
topology on E’ coincides with the topology of compact convergence. Let B be a 
bounded subset of Ej; it is bounded for the weak topology o(E’, E), hence is equi- 
continuous because E is barrelled. Then Ascoli’s theorem (GT, X, § 2, No. 4, cor. 
and § 2, No. 5, cor. 1) implies that the closure of B for o(E’, E) is compact for the topo- 
logy of compact convergence ; therefore B is relatively compact in E,. 


PROPOSITION 10. — Every metrizable Montel space satisfies the first axiom of coun- 
tability. 
Let E be a metrizable Montel space. We know (II, p. 5) that E can be identified 


with a subspace of the product F = |] F, of a sequence of normed spaces, and 
neN 


we can even assume that we have pr,(E) = F, for all ¢ N. If each of the metrizable 
spaces F,, satisfies the first axiom of countability, then so does F (GT, IX, § 2, No. 8), 
hence also E. 

We argue by reductio ad absurdum. Assume for example that F, does not satisfy 
the first axiom of countability. Let By be the unit ball (closed) in F, ; this is a metric 
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space which does not satisfy the first axiom of countability. We shall use the following 
lemma : 


Lemma |. — Suppose the metric space X does not satisfy the first axiom of counta- 
bility. Then there exists a real number & > 0 and an uncountable subset A in X such 
that d(x, y) > « for all distinct x, y in A. 

For every integer n > 1, let %, be the set (ordered by inclusion) of subsets D 


of X such that d(x, y) > * for distinct x, y in D. The set %, is of finite character, 
hence possesses a maximal element D, (S, III, § 4, No. 5). Then for all y € X, there exists 
a point x in D, such that d(x, y) < * by virtue of the maximal character of D,,. 
Put D = U D,,; the set D is then dense in X, and since X does not satisfy the first 


axiom of countability, D is not countable, and so one of the D,, is not countable. 

Q.E.D. 

By lemma 1, applied to B,, there exists an uncountable subset A, of F, and a 

number ¢ > 0 such that ||x|| < 1 and ||x — y|| > « for distinct x, y in Ay. We have 

pry(E) = F, and hence there exists a subset A in E such that pro induces a bijection 
from A onto Aj. 


Lemma 2. — There exists a sequence (Xm)m>o consisting of distinct elements of A, 
which is bounded in E. 

We shall construct a sequence (X,,),,> 9 of points of A by induction ; and a decreasing 
sequence (C,,),,59 of subsets of A satisfying the following conditions : 

a) None of the sets C,, is countable. 

b) For every n > 0, the set pr,(C,,) is bounded in F, for0 <k < m. 

c) For every m > 0, we have x,,eC,, — C,,44.- 

We put C, = A. Suppose the sets C,, for 0 < m < n have been defined, so as 
to satisfy a)and b)for0 < m < n,and also the points x,,inC,,—C,,, ,for0 <m <n. 
For every integer r > 1, let C,, be the set of all x e C, such that 


r—1< |pri4iQ)|| <r. 


Since C, is not countable, there exists an integer r > 1 such that C,,, is not countable. 
We choose a point x, in C,, and put C,,, = C,, — {x,}. Evidently C,,, < C, 
and x,éC, — C,4,, the set C,,, is not countable and pr,(C,,,,) is bounded in F, 
forO <k <n +l. 

We have x,, €C,,, and so x,,éC, where m > n. The projection of the sequence 
(X, Jm>o On F, is therefore bounded for all n > 0; in other words, the sequence 
(Xm)mzo 1S bounded in E, and this establishes lemma 2. 

Q.E.D. 

With the notations of lemma 2, the bounded sequence (x,,),,>0 has a limit point y 
in E. Therefore the sequence (pro(x,,))m>o has a limit point pro(y) in Fy, but this 
contradicts the construction of Ao. 
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CorROLLARY. — Let E be a metrizable Montel space. Then there exists a countable 
dense set in the strong dual of E. 

On the dual E’ of E, the strong topology is identical with that of compact conver- 
gence, since E is a Montel space. It is now enough to apply cor. | of prop. 6 of III, 
p. 18. 


We can show that the strong dual of a metrizable Montel space E is not metrizable 
if E is infinite dimensional (IV, p. 57, exerc. 1). 


§ 3. DUAL OF A FRECHET SPACE 


1. Semi-barrelled spaces 


PROPOSITION 1. — Let E be a locally convex space. The following conditions are 
equivalent : 

(i) Let U be a subset of E which absorbs every bounded subset of E, and which is 
the intersection of a sequence of convex, balanced and closed neighbourhoods of 0 in E. 
Then U is a neighbourhood of 0 in E. 

(i) For every locally convex space F, every bounded subset of &Y(E ; F) which is the 
union of a countable family of equicontinuous subsets, is equicontinuous. 

(ili) In the strong dual E;, of E, every bounded subset which is the union of a coun- 
table family of equicontinuous subsets, is equicontinuous. 

It is clear that (iti) is a particular case of (ii). 

(i) = (ii) : let H be a bounded subset of #,(E; F), and let (H,,) be a sequence of 
equicontinuous subsets of #,(E; F) such thatH = U H,,. Let V bea convex, balanced 


and closed neighbourhood of 0 in F. For every n, the set W, = M wu '(V) is a 
ueH, 
convex, balanced and closed neighbourhood of 0 in E since H,, is equicontinuous. 


The set W = f) u7~1(V) absorbs every bounded subset of E, since H is bounded 
ueH 
in ¥,(E; F) (III, p. 22), and we have W =) W,,. If E satisfies (i), then the set W 


is a neighbourhood of 0 in E, hence H is equicontinuous. 
(iii) = (i) : let (U,,) be a sequence of convex, balanced and closed neighbourhoods 
of 0 in E. We assume that the set U = U, absorbs every bounded subset of E, 


hence that its polar U° is bounded in E,. Then the set B = U U% is contained in U®, 


hence is bounded in Ej. If E satisfies (iii), the set B is equicontinuous in E’; conse- 
quently, the polar BP = ((U;)° =NM U, = U of B in E is a neighbourhood of 0 


in E. 
DEFINITION 1. — A locally convex space E is said to be semi-barrelled if it satisfies 
the equivalent conditions of prop. 1. 


Every barrelled space is semi-barrelled. This is also true for every bornological 
space (III, p. 22, prop. 10). 
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2. Dual of a locally convex metrizable space 


PROPOSITION 2. — Let E be a locally convex metrizable space and F its strong dual. 
The space F is complete, semi-barrelled and satisfies the following condition : 

(DB) There exists a sequence (A,),-n of bounded subsets of F such that every bounded 
subset of F is contained in one of the A,,. 

The space E is bornological (IH, p. 12, prop. 2), hence its strong dual is complete 
(III, p. 23, cor. 1). 

Let (V,,),cn be a decreasing sequence of neighbourhoods of 0 in E, such that every 
neighbourhood of 0 in E contains one of the V,. Let A, be the polar of V,, in F. 
Since E is bornological, every bounded subset of F is equicontinuous (III, p. 22, 
prop. 10), therefore contained in one of the A,. In other words, the space F satisfies 
the condition (DB). 

We now show that F is semi-barrelled. Let (U,,),,-n be a sequence of convex, balanced 
and closed neighbourhoods of 0 in F. We assume that the set U = U, absorbs 


every bounded subset of F. We shall prove that U is a neighbourhood of 0 in F. 
For this, we shall construct, by induction on the integer n > 0, real numbers i, > 0 
and convex balanced neighbourhoods W,, of 0 in F, whose which are closed for o(F, E), 
and satisfy the following relations 


(1) rnAn cS 3U O ( a W)) 
O<i<n 
(2) U 4A, W, < U,. 
O<i<n 


Suppose that the numbers A, and the sets W, have been constructed for0 <i <n. 
By the hypothesis, the set U absorbs the bounded subsets of F; moreover, for 
0 <i<n, W, is a neighbourhood of 0 in F, hence absorbs the bounded subsets 
of F. We can therefore find a number 4,, > 0 satisfying (1). Let C denote the closed 
convex balanced envelope, for o(F,E), of U 4,A;; the set C is equicontinuous, 


O<i<n 

hence compact for o(F, E) (III, p. 17, cor. 2). Since U,, is a neighbourhood of 0 in F, 
there exists a bounded subset B of E such that B° < 4U,. Put W, = C + B®. Since 
B° is a neighbourhood of 0 in F, we see that W,, is a convex and balanced neighbour- 
hood of 0 in F. In addition, C is compact and B° closed for o(F, E):; by cor. 1 of 
GT, ITI, § 4, No. 1, W,, is closed for o(F, E). Finally, we have C < $U < 3U, and 
B° < 4U,, hence W, < U,, since U, is convex. We have thus established (2). 

Put W = Nn W,,, then W c U. By (J) and (2), we have 4,A; < W, for all i and j 


in N, and soA,A; < W for all ie N. In particular, W is absorbent, hence is a barrel 
for o(F, E). By remark 3 of IV, p. 4, W is a neighbourhood of 0 in F. A fortiori, U is 
a neighbourhood of 0 in F, and F is semi-barrelled. 

The following corollary extends the Banach-Steinhaus theorem to the dual of 
a Fréchet space (cf. II, p. 25, cor. 2). 
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CoROLLary. — Let G be a Hausdorff locally convex space, and let (u,,) be a sequence 
of linear mappings from F into G, converging simply to a mapping u from F into G. 
Then u is continuous, and the sequence (u,) converges to u uniformly on every pre- 
compact subset of F. 

Since F is complete, the set of all u,, which is bounded for the topology of simple 
convergence, is bounded in ¥,(F; G) CII, p. 27, cor. 1). Since the space F is semi- 
barrelled (prop. 2), every countable and bounded subset of #,(F; G) is equiconti- 
nuous by prop. 1 of IV, p. 21. Therefore the set of the uw, is equicontinuous, and the 
corollary follows from III, p. 18, corollary. 


3. Bidual of a locally convex metrizable space 


PROPOSITION 3. — Let E be a locally convex metrizable space, E, its strong dual 
and G a Fréchet space. The space £,(E,; G) is a Fréchet space. 

By prop. 2 (IV, p. 22), there exists a sequence (A,,) of bounded subsets of E, such 
that every bounded subset of E;, is contained in one of the A,,. Let (V,,) be a countable 
fundamental system of neighbourhoods of 0 in G. Let H,,,, be the set of linear map- 
pings u from E, into G such that u(A,,) < V,. Then (H,,,,) is a fundamental system 
of neighbourhoods of 0 in #,(E,; G), and the latter space is then metrizable. 

To show that ¥,(E,; G) is complete, it is enough to prove that every Cauchy 
sequence (u,) in this space is convergent; since G is complete, there exists a linear 
mapping u:E, > G such that (u,) converges simply to u. By IV, p. 23, corollary, 
we have ue Y,(E,, ; G). It then follows from prop. 5 of GT, X, § 1, No. 5, that (u,) con- 
verges to u in £,(E,; G). 


COROLLARY. — The bidual of a locally convex metrizable space is a Fréchet space. 


4. Dual of a reflexive Fréchet space 


PROPOSITION 4. — Let E be a reflexive Fréchet space. The strong dual E, of E is the 
inductive limit of a sequence of Banach spaces. 

Let (V,,),cn be a decreasing sequence of convex, balanced and closed neighbour- 
hoods of 0 in E, such that every neighbourhood of 0 in E contains one of the V,,. 
Let A,, be the polar of V,, in E’. Then A,, is convex, balanced and compact for o(E’, E); 
by IIL, p. 8, corollary the space Ej, is a Banach space. We shall prove that Ej is the 
inductive limit of the spaces Ej, ; in other words, that every convex and balanced 
subset U of E' which absorbs each of the A,, is a neighbourhood of 0 in E,. For every 
néN, choose a real number i, > 0 such that 1,4, < U. Let B, be the convex 
envelope of the set WU 42,A;; put V = UB,, then V c U. For every neN, the 


O<i<n 
set B, is convex, balanced and compact for o(EF’, E) (II, p. 14, prop. 15). 
Now we shall show that $V°° c V. Let xe E, — V; for every ne N, we have 


x €B,, and since B, is closed for o(E’, E) there exists an element y, in B° such that 
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<y,,x> = 1 CI, p. 38, prop. 4). Since E is reflexive, every bounded subset of E is 
relatively compact for o(E, E’) (IV, p. 16, th. 2). By the definition of B,, we have 


(3) AY, EV, forall n> i, 


hence the sequence (y,) is bounded. Let y be a limit point of (y,) for the topology 
o(E, E’). We have ye V° =() Be and <y, x> = 1. Hence x¢$V°°, and so we 


have the inclusion $V°° < V and a fortiori, $V°° < U. 
Since every bounded subset of E;, is contained in one of the sets A,,, the set V=U B, 
n 


absorbs every bounded subset of E,. Consequently, V° is bounded in E, hence 
$V°° is a neighbourhood of 0 in E,. A fortiori, U is a neighbourhood of in E,,. 


COROLLARY. — The strong dual of a reflexive Fréchet space is bornological and 
barrelled. 

An inductive limit of Banach spaces is bornological by definition. Further, a 
Banach space is barrelled (III, p. 25, corollary) and every inductive limit of barrelled 
spaces is a barrelled space (III, p. 25, cor. 3). 


5. The topology of compact convergence on the dual of a Fréchet space 


THEOREM | (Banach-Dieudonné). — Let E be a locally convex metrizable space. 
The following topologies coincide on the dual E' of E : 

a) the topology Fy of M-convergence, where Nt is the family of subsets of E each 
consisting of points of a sequence converging to 0; 

b) the topology Z, of uniform convergence on compact subsets of E; 

c) the topology 7, of uniform convergence on precompact subsets of E; 

d) the topology F, which is the finest topology inducing the same topology as 
o(E’, E) on every equicontinuous subset of E’. 

First observe that a subset A of E’ is closed for 7, if and only if AN H is closed 
for o(E’, E) for every subset H of E’ which is equicontinuous and closed for o(E’, E). 
The weak topology o(F’, E) and 7,, induce the same topology on every equiconti- 
nuous subset of E’ (III, p. 17, prop. 5). Consequently each of the topologies 7y, 
TF, F yo, F 7 is coarser than the one following it. It is therefore enough to prove that 
Fy is finer than 7, - Moreover, every translation in E’ is a homeomorphism for 7 ft 
Hence it is enough to prove that, if F is a subset of E’ which is closed for 7,, and 
does not contain 0, then there exists a set Se 93t such that SSO F = g%. 

Let (U,),>, be a decreasing sequence of neighbourhoods of 0 in E forming a 
fundamental system of neighbourhoods of 0. We shall construct, by induction on 
n > 0, finite sets X, such that we have 


(4) X, < U, 
(5) (UX) ou, 0F=9 
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for every integer n > 0. Letm > 0 be an integer such that X,, has been constructed 
for 0 < n < m and satisfies (4) and (5) for 0 < n < m. For every xe U,,, put 


Peet Anta en Ul oP, 


x 
O<p<m 


Formula (5) with n = m — 1 implies that M F, = @. Further, the set U7, 
xEeUm 


is equicontinuous, and compact for o(E’, E). In view of the definition of 7,, each 
of the sets F, is compact for o(E’, E); therefore there exists a finite subset X,, of 
U,, such that (| F, = @, ie. relation (5) is satisfied for n = m. 


xeXm 
Put S = U X,. We have X, < U, for n > p, therefore S is the set of points of 
n20 
a sequence which converges to 0 in E. From (5) we deduce that S° 4 U;,, OF = @, 


° 


and since EF’ is the union of the sequence of sets US, ,, we get SSA F = @. 


CoROLLARY 1. — Let E be a locally convex metrizable space. Every precompact subset 
of E is contained in the closed convex balanced envelope of the set of points of a sequence 
converging to 0. 

This follows from the fact that the topologies 7,, and %, are identical, on account 
of prop. 2 of ITI, p. 15. 


COROLLARY 2. — Let E be a Fréchet space. In order that a convex subset A of the 
dual E’ of E be closed for o(E’, E), it is necessary and sufficient that A ~ U° is closed 
for o(E’, E) for every neighbourhood U of 0 in E. 

Since E is complete, the topology 7, on E’ is compatible with the duality between 
E’ and E (IV, p. 3, Example); consequently the closed convex subsets in E’ are the 
same for 7, and o(F’, E) (IV, p. 1, prop. 1). The corollary then follows from the 
identity of the topologies 7 and 7,. 


Recall (I, p. 13) that the hyperplanes of E’ which are closed for o(E’, E) are the kernels 
of linear forms on E’ associated with elements of E. Cor. 2 therefore gives another proof 
(for Fréchet spaces) of cor. 1 of III, p. 21. 


COROLLARY 3. — Let E be a Banach space and M a vector subspace of the dual E’ 
of E. In order that M be closed for the weak topology o(E’, E), it is necessary and 
sufficient that its intersection with the unit ball (closed) in E’ be closed for o(E’, E). 


Example. — * Let H be a hilbertian space satisfying the first axiom of countability ; 
let H, denote the space H with the weakened topology assigned to it. Let Y‘(H) be 
the Banach space of nuclear endomorphisms of H (V, p. 51, and TS, V); the norm 
in £1(H) is defined by |u|], = Tr((w*u)'/?). We can identify #(H) with the dual of 
the Banach space &'(H) by associating the linear form o, : v+> Tr(wv) on Y'(H) 
with every ue £ (H). Let A be a sub-algebra of ¥ (H), containing 1 and stable under 
ut u* ; this is a von Neumann algebra if and only if it is closed in “(H) for the weak 
topology o(¥(H), #'(H)). From cor. 3, we deduce the following criterion : for A 
to be a von Neumann algebra, it is necessary and sufficient that if (u,) is any sequence of 
elements of A with norm <1 having a limit u in the space Y(H; H,), then u belongs 
toA. 
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6. Separately continuous bilinear mappings 


Lemma 1. — Let E and F be two locally convex metrizable spaces, and u be a conti- 
nuous linear mapping from E, inie #. Then there exists a neighbourhood U of 0 in E, 
whose image under u is bounded in F. 

Let (U,)new (resp. (V,,),en) be a fundamental system of neighbourhoods of 0 in E 
(resp. F). We assume that the sets U,, are balanced and form a decreasing sequence. 
Since uw is continuous, for every n EN, there exists a bounded set B, in E such that 
u(B°) < V,. Since B, is bounded, there exists a real number 4, > 0 such that 
2,B, ¢ U,. Put B= UA,B 


neN 
We shall prove that the set B is bounded in E, in other words that for every integer 
m > 0, there exists a real number p > 0 such that pB c U,,. Since the sets B, 
are bounded, there exists a real number p such that 0 < p < 1 and such that 
u.(A,B,) < U,, for 0 <n < m; we have also 4,B, < U, < U,, if nm > m; hence 
uB < U,, since U,, is balanced. 
Let U be the polar of B in E,. This is a neighbourhood of 0 in E, and we have 


2,B° < Be, hence 2,u(U) < V,, for all ne N. Consequently w(U) is bounded in F. 


n? 


THEOREM 2. — Let E, and E, be two reflexive Fréchet spaces, and G a locally convex 
Hausdorff space. For i = 1, 2, let F; be the strong dual of E,. Then every separately 
continuous bilinear mapping u:F, x F, > G is continuous. 

The space G is isomorphic to a subspace of a product of Banach spaces (II, p. 5, 
prop. 3). Therefore it is enough to prove the theorem under the additional hypothesis 
that G is a Banach space. But F, is barrelled and F, bornological (IV, p. 24, corollary), 
and ¥,(F, ; G) is a Fréchet space (IV, p. 23, prop. 3). Let v denote the linear mapping 
from F, into #,(F,, G) associated with wu by the relation 


u(xX,,X2) = W(x,) (x) (x, € F,, x, €F,). 


Since F, is barrelled and uw separately continuous, v is continuous (III, p. 31, prop. 6). 

Since v is continuous, lemma 1 implies the existence of a neighbourhood U, 
of 0 in F, whose image under v is bounded in #,(F, ; G). In other words, for every 
bounded subset B, in F,, the set u(U, x B,) is bounded in the Banach space G. 
Let U, be the set of all x, e F, such that |u(x,, x,)|| < 1 for all x, ¢ U,. The set 
U, then absorbs every bounded subset; since F, is bornological, U, is a neigh- 
bourhood of 0 in F,, and this proves that u is continuous. 


§ 4. STRICT MORPHISMS OF FRECHET SPACES 


For every locally convex space E, let S(E) denote the set of all continuous semi- 
norms on E. For every p € S(E), let H, denote the set of all linear forms f on E 
such that |f| < p. The family (H,),-s¢) is a base for the bornology consisting of 
equicontinuous subsets of E’. 


No. 1 STRICT MORPHISMS OF FRECHET SPACES TVS IV.27 


1. Characterizations of strict morphisms 


PROPOSITION 1. — Let E and F be two locally convex spaces and u a continuous 
linear mapping from E into F. In order that u be a strict morphism, it is necessary 
and sufficient that the following condition be satisfied : 

(MS) For every semi-norm p € S(E), which is null on the kernel of u, there exists q 
in S(F) such that p < qou. 

Let N be the kernel and M the image of u; we introduce the canonical decomposi- 
tion of u, let 


ES ENS MF. 


The continuous semi-norms on E which are null on N, are the semi-norms p, on 
where p, ranges over S(E/N); similarly S(M) consists of the semi-norms q, for 
which there exists q € S(F) with gq, < q/F. Finally, wis a strict morphism if and only 
if the bijective continuous linear mapping @ has a continuous inverse; this also 
means that every semi-norm in S(E/N) is of the form q, ° # with q, in S(M). Prop. 1 
follows immediately from these remarks. 


PROPOSITION 2. — Let E and F be two Hausdorff locally convex spaces and u a conti- 
nuous linear mapping from E into F. In order that u be a strict morphism, it is necessary 
and sufficient that its transpose 'u:F' — E’ satisfy the following conditions : 

a) The image of 'u is closed in E' for o(E’, E). 

b) Every equicontinuous subset of E’, contained in the image of 'u is the image under 
‘u of an equicontinuous subset of F’. 

If this is so, we have Ker 'u = (Im u)° and Im'u = (Ker u)° and there exist cano- 
nical isomorphisms from Coker ‘u onto the dual of Ker u and from Ker ‘'u onto the dual 
of Coker u. 

Let N be the kernel and I the image of w. By cor. 2 of II, p. 47, the kernel of 'w 
is the orthogonal of I, and the closure of the image of 'u for o(E’, E) is the orthogonal 
N° of N. The conjunction of a) and 5) is then equivalent to the following condition : 

b') Every equicontinuous subset of E' contained in N° is the image under ‘u of an 
equicontinuous subset of F'. 

Since N° can be identified with the dual of E/N, prop. 9, (i) of IV, p. 8, shows that 
the equicontinuous subsets of E’ contained in N° are the sets which are contained 
in a set of the form H,, where p is a continuous semi-norm on E, vanishing on N. 
The condition 5’) then says that, for every semi-norm p € S(E) which is null on N, 
there exists q € S(F) such that H, < ‘u(H,). By Hahn-Banach theorem (II, p. 23, 
cor. 1 and 2, p. 63, th. 1 and cor. 1), we have ‘u(H,) =i Hiss and the relations Ho Hy 
and p < p’ are equivalent for all semi-norms p and p’ in S(E). Consequently, the 
relation H, < ‘'u(H,) is equivalent to the relation p < qou. By prop. 1, property 
b’) implies that w is a strict morphism. 

Suppose that u is a strict morphism. We have already seen that the kernel of 
‘u is the orthogonal of I and the image of ‘wu is the orthogonal of N. The cokernel 
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of uw is the space F/I and its dual can be identified with I° = Ker'‘w. Similarly, the 
dual of N = Ker u can be identified with E’/N° (IV, p. 8), ie. with the cokernel 
of 'w since N° is the image of ‘w. 


Remark. — With the notations of prop. 2, property b’) also implies that u is a strict 
morphism for the weakened topologies (II, p. 49, cor. 3). 


PROPOSITION 3. — Let E and F be two locally convex spaces, and u a continuous linear 
mapping from E into F. We assume that E is Hausdorff and that F is metrizable. For 
u to be a strict morphism, it is necessary and sufficient that the image of ‘u be closed 
in E’ for the weak topology o(E’, E). 

The necessity follows from prop. 2. 

Conversely, suppose that the image of ‘w is closed for o(F’, E) and introduce the 
canonical decomposition of uv as in the proof of prop. 1. By the above remarks, the 
inverse mapping @ ' of # is continuous for the weakened topologies. But the subspace 
M = UE) of F is metrizable, hence bornological (III, p. 12, prop. 2); consequently 
(IV, p. 7, prop. 7, (ii), 71 is continuous, hence u is a strict morphism. 


2. Strict morphisms of Fréchet spaces 


THEOREM 1. — Let E and F be two Fréchet spaces and u a continuous linear mapping 
from E into F. The following conditions are equivalent : 

a) u is a Strict morphism. 

b) u is a strict morphism for the weakened topologies. 

c) The image of u is closed in F. 

d) ‘u is a strict morphism from F' into E’ for the weak topologies. 

e) The image of ‘u is closed in E' for the weak topology o(E’, E). 

f) The image of 'u is closed in E' for the strong topology B(E’, E). 

g) ‘u is a Strict morphism from F". into E’, (the duals endowed with the topology 
of compact convergence). 

The equivalence of a), b) and e) follows from prop. 3 of IV, p. 28 and the remark 
preceding it. That of a) and c) is precisely cor. 3 of I, p. 19. The remark of IV, p. 28, 
also shows that d) is equivalent to the fact that, the image of wu is closed for the weak- 
ened topology o(F, F’) of F; the equivalence of c) and d) then follows from prop. 2 
of IV, p. 4. 

We now prove the equivalence of e) and /). It is enough to prove that f) implies 
e). Suppose that the image of ‘u is closed for B(E’, E) in E’. On account of the Banach- 
Dieudonné theorem (IV, p. 25, cor. 2), it is enough to prove that for every convex 
balanced neighbourhood U of 0 in E, the intersection B = ‘u(F’) ~\ U is compact 
for o(E’, E). The strong dual E;, of the Fréchet space E is complete (IV, p. 22, prop. 2), 
hence the closed subset B of E; is complete, and so the normed space E, is complete 
(IU, p. 8, corollary). Let (V,) be a decreasing sequence forming a fundamental sys- 
tem of neighbourhoods of 0 in F. Then F’ is the union of sets C = V° which are 
compact for o(F’, F), hence E, = UB,, with B,=E, 0 ‘u(C,). Since Ej is a Baire 
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space, and each of the sets B, is convex balanced and closed, there exists a real 
number r > 0 and an integer n such that B c r.B,. Then we have B= U° 1 ‘u(r.C,); 
since the sets U° and r.C, are compact and ‘uw is continuous for the weak topolo- 
gies, B is compact for o(E’, E). This completes the proof of the equivalence of e) 
and f). 

Finally the equivalence of g) and the preceding conditions follows from prop. 18 
of GT, X, § 2, No. 10 and the following lemma. 


Lemma |. — Let E and F be two Hausdorff locally convex and quasi-complete spaces 
and u a continuous linear mapping from E into F. For 'u to be a strict morphism from 
F’ into E/, it is necessary and sufficient that the image WE) of u be closed, and that 
every compact subset of uE) be the image under u of a compact subset of E. 

By Mackey’s th. (IV, p. 2, th. 1) and the fact that on E’ (resp. F) the topology of 
compact convergence coincides with that of convex compact convergence (IV, 
p. 4), we can identity E (resp. F) with the dual E’ (resp. F’). Then wu is the transpose 
of ‘u, and the equicontinuous subsets of E (resp. F) are the relatively compact sets. 
Lemma | then follows from prop. 2 (IV, p. 27), since wE) is closed in F if and only 
if it is closed for the weakened topology o(F, F’) (IV, p. 4, prop. 2). 


CoROLLARY 1. — Under the hypothesis of th. 1, the following conditions are equiva- 
lent : 

(i) u is a strict injective morphism ; 

(ii) ‘u is a strict surjective morphism for the weak topologies. 

(iii) 'w is surjective. 

The implication (i) = (ii) follows immediately from the equivalence of conditions 
a), d) and e) of th. 1 and from IV, p. 6, prop. 5. It is clear that (ii) implies (iii). Finally, 
we prove that (iii) implies (i) : if ‘w is surjective u is a strict morphism by the equi- 
valence of a) and e) in th. 1; that w is injective follows from prop. 5 of IV, p. 6. 


COROLLARY 2. — Under the hypothesis of th. 1, the following conditions are equiva- 
lent : 

(i) u is surjective ; 

(ii) u is a strict surjective morphism ; 

(iii) 'w is a strict injective morphism for the weak topologies. 

The equivalence of (1) and (11) follows from Banach’s th. (I, p. 17, th. 1). 

In view of the equivalence of a) and c) in th. 1, condition (ii) says that w is a strict 
morphism and that its image is dense in F for o(F, F’). The equivalence of (ii) and 
(iii) then follows from the equivalence of a) and d) in th. 1 and from prop. 5 of IV, 
p. 6. 


If u:E — F is a strict morphism of Fréchet spaces, the transpose ‘w is not necessarily 
a strict morphism from F,, into E; (IV, p. 62, exerc. 3). However, we have the following 
partial result : 


TVS IV.30 DUALITY IN TOPOLOGICAL VECTOR SPACES § 4 


COROLLARY 3. — Under the hypotheses of th. 1, the following property implies the 
properties a) to g) : 

h) ‘u is a strict morphism from F,, into E,. 

When E and F are both Banach spaces, or both Montel spaces, property /) is 
equivalent to the properties a) to g) of th. 1. 

Suppose that ‘w is a strict morphism from F, into E,. We shall prove that the 
image H of 'w is closed in E,, from which the first assertion of cor. 3 will follow. 

Let G be the closure of the image of u in F; the space G, with the topology induced 
by that of F assigned to it, is a Fréchet space. The mapping u:E — F factorizes as 
u = jov where / is the canonical injection from G into F and where v ec Y(E; G). 
Then we have'yv = 'v o‘'j, where ‘jis surjective, by Hahn-Banach th. (IJ, p. 24, prop. 2); 
also, 'v is injective since 1(E) is dense in G (IV, p. 6, prop. 5). By hypothesis, the 
mapping 'u from F;, onto H is open; since ‘ is surjective and continuous, the mapping 
‘vy induces a homeomorphism from G, onto H. But the dual G;, of the Fréchet space 
G is complete (IV, p. 22, prop. 2); consequently H is complete, hence closed in E,. 

If E and F are Montel spaces, the strong topology on E’ (resp. F’) coincides with 
the topology of compact convergence, and /) is just a reformulation of g). 

If E and F are Banach spaces, so are E, and F,, and condition /) is equivalent 
to f) by the equivalence of a) and c) applied to 'u:F, > E,. 


COROLLARY 4. — Suppose E and F are Banach spaces. For 'u to be surjective, it 
isnecessary and sufficient that there exist a real number r > 0 such that || x\| < r.|\u(x) | 
for all x EE. 

This is simply a reformulation of the equivalence of the conditions (i) and (iii) 
of cor. 1. 


COROLLARY 5, — Let E and F be two Fréchet spaces and u a continuous linear mapping 
from E into F. The following conditions are equivalent : 

a) u is an isomorphism from E onto F. 

b) u is an isomorphism from E onto F for the weakened topologies. 

c) ‘u is an isomorphism from F' onto E’ for the weak topologies. 

d)'u is an isomorphism from F' onto E’ for the strong topologies. 

e) tu is an isomorphism from F” onto E\. 

Since an isomorphism is none other than a strict bijective morphism, the equi- 
valence of a) and b) follows from the equivalence of conditions a) and 6) of th. 1. 

It is clear that a) implies each of the conditions c), d) and e). 

Conversely, suppose that one of the conditions c), d) or e) is satisfied. It follows 
from th. | and its cor. 3 that w is a strict morphism from E into F, and ‘wv is evidently 
bijective. Let N (resp. I) be the kernel (resp. the image) of u. Since ‘w is bijective, 
we have Im‘u = E’ and Ker ‘uw = {0}, and so N° = E’ and I° = {0} by prop. 2 
of IV, p. 27. But N (resp. I) is a closed vector subspace of E (resp. F), and the theorem 
of bipolars (II, p. 44) implies that N = {0} and I = F, hence uw is bijective. We have 
therefore proved that u is an isomorphism. 
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3. Criteria for surjectivity 


PROPOSITION 4. — Let E and F be two Fréchet spaces, and u a continuous linear 
mapping from E into F. The following conditions are equivalent : 

(i) u is surjective. 

(ii) For every semi-norm pe S(E), there exists qe S(F) such that we have |f| < q 
for every linear form fe F’ satisfying | foul < p. 

(iii) For every semi-norm peéS(E), there exists qe S(F) satisfying the following 
property : if a linear form fe F’ satisfies | fou| < p, then f is null on points where q 
is null and for all ye F, re S(F), there exists x EE with r(u(x) — y) = 0. 

(iv) For every semi-norm p € S(E), we have 


(1) sup |fQ)|< +0 forall yeF. 


ger 
\feul <p 


We shall prove the proposition according to the following logical scheme 


<— [> 
Se 


(ii) (iii) 


If u is surjective, it is a strict morphism (IV, p. 28, th. 1) then for every semi-norm 
pé&S(E), there exists a semi-norm q é S(F) such that, for all ye F satisfying q(y) < 1, 
there exists x € E satisfying p(x) < 1 and u(x) = y. We deduce immediately that (i) 
implies (ii) and (iii). It is clear that (ii) implies (iv). 

To prove that (ii1) implies (iv), let p and q be as in (iii). Let ye F, by (iii), there 
exists x in E such that q(u(x) — y) = 0. If feF’ satisfies |fou| < p, then we have 
Sf (u(x) — y) = 0, hence 


|FO)| = |FuCd)| < pC) 


and the relation (1) is satisfied. 

Finally we prove that (iv) implies (i). Let p e S(E) and let q be the superior envelope 
of the functions | f| for fe F’ satisfying | fou| < p. By (iv), q is finite on F, and is 
evidently a lower semi-continuous semi-norm on F';; since F is barrelled (III, p. 25, 
corollary), we have qe S(F). Let B, (resp. B,) denote the set of all xe E (resp. y € F) 
such that p(x) < 1 (resp. q(v) < 1). We have q ou < p, and so u(B,) < B,. The polar 
of u(B,) in F’ consists of linear forms f € F’ such that |f ou] < p, hence |f| < q; 
in other words, we get u(B,)° < Bj, and finally that u(B,) = B, follows from the 
theorem of bipolars (II, p. 45, cor. 3). If U is a neighbourhood of 0 in E, there exists 
peS(E) such that B, < U, hence u(U) contains the neighbourhood B, of 0 in F. 
This implies that uw is surjective (I, p. 17, th. 1). 
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CoROLLARY. — Suppose E and F are Banach spaces. The following conditions are 
equivalent : 

(i) u is surjective. 

(ii) There exists a real number r > 0, such that || f\| <r.||'u(f)|| for all fe F’. 

(iii) For all ye F, we have sup |f(y)| < + 0. 

lfeull <A 

The conditions (ii) and (ili) are in fact reformulations of conditions (ii) and (iv) 

of prop. 4 for Banach spaces. 


§ 5. COMPACTNESS CRITERIA 


J. General remarks 


Let A be a subset of a topological space E. For a sequence (x,),-~ Of points of A 
to have a point x of E as a limit point, it is necessary and sufficient that the following 
condition is satisfied (GT, I, § 7, No. 3) : 

(A) For every integer m > 0 and every neighbourhood U of x, there exists an 
integer n > m such that x, €U. 

A sequence of the form (},),-~ With y, = X,, for a strictly increasing sequence 
(%)cen Of positive integers is called an extracted sequence of the sequence (x,),n- 
If there exists an extracted sequence of the sequence (x,),.j Which converges to x, 
then x is a limit point of (x,); conversely, if x has a countable fundamental system 
of neighbourhoods, and x is the limit point of the sequence (x,), then there exists 
an extracted sequence of (x,,) converging to x. 

On account of GT, IX, § 2, No. 9, corollary, we conclude that when E is metrizable, 
the following conditions are equivalent : 

a) the set A is relatively compact in E ; 

b) every infinite sequence of points of A has a limit point in E; 

c) from every infinite sequence of points of A, we can extract a sequence which 
converges to a point of E. 

In this section, we shall extend this criterion to certain non metrizable topological 
vector spaces. The following proposition enables us to reduce the study of compact 
sets to that of weakly compact sets in a number of cases. 


PROPOSITION 1. — Let E be a Hausdorff locally convex space, and A a subset of E. 
Let E, denote the space E with the weakened topology. 

a) If every infinite sequence of points of A has a limit point in E, then A is pre- 
compact in E. 

b) In order that A be relatively compact in E, it is necessary and sufficient that 
it is precompact in E and relatively compact in E,. 

We shall prove a) by reductio ad absurdum. If A is not precompact, then by 
th. 3 of GT, UL, § 3, No. 7, it follows that there exists a symmetric convex neighbourhood 
V of 0 in E such that A cannot be covered by a finite number of translates of V. 
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In other words, if Xo, x1, ...,X,-, are points of A, then AE WU (x; + V) and so 


O<i<n 

there exists a point x, of A such that x, — x,¢éV for 0 < i <n. Then, by induction 
on the integer m, we can construct an infinite sequence (x,),,-n~ of points of A such 
that x, — x,,¢V whenever n > m; since V is symmetric, we also have x,, — x, €V 
for m #n and the sets x, +4 V are disjoint. For every point x in E, there exists 
at most one integer m > 0 such that x,¢x + 5 V, hence the sequence (x,),,-j does 
not have any limit point. This proves a). 

Now suppose that A is precompact in E and is contained in a compact subset B 
of E,. Then B is complete in E,, hence also in E(IV, p. 5, Remark 2). We have A < B, 
hence A is relatively compact in E. The converse is evident and 5) follows. 


2. Simple compactness of sets of continuous functions 


In this section, X denotes a compact space and @,(X) the space of continuous 
functions on X, with values in the field K (equal to R or C). The space @,(X) is assigned 
the topology of simple convergence on X. 


PROPOSITION 2. — Let D be a dense subset of X and A a subset of the space €(X). 
The following conditions are equivalent : 

(i) A is relatively compact in @,(X). 

(ii) From every infinite sequence of elements of A, we can extract a sequence con- 
verging in 6(X). 

(iii) Every infinite sequence of elements of A has a limit point in G(X). 

(iv) Let (f,)nen De a Sequence of functions belonging to A and (X)men @ Sequence 
of points of D. If the iterated limits 


y = lim lim f(x,), 6 = lim lim f£,(x,) 


mo no n7>coo m~>c 
exist, then they are equal. In addition, we have sup | f(x)| < + 0 for all xeX. 
fed 


(i) => (ii) : let A be the closure of A in €,({X). Assume that A is compact, and con- 
sider a sequence of functions f,¢A (for ne N). Let @ be the continuous mapping 
xt>(f,(x)),<w from X into the metrizable space KN. The image X’ of X under $ 
is a compact metrizable space, since X is compact. Let E be the closed subspace 
of ,(X) consisting of continuous functions f on X such that the relation (x) = o(y) 
implies f(x) = f(y) for every pair of points x, yin X. By cor. 2 of GT, I,§ 9, No. 4and 
prop. 3 of GT, I, § 5, No. 2, the mapping f’ > f’o } is a homeomorphism $* from 
€,(X") onto E. Hence the set A’ = (o*)7 1(A) is compact in @,(X’), and it is clear 
that there exist elements f/ in A’ such that 6*(f/) = fod is equal to f,. 

Since X’ is a compact metrizable space, there exists a countable dense subset 
D'in X’ (GT, IX, § 2, No. 8, prop. 12 and § 2, No. 9, prop. 16). Let 7, (resp. 7,) be the 
topology on A’ induced by the topology of simple convergence on D’ (resp. X’). Then 
J, is metrizable, 7, is compact and finer than 7,, hence 7, and 7, coincide; 
in other words, A’ is a compact metrizable subspace of 6,(X’). Therefore, there exists 
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a sequence (f/) extracted from (jf) and converging to an element f’ of G(X’). 
Therefore, the sequence (f,,) converges to f= f’od in G(X). 

(ii) = (iii) : this is clear. 

(iii) > (iv) : suppose that every infinite sequence of elements of A has a limit 
point in @(X). Let xe X. The mapping >, :ft+f(x) from A into K is continuous. 
Consequently, every infinite sequence in ,(A) has a limit point; since the field K 
(equal to R or C) is metrizable, the set ,(A) is relatively compact in K, hence bounded. 
In other words, we have a | f(x) | < 0. 

=} 


Let f., x,,. y and 6 be as in (iv). Let f be a limit point of the sequence (f,) in @,(X), 
and let x be a limit point of the sequence (x,,) in the compact space X. For every 
m, the mapping hr A(x,,) from @,(X) into K is continuous. In view of the hypo- 
theses, we have /(x,,) = lim f,(x,,), and hence y = lim /(x,,); since f{:X > K is 


continuous and x is a limit point of the sequence (x,,), we get y = f(x). In an ana- 
logous way, we prove the equality 6 = f(x), whence y = 6. 

(iv) > (i) : suppose that the set of numbers f(x), as f ranges over A, is bounded 
in K for all xe X. This is equivalent to assuming that the closure A of A in the pro- 
duct space K* is compact (GT, I, § 9, No. 5). Suppose that A is not relatively compact 
in 6(X). This means that there exists a function ueA anda point ae X such that 
u is not continuous at a. Hence there exists a real number ¢ > O such that in every 
neighbourhood U of a, there exists a point x with |w(x) — u(a)| > e. 

We shall construct by induction a sequence (X,),,<-~ of points in D and a sequence 
(fnew Of elements of A, satisfying the following relations : 


(Dn \u(x,,) — u(a)| > € for m>1; 

(2) yn lux) = ful) | < 5 for 0<i<m-—1l1; 
L_ for O<m<i. 

(3) mi nl) — Inf) | < 


We take x, = a with f, arbitrary in A (the set A is not empty, otherwise it will 
be relatively compact in @(X)). Let n> 1 and X59, %,,-..%4-4. foo Aree hi-1 
satisfy relations (1),,, (2),, for 1 < m < nand(3),,;for0 <m <i <n. Since u belongs 
to A, there exists J,EA satisfying (2),. Let V, be the set of all xeX such that 

1 
|fn() — f(a) | < at 
of a; choose a point x, in Do V,, such that |ex,) — u(a)| > &, hence (1), and (3) 
are satisfied. Therefore, the construction can be continued. 

Since u(X) is a compact subset of K, there exists a sequence (y,) extracted from 
(x,,) and such that the limit y = Jim u(y,) exists. By (2),,, we have u(x,) = lim f, (x;) 


for0 <m <n. Since f, is continuous, V, is a neighbourhood 


m,n 


for all ig N, hence 


(4) y= Jim lim f,(9,) - 
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On the other hand we have f,(a) = lim f,(x;) by (3),,; hence f(a) = lim f,(y,). 
imo ko oxo 


Since x, = a, we deduce from (2),, that lim f(a) = u(a). Consequently, 


(5) u(a) = lim lim f,(9,). 

n>xa k>x 
Finally, from (1),,, we get |y — u(a)| > &, and so y 4 wa). This contradicts asser- 
tion (iv); we have thus proved that (iv) implies (i). 


3. The Eberlein and Smulian theorems 


THEOREM | (Eberlein). — Let E be a Hausdorff and quasi-complete locally convex 
space, FJ a topology on E which is compatible with the duality between E and E' and 
A a subset of E. For A to be relatively compact for 7, it is necessary and sufficient 
that every infinite sequence of points of A has a limit point in E for 7. 

The condition stated is obviously necessary. 

Suppose now that every infinite sequence of points of A has a limit point for 7, 
hence also for the coarser topology o(E, E’). Then A is precompact for 7 (IV, p. 32, 
prop. 1); in order that A be relatively compact for 7, it is necessary and sufficient 
that it be so for o(E, E’) (Joc. cit.). Therefore it is enough to prove the theorem when 7 
is the weakened topology o(E, E’). 

Let E denote the completion of E, which we shall identify as usual with a subspace 
of the algebraic dual E™ of E’ (III, p. 21, th. 2). Let E,, E, and E”* denote the spaces 
E, E and E™ endowed with the topologies o(E, E’), o(E, E’) and o(E’*, E’) respec- 
tively. 

Let (x}),-; be a basis of the vector space E’ over the field K. The mapping 
fr (f(X));<1 8 a homeomorphism > from E* onto K!; for every iel, the image 
of A under the mapping x; from E into K is relatively compact : for, K is metrizable 
and every infinite sequence of elements of x;(A) has a limit point. If follows that 
(A) is relatively compact in K!, hence that the closure A of Ain E* is compact. 

Next we shall prove that A is contained in E. Let H be an equicontinuous subset 
of E’; let X be its closure for o(F’, E); X is compact (III, p. 17, cor. 2). For every 
xeE™, let b, be the restriction of x/++ <x, x’> to X; let A < G(X) be the set of 
functions ¢, as x ranges over A. In view of the hypothesis on A, every infinite sequence 
of elements of A has a limit point in @,(X) ; by prop. 2 (IV, p. 33), the set A is therefore 
relatively compact in @,(X). It follows that for every ae A, the function o, on X 
is continuous. The inclusion A c E then follows from th. 2 of Ill, p. 21. 

Now we shall show that A is contained in E. Since A is precompact in E, (IV, p. 32, 
prop. 1), it is bounded in E, (III, p. 3, prop. 2), hence also in E (IV, p. 1, prop. 1). 
Let C be the closed convex balanced envelope of A in E. Then C is bounded since 
A is bounded, hence complete since E is quasi-complete. In other words, C is a 
convex and closed subset of E, so also of E, (IV, p. 1, prop. 1). Since A < C and 
the topology of E, is induced by that of E/*, we have A <C, and hence A < E. 


o°? 
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Since the topology of E, is induced by that of E%*, the subset A of E, is compact, 
and th. 1 follows. 


THEOREM 2 (Smulian). — Let E be a Fréchet space and A a subset of E. Let E, denote 
the space E endowed with the weakened topology. The following conditions are equi- 
valent : 

(i) A is relatively compact in E,; 

(ii) every infinite sequence of points of A has a limit point in E,; 

(iii) from every infinite sequence of points of A, we can extract a sequence which 
converges in E,. 

The equivalence of (i) and (ii) follows from Eberlein’s theorem and (iii) obviously 
implies (ii). 

We shall prove that (i) implies (iii). Suppose that the closure B of A in E, is com- 
pact and that (x,),,<n is a sequence of points of A. Let F denote the smallest closed 
vector subspace of E containing the x,, this is a Fréchet space satisfying the first 
axiom of countability. Since F is closed in E, and the topology o(F, F’) on F is 
induced by o(EF, FE’), the set Bm F is compact for o(F, F’). On account of the remarks 
in IV, p. 32, the existence of a sequence extracted from (x,),.~ converging for o(E, E’) 
(or, which is the same, for o(F, F’)) is a consequence of the following lemma : 


Lemma |. — Let F be a Fréchet space satisfying the first axiom of countability. Every 
subset C of F which is compact for the topology F induced by o(F, F’) is metrizable 
for this topology. 

Since the topology of precompact convergence on F’ is finer than the topology 
o(F’, F), there exists an everywhere dense countable subset in F, (III, p. 18, cor. 1). 
Hence the set C can be identified with a subset of K?, and the topology induced 
on C by that of K, which is metrizable (GT, IX, § 2, No. 8) is coarser than the topo- 
logy induced by o(F, F’), for which C is compact. Hence these two topologies are 
identical (GT, I, § 9, No. 4, cor. 3). 


Smulian’s theorem can be extended to the case where E is the strict inductive limit 
of a sequence of Fréchet spaces (IV, p. 67, exerc. 2). 


*4. The case of spaces of bounded continuous functions 


For every topological space X, let @°(X) denote the Banach space of all conti- 
nuous and bounded mappings from X into K, with the norm defined by 


(6) fll = sup Lf) 


(GT, X, § 3, No. 2). When X is compact, every continuous function on X is bounded 
(GT, IV, § 6, No. 1), and we write @(X) for @°(X). 

In this and the following section, we shall use the following lemma, which is a 
particular case of Lebesgue’s theorem (INT, IV, 2nd ed. § 4, No. 3, th. 2) on account 
of the interpretation of the elements of @(X)’ as measures on X. 
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Lemma 2. — Let X be a compact space. If a sequence (f,)nen 1S bounded in @ (X) 
and converges simply on X to a continuous function f, then wf) = lim w(f,) for every 


bin (XY. 


PROPOSITION 3. — Let X be a compact space, and let A be a bounded subset of @(X). 
For A to be relatively compact for the topology of simple convergence, it is necessary 
and sufficient that it is relatively compact for o(@(X), @(X)’). 

The topology of simple convergence is Hausdorff and coarser than o(@(X), @(X)’), 
hence the condition stated is sufficient (GT, L § 9, No. 4, cor. 3). 

Now suppose that A is relatively compact for the topology of simple convergence. 
Let (fnew be a Sequence of elements of A. By prop. 2 (IV, p. 33), there exists a sequence 
(f,,,.) extracted from (f,) and converging simply to a continuous function f By 
lemma 2, the bounded sequence (f,,) tends to f for o(@(X), @(X)). Then Smulian’s 


Nk 


theorem (IV, p. 36, th. 2) shows that A is relatively compact for o(@(X), @(X)’). 


CorROLLARY. — Let S be a topological space and A a bounded subset of @°(S). The 
following conditions are equivalent : 

(i) A is relatively compact for o(@°(S), @(S‘)); 

(ii) if (fnew 1S @ Sequence of elements of A and (Xp)men 1S a Sequence of points 
of S such that the iterated limits 


y= lim lim f(x,,), 6 = lim lim f,(x,,) 
exist, then y = 6. 

Let X be the Stone-Cech compactification of S (GT, IX, § 1, No. 6) and « the canoni- 
cal mapping from S into X. Put D = a(S). The mapping @: fb fo & is an isomor- 
phism from the normed space @(X) onto the normed space @°(S); put A = 7 (A). 
Since X is compact and D is dense in X, the prop. 2 (IV, p. 33) shows that condition (ii) 
is equivalent to the compactness of A for the topology of simple convergence. The 
equivalence of (i) and (ii) then follows from prop. 3. , 


*5, Convex envelope of a weakly compact set 


THEOREM 3 (Krein). — Let E be a Hausdorff and quasi-complete locally convex 
space, and let 7 be a topology on E compatible with the duality between E and E’. Let 
A be a subset of E which is compact for J. Then the closed convex balanced envelope 
C of A is compact for 7. 

We shall first make several reductions. 

A) The set C is precompact for 7 (II, p. 25, prop. 3), and A is compact for o(E, E’). 
On account of prop. I (IV, p. 32), it is enough to prove that C is compact for o(E, E’), 
and so we have reduced to the case where 7 = o(E, E). 

B) Since C is precompact and closed for o(E, E’), it is bounded and closed for 
the initial topology of E (III, p. 3, prop. 2 and IV, p. 1, prop. 1); hence it is complete 
since E is quasi-complete. In other words, C is the closed convex balanced envelope 
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of A in the completion E of E. Since the topology o(E, E’) induces o(E, E’) on E, 
we have reduced to the case when E is complete. 

C) Let I be the convex balanced envelope of A. Then C is the closure of I’ for 
o(E, E’). By Eberlein’s theorem (IV, p. 35, th. 1), it is enough to prove that every 
sequence (X,),<j of points of T has a limit point for o(E, E’) in E. But x, belongs 
to the convex balanced envelope of a finite subset B, of A. Let F be the closed vector 
subspace of E generated by the countable set B = UB,,. Then F is complete, the 


topology o(F, F’) on F is induced by o(E, E’) and we have x, € F for all ne N. Hence 
it is enough to prove that (x,),,-~ has a limit point for o(F, F’), which gives the reduc- 
tion to the case when there exists a countable dense set in E. 

Let A be assigned the topology induced by o(E, E’), which makes it a compact 
space. We define a linear mapping u:E’ > @(A) by 


(7) u(x’) (a) = <a,x’> (ae A,x' EE. 


Let (x’),-~ be an equicontinuous sequence in E’, converging to 0 for o(E’, E). Then 
the sequence of functions ux’) is bounded in @(A) and converges simply to 0. For 
every n € @(A)’, we have timp, u(u(x;,)) = 0 by lemma 2 (IV, p. 37). By the criterion 


given in the remark in Ill, ’D. 21, the linear form po u on E’ is then continuous for 
o(E’, E) for every pe G@(A)’. Hence there exists a linear mapping v:@(A)'’ — E 
satisfying the relation 


(8) u(x’), W> = uly), x’> (x EE, we GAY). 


It is clear that v is continuous if @(A)’ is assigned the topology o(@(A)’, @(A)) and E 
the topology o(E, E’). 

The unit ball (closed) B of the Banach space @(A) is compact for the topology 
o(@(A), @(A)) (LIL p. 17, cor. 3). Consequently, v(B) is a convex balanced and compact 
subset of E for o(E, E’). For every ae A, the continuous linear form ¢,: fr f(a) 
on @(A) belongs to B, and we have w(e,) = a by formulas (7) and (8). Hence, A < v(B), 
and so C c WB). This proves that C is compact for o(E, E’). 

Q.E.D. 


APPENDIX 


Fixed points of groups 
of affine transformations 


1. The case of solvable groups 


Let E be a real vector space, and K a convex subset of E. A mapping u:K > K 
such that for x, y in K and for every real number ¢ in (0, 1). we have 


(1) u(ix + (1 — 1) y) = ndx) + 1 — Duy) 
is said to be an affine transformation. From relation (1) we deduce that 
(2) ud t:x;) = d) Gu(x;) 

iel iel 


for every finite set I, points x, in K and positive real numbers ¢, such that )) t,=1. 
iel 

Let uw and v be two affine transformations on K, then the mapping wo v is an 

affine transformation on K. If v:E > E is a linear mapping such that v(K) c K, 


the mapping u:K — K which coincides with v on K is an affine transformation. 


THEOREM 1| (Markoff-Kakutani). — Let E be a Hausdorff locally convex vector space 
over the field R, and K anon-empty compact convex subset of E. Let T be a set of conti- 
nuous affine transformations on K, pairwise permutable. Then there exists a point a 
in K such that Wa) = a for all ueT. 

For every ueT, let K, be the set of all xe K such that u(x) = x. We shall show 


that K, is non-empty. Let x be a point of K; for every integer n > 1, let x, be the 
n-1 

element ; y| u'(x) of E. Since K is convex and stable under u, the points x, belong 
i=0 

to K and since K is compact, there exists a limit point a of the sequence (x,),,5,. 

The mapping y+ uw(y)— y from K into E is continuous, hence u{a) — a is a limit 


point of the sequence (u(x,) — x,),5,. But we have u(x,) — x, = * wa) — x). 
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Since K is compact, hence also bounded (III, p. 3, prop. 2), the sequence (w(x) — x), 5 ; 
is bounded; consequently, the sequence (; (u(x) — 9) tends to 0 (III, p. 4, 
n21 


prop. 3), and since E is Hausdorff, we have u(a) — a = 0. Therefore ae K,,. 
Each of the sets K, is a closed and convex subset of the compact space K, and 


we shall prove that the intersection | K, is non-empty. For this it is enough to 
ueD 
prove that, for n > 1, and w,...,u, in I, the set K,, 9... K,, is non-empty. 
The case n = 1 having been considered, we argue by induction on n. Suppose 
n> 2 and putL = K,,-q...0K,,_,. By the hypothesis of induction, L is a non- 
empty compact convex subset of E. Since u, commutes with w,,...,u,_,, we have 
u,(L) < L. Applying the first part of the proof to the affine transformation induced 
by uw, on L, we conclude that there exists a point a in L such that u,(a) = a; then 


a belongs to K,, 9... K,,, which is then non-empty. 


un? 


CoROLLARY. — Let G be a solvable group of continuous affine transformations on K. 
Then there exists a point in K which is invariant under G. 

By the definition of a solvable group (A, I, § 6, No. 4) there exists a finite decreasing 
sequence (G;)o<;<, Of distinct subgroups of G, such that Gy = G, G, = {e} and 
such that the group G,_,/G; is commutative for 1 < i <n. Let K, denote the set 
of fixed points of G; in K. Then K, = K. Moreover, for 1 < i < n, every element 
of G, induces the identity transformation on K;; we thus deduce an action of the 
abelian group G;_,/G; on K if K, is non-empty; it follows from th. 1 that the set 
K,_, of fixed points of G,_,/G; in K,; is non-empty. By descending induction on i, 
we conclude that K, is non-empty, hence the corollary. 


2. Invariant means 


Let X be a topological space. Let B(X ; R) denote the real vector space consisting 
of continuous bounded mappings from X into R. Endowed with the norm 
|| f | = sup | f(d|, this is a Banach space (GT, X, § 3, No. 1); it is also an ordered 

xeX 


vector space, where the relation f > g means « f(x) > g(x) forall xe X ». 


DEFINITION 1. — A positive linear form on the space B(X; R), where X is a topo- 
logical space, for which ||\p|| = 1, is called a mean on X. 


* When X is compact, a mean on X is a positive measure on X such that 1(X)=1. , 


Lemma 1. — The set K of means on X is the subset of the unit ball of the dual of the 
Banach space E = 8(X; R) whose elements are the linear forms wy such that wA)=1. 
It is a subset of E' which is convex and compact for o(E’, E). 

Let » be a linear form on E, such that p(1) = 1. For every function fe E, we define 
the function f’¢E by f(x) = || f|| — f(@) (xe X). First assume that pw is a mean; 
for every fe E, we have f’ > 0, hence p(f’) > 0, ie. wf) < || ||; therefore |u|) < 1. 
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Conversely, suppose p belongs to E’, and that ||p|| < 1; for every positive function 
feE, we have w(f’) < || f’||, hence 


IF — wh =H) < If < ISI, 


and finally nf) = 0; consequently, p is a mean. 
It is clear that K is convex; that it is compact for o(E’, E) follows from cor. 3 
of III, p. 17. 
Q.E.D. 


Let I be a set of continuous mappings from X into X which commute pairwise. 
Let y eT. For every function f € E, we have f o y ec E; hence we can define an affine 
transformation u, on the set K of means on X, by 


uf) = W(foy) (weK, feE). 


If K is assigned the topology induced by o(E’, E), the mapping u, is continuous. 
If y is a homeomorphism, uw, can be deduced from yw by transport of structure. 
Finally, we have u,u,, = u,u, for all y, y’ in I. By the Markoff-Kakutani th. (IV, 
p. 39, th. 1), there exists a mean yt on X, such that uu = for all y eT; in other words, 
i satisfies the relation n(f) = u(feo y) for fe E and yeT. 

In an analogous way, the corollary of th. 1 (IV, p. 40) implies the following result : 


PROPOSITION 1. — Let X be a topological space and G a solvable group. We assume 
that G operates on X on the left, in such a way that for all g € G, the mapping x > g.x 
jrom X into X is continuous. Then there exists a mean on X which is invariant under G. 


CoroLiary. — Let G be a solvable topological group. Then there exists a mean on 
G which is invariant under the left and the right translations. 

It is enough to apply prop. 1 to the solvable group G x G acting on G by 
(g.g').x = gxg’*. 


3. Ryll-Nardzewski theorem 


In this section, E denotes a normed space over the field R and 7 a Hausdorff 
locally convex topology on E for which the norm of E is /ower semi-continuous. 
These hypotheses are in particular satisfied in the following cases : 

a) J is the topology induced by the norm of the normed space E. 

b) F is the weakened topology o(E, E’) of the normed space E. 

c) E is the dual of a normed space F and 7 = o(F,, F). 

d) There exist two normed spaces F, and F, such that E = ¥(F,; F,) and 7 
is the topology of simple convergence. 

Unless otherwise expressely stated, the topological notions refer to the topology 7. 

Let K be a convex subset of E. Suppose that K is compact (for the topology 7), 
and that K satisfies the first axiom of countability for the distance defined by the 
norm of E. 
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Lemma 2. — Suppose K contains at least two points. For every ¢ > 0, there exists 
a partition of K into two non-empty subsets K, and K.,, having the following proper- 
ties : 

a) K, is convex and compact ; 

b) we have ||x, — x,|| < € for every x, and x, in Ky. 

Let L be the closure of the set of all extremal points of K. By the Krein-Milman 
th. (II, p. 55, th. 1), K is the closed convex envelope of L. Since K contains at least 
two points, so does L. For every xeL, let A, be the set of all ye L such that 
|x — »|| < &/4. By the hypothesis, on K, there exists a countable subset D of L 
such that L = U A,,. Since the norm is lower semi-continuous, each of the sets 


xeD 


A,, is closed. Applying Baire’s th. (GT, IX, § 5, No. 3, th. 1) to the compact space L, we 
see that there exists a point a in D and an open subset U in E such that L 7 U is 
non-empty and is contained in A,. Since L contains at least two points, and since E 
is Hausdorff, we can choose U in such a way that L ¢ U. 

Let M be the closed convex envelope of Ln § U. For every real number ¢ such 
that 0 < ¢ < 1, let M, be the set of all vectors of the form tx, +(1 — 4) x, with 
x,é€M and x, eK; this is a non-empty, compact convex subset of K. We shall 
prove that M, # K by reductio ad absurdum. Suppose that M, = K; then every 
extremal point x in K belongs to M,, hence can be written in the form 
x = tx, +(1 — 1) x, with x,¢M and x,€K. This implies that x = x, = x, 
and so x eM. By Krein-Milman th. (II, p. 55, th. 1), we have K = M, and K is the 
closed convex envelope of Lo {U. By II, p. 56, corollary, this implies that 
LcLoQ{U, which contradicts the relation LA U ¥ @. 


Put d= sup ||x — yj| and choose a real number ¢ such that 0 < ¢ < 1 and 
xeK, yeK 


t < «/4d. Put K, = M, and K, = K — M.,,. By the preceding argument, the sets 
K, and K, are non-empty, and K, is convex and compact. Let M’ be the closed 
convex envelope of Lm U. Since K is the closed convex envelope of the set 
L=(LoG(U)vU(Lno DV), it is also the closed convex envelope of MU M’. Let 
x, and x, be two points in K,; for i = 1, 2, there exist y, eM, z,e M’ and a real 
number «; such that O<«;, <1 and x, =a,y,; + (1 — 4) z,. If «, > 4 then 
x= ty,+0-d { ao y+ as} ; this contradicts the assumption that 


x,¢M;. Hence a, < ¢, for i = 1,2, and so 
|x, — Zl] = lo; = z,)|| = a,lly; — Z| < ad < dt < €/4. 
For every point z in M’, we have ||z — al| < ¢/4, since LW UC A,, and so, in 
particular ||z; — al| < ¢/4. Thus 
2 
|x, — X2|| < > (lx; — 4] + lz, — all) <e. 


i=1 


This completes the proof. 
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Lemma 3. — Let G be a group of continuous (for 7 ) affine transformations on K. 
Suppose that K is non-empty and that |\gx — gy\| = ||x —yl| for all x, y in K and 
all g in G. Then there exists a point in K which is invariant under G. 

Let 3 be the family of non-empty subsets of K which are closed convex and stable 
for G. If (L,),<) is a family of elements of 3 which is totally ordered by inclusion, 
then the set L = (J L, belongs to 3. Consequently (S, III, § 3, No. 4, th. 2), there exists 


ael 


an element L in 3 which is minimal for the relation of inclusion. We shall prove 
that L reduces to a point. 

We argue by reductio ad absurdum, assuming that L contains at least two distinct 
points x, and x,, put x = (x, + x,)/2 and € = |jx, — x,||/2. The convex and 
compact set L satisfies the first axiom of countability for the distance defined by the 
norm (GT, IX, § 2, No. 8). Hence we can apply lemma 2 and find a compact and 
convex subset L, of L, distinct from @ and from L, having the following property : 
perty : 

(A) For every y, and y, inL — L,, we have ||y, — yy\| < . 

We shall prove by reductio ad absurdum that gxeL, for allgeG. LetgeG 
be such that gx eL — L, then we have 


lax; — gxll = ll, — xl] = Iy — 2/2 =e, 


for i = 1,2. By property (A), we have gx; ¢L,. Since L, is convex, we conclude 
that gx = (gx, + gx,)/2 belongs to L,, which contradicts the assumption. 

Let L’ be the closed convex envelope of the orbit Gx of x. The set L’ belongs to 5. 
By the preceding argument, we have L’ c L,, hence L’ c L, L’ ¥ L. This contra- 
dicts the minimal character of L and the proof is complete. 


THEOREM 2 (Ryll-Nardzewski). — Let E be a normed space and K a non-empty 
convex subset of E, which is compact for the weakened topology o(E, E’). Let G be 
a group of isometric affine transformations of K. Then there exists a point in K which 
is invariant under G. 

For every g € G, let K, denote the set of all points x in K such that gx = x; let K 
be assigned the weakened topology ; each set K, is convex and closed in the compact 


space K. We shall prove that the intersection  K, is non-empty; for this, it is 
geG 
enough to prove that the set K,, 4... 1 K,, is non-empty for every g,, ..., g, in G. 


Fix g,,...g, and let H be the subgroup of G generated by { g,,..., g, }. Choose 
a point a in K and let L denote the closed convex envelope of the orbit Ha of a. 
Let D be the countable set of elements of the form A,h,a + - + A,,h,,@, where 
Ay, +5 Am are positive rational numbers such thatA, ++ +A, = 1, and h,,... A, 
are elements in H. The closure D of D for the strong topology, is convex, hence 
it is closed for o(E, E’) (IV, p. 4, prop. 2); therefore D = L and this proves that L 
is a metric space satisfying the first axiom of countability for the distance 
(x, y) > ||x — yl]. We can now apply lemma 2. There exists a point 6 in L which 
is invariant under H, hence be K,, 0... K,,. 
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Coro.Luary. — Let E be a reflexive Banach space, G a group of automorphisms of 
the normed space E, and K a subset of E. Suppose that K is non-empty, convex, closed, 
bounded and stable under G. Then there exists a point in K which is invariant under G. 

Since E is reflexive, K is compact for o(E, E’) (IV, p. 15, th. 1). Moreover, every 
element of G belongs to #(E). 


4. Applications. 


* A) Unitary representations of groups : 

Let E be a complex hilbertian space, G a group and x a unitary representation 
of G on E, ie. a homomorphism from G into the group of automorphisms of E. 
Let E® be the hilbertian subspace of E consisting of all vectors invariant under 
m(G). For every x € E, let K, be the closed convex envelope of the orbit of x. Fix 
a point x in E. 

We Shall show that there exists a unique point in K,, which is invariant under n(G), 
namely the projection of x on E®%. By IV, p. 44, corollary (applied to the underlying 
real vector space to E), there exists a point in K, which is invariant under 2(G); 
let a be such a point; then ae ES. Let P be the set of all y ¢ E such that y — x is 
orthogonal to E°; we see immediately that P is closed, convex and invariant under 
m(G); therefore x e¢ P, hence K, c P and finally ae P. In other words, a — x is 
orthogonal to E°; consequently a is the projection of x onto ES. , 


* B) Trace of an operator in a hilbertian space : 

Suppose that the representation 1 is irreducible, that is, that there exists no hil- 
bertian subspace of E, distinct from {0} and from E, which is invariant under n(G). 
Let F = ¥7(E) be the hilbertian space of all Hilbert-Schmidt endomorphisms 
of E, with the scalar product <u|v> = Tr(u*v). We define a unitary representation 
X from G into F by the formula 


(3) Mg).u = ng) ung)! (we F,geG). 


The space F® of all elements of E invariant under A(G) consists of the Hilbert- 
Schmidt endomorphisms u of E which commute with x(g) for all g e G. By Schur’s 
lemma, such a uw is a homothety. Hence we must consider two cases : 

1) if E is infinite dimensional, then FS = {0}; 

2) if E is finite dimensional, then F = #(E) and FS = C.1,. 

Applying the result of A) to the unitary representation i, we obtain the following 
theorem : 

Let ue £*(E), and let A, be the closed convex envelope in £*(E) of the set of 
endomorphisms n(g) un(g)~ 1 of E, where g runs through G. IfE is infinite dimensional, 
we have 0c A,,. IfE is finite dimensional with dimension d, there exists a unique homo- 


thety in A,, namely the projection “Tr(w). 1, of u onto the subspace C.1,, of £ *(E). , 
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C) Haar measure of a compact group : 
Let G be a compact group and let E = 6(G, R) be the Banach space of all real 
valued continuous functions on G, endowed with the norm 


(4) If || = sup | f(9|. 
xeG 
For all xe G, we define the automorphisms y, and 8, of E by the formulas 


(5) SY) =f ty), 8.f0”) = f(y») 


(for ye G, feE). 

Let fe E, let T, (resp. A,) denote the closed convex envelope i. E, of the set of 
all functions y, f (resp. 5, f) as x ranges over G. We shall prove ti.at there exists a 
unique constant function ( f) belonging to T',, a unique constant function \'( f) belong- 
ing to A,, and that these constants are equal. 

It is clear that a continuous function on G is invariant under the automorphisms 
y, (resp. 6,) of E if and only if it is constant. Now the set of all functions y, f (resp. 8, f) 
for x in G, is compact in E, since the mapping x > y, f (resp. x > 8, f) from G into E 
is continuous (GT, X, § 3, No. 4, th. 3). It follows (U, p. 25, prop. 3) that I’, (resp. A,) 
is a compact set in E for the topology defined by the norm, hence for o(E, E’). By 
the Ryll-Nardzewski th. (IV, p. 43, th. 2), there exist constant functions in T yand A,. 
It remains to prove that if c, eI, and c, € A, are constants, then c, = c). 

Let ¢« > 0. By the hypothesis there exist points x,,...,X,, V1... ¥, in G and 


positive real numbers 1,,...,A,, My, ---> H», Such that 
(6) Apt thy, = hy to +B = 1. 
(7) sup |) A,f(x;x) — ¢,| <e, 
xeG i=1 
(8) sup |») ujf(xy;) — ¢| ge. 
xeG j=l 


Put r= Aw f(y, Then r—c, = Ps wa; with a; = py rN S(%Y)) — ey; by 


(7), we have la,|| < « for 1 <j < m, hence |r — c,| < &. Similarly, we prove the 
inequality |r — c,| < &, hence |e, — c,| < 2s. Since ¢ is arbitrary, we get c, = c), 
as asserted. 

By the definition of (f/f), for every ¢ > 0 we can find positive numbers A,, ..., % 


n 


with sum | and elements x,, ..., x, in G such that |)" A, f(x,x) — u(f)| < « for all 
i=1 


xeG. 

It is immediate that for f, g in E and for every scalar 4, we have Papel k, 
and Y,,=AI,, hence we have the relations w(f+g)=u(/) + ug) and wAS) =Au(/). 
Therefore, the mapping w:ft> p(f) from E into R is a mean on the compact space G 
(IV, p. 40); * in other words y is a positive measure on G such that p(G) = 1 ae 
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It is immediate that p is invariant under the left translations of G, and the equality 
u(f) = p'(f) implies that p is also invariant under right translations. * In other 
words, u is a left and a right measure on G (INT, VIL § 1, No. 2, def. 2). ,, 


* D) Existence of invariant measures : 

Let X be a Hausdorff topological space, 1, a positive bounded measure on X, 
and G a group of homeomorphisms of X. Suppose that for all g e G, the measure 
g-u, the image of under the mapping g:X — X is of base p. Let u, be a positive 
p-integrable function on X such that g.u = u,.u. Suppose also that there exist 
two positive yp integrable functions @ and y on X, which are not p-null and are 
such that @ < u, < W p-almost everywhere for all g ¢ G. We shall prove that there 
exists a positive i »unded measure v # 0 on X, with base wu, and invariant under G. 

Let P be the subset of the Banach space E = L1(X, p) consisting of classes of 
functions f such that @ < f < W u-almost everywhere. Then P is compact for the 
weakened topology o(E, E’). The mapping /t+> h.u from P into the Banach space 
F = .@"(X) of bounded real measures on X, is a bijection from P onto a subset 
P, of E which is convex and compact for the topology o(F, F’). By hypothesis, 
g-u€ P, for all g € G. Let K be the closed convex envelope of the set of all measures 
g-u. For all g e G, the mapping vb g.v is an isometric affine transformation of K. 
By the Ryll-Nardzewski th. (IV, p. 43, th. 2), there exists a measure v € K which is 
invariant under G. We have o.u < v, hence v # 0. , 


Exercises 


§ 1 


1) Let A be an infinite set. 

a) Let E be the Banach space .#(A) over R, consisting of all families x = (x,),-4 of real num- 
bers such that «+> x, tends to 0 with respect to the filter of complements of finite subsets 
of A, and endowed with the norm ||x|| = sup |x,| (when A = N, this space is denoted by 


Co OT Co(N). Show that every continuous linear form on E can be written in a unique way as 

xt DY u,x,, where (u,),ca is a family such that > |u| < + 00; then the dual E’ of E can 
aeA acA 

be identified (as a non topological vector space) with the space ('(A) (I, p. 4, Example). 

b) Let F be the Banach space (1(A) (I, p. 4, Example) (when A = N, also denoted by ¢1). Show 


that every continuous linear form on F can be written in a unique way as x +> )° u,x,, where 


ara? 


acA 
(u,)yea is a bounded family of real numbers; then the dual F’ of F can be identified (as a non 
topological vector space) with the space B(A) = f*(A). 
c) Let B be an arbitrary set, (C,)o,9Axp 20 arbitrary family of numbers > 0. Let G be the 
vector space of all families x = (xn of real numbers such that, for every B&B, we have 


P(x) = DY Capl*%,| < + 00; the pz are semi-norms on G. In order that G, with the topology 


acA 
defined by this family of semi-norms, be Hausdorff, it is necessary and sufficient that, for 
every ae A, there exists at least one B ¢ B such that c,, > 0. Show that then G is complete, 


and that every continuous linear form on G can be written uniquely as xt)’ u,x,, where 


ane? 


ae. 
(u,)yca iS a family of real numbers satisfying the following condition; there exists a finite 
number of indices B,¢ B (1 < i < m) and a number a > 0 such that |u,| < a.c,,, for allacA 
and 1 <i<vn. Prove the converse, and extend these results to the case where the field of 
scalars is C. 


2) a) Let F and G be two vector spaces in separating duality. Show that, if F is relatively 
bounded for o(F, G) (III, p. 43, exerc. 6), then G is relatively bounded for o(G, F). 
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b) Let F be a vector space, and let G,, G, be two vector subspaces of F* such that F is in 
separating duality with G, and with G,. Show that, if F is relatively bounded for o(F, G,) 
and o(F, G,), it is so also for o(F, G, + G,). 

c) Suppose that F has a countable basis. Show that, for every vector subspace G of F* which 
is in separating duality with F and has a countable basis, F is relatively bounded for o(F, G) 
(by induction define two bases (a,), (5,) of F and G respectively, such that <a,,, b,> = 8): 


3) Let F be a vector space. Show that, for the topology o(F, F*), every bounded subset of F 
is finite dimensional. Deduce that, if F is infinite dimensional, there exist, in the completion F 
of F (for o(F, F*)), compact subsets which are not contained in the closure of any bounded 
subset of F (cf IL, p. 52, prop. 10). 


“| 4) Let F and G be two vector spaces in separating duality, G (resp. F) being identified 
with the dual of F (resp. G) when the latter is assigned the topology o(F, G) (resp. o(G, F)). 
Let S (resp. T) be a covering of F (resp. G) consisting of convex, balanced and bounded subsets 
for o(F, G) (resp. o(G, F)). Show that the following propositions are equivalent : 

a) Every set Me © is precompact for the T-topology. 

B) Every set Ne is precompact for the S-topology. 

y) On every set Me G, the topology induced by the T-topology is identical with the topo- 
logy induced by o(F, G). 

5) On every set N eT, the topology induced by the S-topology is identical with the topo- 
logy induced by o(G, F). 
(Use prop. 5 of ITI, p. 17 to show that a) implies 5) and exerc. 1 of II, p. 74 to show that 8) 
implies B).) 


5) Let E and F be two locally convex Hausdorff spaces, S a family of subsets of E. In order 
that the S-topology on the space “(E; F) be compatible with the vector space structure, 
it is necessary (and sufficient, cf IIL, p. 13, corollary) that every set of S is bounded in E. 


6) a) Let E be a locally convex Hausdorff space. For every ultrafilter Uf on E, let UW’ be the 
filter for which the convex envelopes of sets of U form a base. Show that, in order that a point 
of E be a limit of U for the weakened topology, it is necessary and sufficient that it is a limit 
point of U’ for the initial topology (use exerc. 11 of II, p. 84). 

b) Let A be a convex subset of a vector space E and let 7,, 7, be two locally convex Haus- 
dorff topologies on E, and 7, 7, the corresponding weakened topologies. Show that if the 
topology induced on A by 7, is finer than the topology induced by 7,, then the topology 
induced on A by 7; is finer than the topology induced on A by 73. 


“| 7) Let F be the direct sum space R™, G the space f1(N) (I, p. 4, Example); F and G are 
put in duality by the bilinear form 


@yr YEN, 


for x = (€,)eF and y = (n,) eG. 

a) Show that, in F, every set K which is convex and compact for o(F, G) is finite dimen- 
sional. (Assume the contrary; let (1,) be a strictly increasing sequence of integers > 0, and 
(a,) a sequence of points of K such that the components of a, for indices > n, are zero, but 
that of index n, is # 0. Show that there exists a sequence (¢,) of numbers > 0 such that 


> 4, < + co and that in the Banach space @(N) of all bounded sequences of real numbers, 


k 
the point )° 4,4, has non-zero components for indices n,, for all i; deduce that the sequence 
k 


Dp 
of partial sums sy= )) 4,4, cannot have a limit point in F for o(F, G).) 
k=1 


b) Show that in F there exist compact sets for o(F, G) which are infinite dimensional (observe 
that G is the dual of F for the topology induced by the topology of the normed space #(N)). 
Show that there exist precompact sets in F for o(F, G) which are not relatively compact. 
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c) Deduce from a) and 5) that t(G, F) = o(G, F), but that 1(G, F) is distinct from the topo- 
logy of uniform convergence on subsets of F which are compact for o(F, G). 


8) Let E be an infinite dimensional locally convex metrizable space, and E’ its dual. In order 
that the topology t(E, E’) be identical with the weakened topology o(E, E’) it is necessary 
and sufficient that E is isomorphic to an everywhere dense subspace of the product space 
RN (resp. CX). (Observe that in E’, for the bornology consisting of equicontinuous sets, there 
exists a countable base (III, p. 1) consisting of finite dimensional sets ; conclude that the vector 
space E’ has a countable basis). 

Give an example of a locally convex Hausdorff space E for which the initial topology, 
and the topologies o(E, E’) and t(E, E’) are all distinct. 


9) a) Let E be a locally convex, Hausdorff, bornological and quasi-complete space. In order 
that the topologies t(E’, E) and o(E’, E) on the dual E’ of E be identical, it is necessary and 
sufficient that the topology of E is the finest locally convex topology (show that every bounded 
subset of E is finite dimensional). 

b) Let E be a locally convex Hausdorff space, E’ its dual. In order that the strong topology 
B(E’, E) on E’ be identical with the weak topology o(E’, E), it is necessary and sufficient that 
the topology of the bornological space associated with E (III, p. 40, exerc. 1) is the finest locally 
convex topology on E. 


10) Let E be a locally convex Hausdorff space, E’ its dual. Show that the following proposi- 
tions are equivalent : 

a) E is barrelled; 

B) every weakly bounded subset of E’ is equicontinuous ; 

y) every weakly bounded subset of E’ is relatively weakly compact, and the topology of E 
is t(E, E’). 


11) Let E be a locally convex Hausdorff space, E’ its dual, S a covering of E consisting 
of bounded subsets; we assign the G-topology to E’. Show that, for the bilinear form 
(x, x‘) <x, x'> to be continuous on E x E’, it is necessary and sufficient that the topology 
of E can be defined by a single norm, and that the S-topology is the strong topology on E’ 
(cf. TI, p. 37, exerc. 2). 


12) Let E be a locally convex Hausdorff space, E’ its dual. 

a) In order that there exists a weakly bounded and absorbent set in E’, it is necessary and 
sufficient that the topology of E is coarser than a normed space topology (cf. IV, p. 47, exerc. 2). 
b) In order that there exists an equicontinuous and weakly total set in E’, it is necessary 
and sufficient that the topology of E is finer than a normed space topology. 

c) In order that there exists an equicontinuous absorbent set in E’, it is necessary and suffi- 
cient that the topology of E can be defined by a single norm. 


13) Let F and G be two vector spaces over R in separating duality. 

a) Let A bea convex set in F, not containing the origin, and compact for the topology o(F, G); 
let C be the convex cone with vertex 0 generated by A. Show that the polar cone C° inG 
has an interior point for the topology +(G, F). 

b) Conversely, let C be a proper convex cone with vertex 0, closed for o(F, G) and having 
an interior point for the topology t(F, G). Show that in G there exists a hyperplane H, closed 
for o(G, F), not containing the origin, such that Hm C° is compact for o(G, F) and 
(H 4 C°) u {0} generates C°. 


14) Let E be a locally convex Hausdorff and quasi-complete space, E’ its dual. Show that 
on E; the topology of compact convergence is the finest of the topologies compatible with 
the duality between E and E’ and which induces the same topology as o(E’, E) on every equi- 
continuous subset of E’ (cf IV, p. 48, exerc. 4). 
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“ 15) a) Let E bea locally convex Hausdorff space, A a convex and balanced set in E, and 
ua linear form on E. Show that if A > u7~ 1(0) is closed with respect to A, then the restriction 
of u to A is continuous. (If not, show that 0 will be in the closure of the intersection of A and 
a hyperplane u~ '(«) with « 4 0; deduce that if be A is such that u(b) = — 4, the point 4b 
will be in the closure of A ~ u~ +(0).) 

b) Let E be a real locally convex Hausdorff and complete space, E’ its dual. Show that if a 
hyperplane H’ of E’ is such that its intersection with every equicontinuous and weakly closed 
subset M’ c E’ is weakly closed, then H’ is weakly closed (use a) and III, p. 21, cor. 1). 

c) Let E bea locally convex Hausdorff space, E’ its dual and C a convex, balanced and closed 
set in E. Let u be a linear form on E; show that if the restriction of u to C is continuous for 
the initial topology, it is also continuous for o(E, E’) (use a)). Show by an example that the 
restriction of u to the vector subspace M generated by C is not necessarily continuous (take 
E = R™ with the norm ||x|| = sup |&,|, and for C take a suitable convex set generating E). 


16) Let F and G be two vector spaces in separating duality, the set of all linear forms x’ on F 
which are bounded an every subset of F bounded for o(F, G) is called the enclosure of G 
in the algebraic dual F* of F; this is a vector subspace G of F*, which is the dual of F when 
F is assigned the topology of the bornological space associated (III, p. 40, exerc. 1) with one 
of the topologies compatible with the duality between F and G. Then G is said to be enclosed 
in F* ifG=G. 

a) Let M bea closed vector subspace of F for the topology o(F, G). Show that if G is enclosed 
in F*, and if F/M is assigned the topology o(F/M, M°), then its dual is enclosed in (F/M)*. 
b) Let E be a Hausdorff locally convex space, E’ its dual. For E to be bornological, it is neces- 
sary and sufficient that its topology is identical with t(E, E’) and that E’ is enclosed in E*. 
c) Let (E,);-, be a family of Hausdorff locally convex spaces, and F the direct sum space of 
the E,, endowed with the topology defined in I, p. 24, exerc. 14. Show that the dual of F is 


canonically isomorphic to the subspace of the product [] E; of the duals of the E,, consisting 


iel 
of all families (x;) such that x; = 0 except for a countable number of indices. (Let V; be an 
arbitrary neighbourhood of 0 in E,. Show that if x; 4 0 for an uncountable set of indices, 
then there exists a number « > 0 and an uncountable set H < I such that there exists x; € V; 
for which <x;, x;> = « for all i¢ H; conclude that (x;) cannot belong to F’.) 
d) Show that if I is uncountable then F’ is not enclosed in F*; if we take E; = R for alliel, 
then F’ endowed with the strong topology, is not complete, and there exist strongly bounded 
subsets in F’ which are not weakly relatively compact. 


17) Let E be a Hausdorff locally convex space, E’ its dual and, in E’, let 8, be the family 
of convex equicontinuous sets, B@, the family of convex, relatively weakly compact subsets, 
B, the family of convex strongly bounded subsets, and B, the family of convex weakly bounded 
subsets. Then B, < B, c B; c B,. Give an example of a space E for which the four families 
of sets are distinct (take for E a product of three spaces for which we have, respectively 8, 4 B, 
(cf IV, p. 49, exerc. 8), B, #4 B, (exerc. 16, d)), BV, A B, (UWL p. 23, Remark 2). 


18) Let E, F be two vector spaces and E*, F* their respective algebraic duals. Show that 
if uv is a linear mapping from F* into E, which is continuous for the topologies o(F*, F) and 
o(E, E*), then u(F*) is finite dimensional. (Use prop. 2 of IV, p. 27 to show that uw is a strict 
morphism, and deduce that u(F*) is a subspace of E of minimal type (II, p. 85, exerc. 13); 
conclude by considering the bounded sets of this subspace.) 


19) Let E and F be two Hausdorff locally convex spaces, E’ and F’ their duals. For every 
subset H of the space “(E; F) of continuous linear mappings from E into F, let 'H denote 
the set of the transposes of the mapping ue H. For every subset M (resp. N’) of E (resp. F), 
let H(M) (resp. ‘H(N’)) denote the union of the sets u(M) (resp. ‘u(N’)) as u ranges over H. 
a) For H to be equicontinuous, it is necessary and sufficient that, for every equicontinuous 
subset N’ of F’, ‘H(N’) is an equicontinuous subset of E’. 

b) Let S bea set of bounded subsets of E. Show that H is bounded in #(E; F) for the S-topo- 
logy, if and only if for every y’ € F’, ‘H(y’) is bounded in E’ for the S-topology. 
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c) Let S bea set of bounded subsets of E, 3 a set of bounded subsets of F forming an adapted 
bornology of F (III, p. 3, def. 4). Suppose E’ is assigned the S-topology and F’ the 3-topology. 
Then ‘H is equicontinuous if and only if for every set B ¢ S, H(B) belongs to S%. In particular, 
‘H is equicontinuous for the strong topologies on F’ and E’ if and only if H is bounded in 
L(E; F) for the topology of bounded convergence. 
da) Deduce from 6) and c) that, if 'H is bounded for the topology of simple convergence in 
LF’; E’) when F’ and E’ are assigned the strong topologies, then ‘H is equicontinuous for 
these topologies. 
e) Show that if E is barrelled, the following properties are equivalent : 

a) H is simply bounded in #(E; F); 

6) H is equicontinuous ; 

y) 'H is simply bounded in #(F’; E’) when E’ is assigned the weak topology o(E’, E); 

5) ‘H is equicontinuous, when E’ and F’ are assigned the strong topologies. 
f) Show that if E is infrabarrelled (III, p. 44, exerc. 7), then the properties B) and 5) of e) 
are equivalent, and are also equivalent to the following : 

¢) H is bounded in ¥(E; F) for the topology of bounded convergence ; 

) ‘H is simply bounded in #(F’; E’) when E’ is assigned the strong topology. 
g) Show that if E is quasi-complete, the properties «), y) and 6) of e) are equivalent. 


20) Let E be a Hausdorff locally convex space, and E’ its dual. 

a) Let M be a closed vector subspace of E. The topology t(M, E’/M°) is identical with the 
topology induced on M by 1(E, E’) if and only if every convex balanced set in E’/M° which 
is compact for the weak topology o(E’/M°, M), is the canonical image of a convex balanced, 
compact (for o(E’, E)) subset of E’ (cf: V, p. 73, exerc. 15). 

b) Let N bea dense vector subspace of E. If the topology induced on N by that of E is identical 
with t(N, E’), show that the topology of E is identical with t(E, E’). 


21) a) Let E be a vector space, E* its algebraic dual. Show that the topology t(E, E*) is 
the finest locally convex topology and that the topology t(E*, E) is identical with o(£*, E). 
b) Let E** be the algebraic dual of E*. Show that if E is infinite dimensional, then E is dense 
in E** for all the topologies compatible with the duality between E** and E*, but that the 
topology induced on E by 1(E**, E*) is distinct from t(E, E*). 


22) Let E be a Hausdorff locally convex space, E’ its dual and M a closed subspace of E. 
a) Show that if the closed convex envelope of a compact set in E is compact, then the topology 
of compact convergence on E’/M° (identified with the dual of M) is the quotient topology 
of the topology of compact convergence on E’ by M°. 

5) Show that if M is infrabarrelled and if E’/M°, endowed with the topology B(E’/M°, M) 
is bornological, then the topology B(E’/M°, M) is the quotient of B(E’, E) by M°. 


23) Give an example of a family (E,),., of Hausdorff locally convex spaces such that the cano- 
nical mapping from @ E; onto the dual of P = [] E; is not an isomorphism from the topo- 


iel icl 
logical direct sum of the E; endowed with the weak topologies o(E;, E;) onto the dual P’ 
endowed with o(P’, P). 


24) Let (E,),.4 be a family of locally convex Hausdorff spaces, E a vector space and for every 
aeA, let f, be a linear mapping from E, into E. On E consider the finest locally convex topo- 
logy Z for which the functions f, are continuous (II, p. 27); suppose 7 is Hausdorff and 
let E, denote the dual of E,, and E’ that of E endowed with 7. Show that if, for every ae A, 
the topology of E, is identical with t(E,, E%), then the topology 7 is identical with t(E, E’). 


25) a) Show that every real (resp. complex) Banach space is isometric to a closed vector 
subspace of a Banach space of the form @(S; R) (resp. @(S; C)) consisting of all real (resp. 
complex) continuous functions defined on a compact space S (GT, X, § 4, No. 1) (use formula (3) 
of IV, p. 7). 
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b) Deduce from a) that every Hausdorff locally convex space E is isomorphic to a subspace 
ofa locally convex space of the form @(L ; R) (resp. @.(L ; C)) (GT, X, § 1, No. 6). In particular, 
every Fréchet space is isomorphic to a closed subspace of a space @,(L; R) (resp. €(L; C)), 
where L is locally compact and separable. 


§ 2 


1) a) Let E be a locally convex Hausdorff space, and E’ its dual. Show that the following 
properties are equivalent : 

a) E is infra-barrelled (III, p. 44, exerc. 7). 

B) Every strongly bounded subset in E’ is equicontinuous. 

y) Every strongly bounded subset in E’ is relatively weakly compact, and the initial topo- 
logy of E is t(E, E’). 

5) The topology induced on E by the strong topology of the bidual E” is identical with the 
initial topology on E. 

Then a fundamental system of neighbourhoods of 0 for the strong topology of E” consists 
of the closures, for the topology o(E”, E’), of a fundamental system of neighbourhoods of 0 
for the initial topology of E. 

b) Prove that if E is infra-barrelled and if its dual E’ is identical with its algebraic dual E*, 
then the initial topology of E is the finest locally convex topology. 


“| 2) a) Show that every product of infra-barrelled spaces is infra-barrelled. (Reduce to the 
case of Hausdorff infra-barrelled spaces; then use exerc. 1 and prop. 15 of IV, p. 14.) 

b) Give an example of a Hausdorff and infra-barrelled locally convex space which is neither 
bornological non barrelled. (Proceed as in III, p. 45, exerc. 16, replacing the barrelled spaces 
by infra-barrelled spaces and use a).) 


3) Let E be a complex Hausdorff locally convex space, E, the underlying real locally convex 
space to E, and let E’ and Ej be the duals of E and E, respectively. Show that the canonical 
R-linear mapping fr &f from E’ onto Eo is a homeomorphism for the G-topologies on 
E’ and Eo, where © is an arbitrary set of bounded subsets of E. From this deduce the defi- 
nition of the canonical R-linear mapping from the bidual E” onto the bidual Ej, which is a 
homeomorphism for the weak topologies o(E”, E’) and o(E%, E4), as also for the strong 
topologies B(E”, E’) and B(E%, E>); by this mapping, E (considered embedded in E”) trans- 
forms into E, (considered embedded in E%). 


4) Let E be a Hausdorff and infra-barrelled locally convex space. 

a) Show that if the strong dual E;, of E is bornological, then the completion E of E, identified 
with a vector subspace of E’* (III, p. 21, th. 2), is contained in the bidual E” of E. 

b) We say that E is distinguished if every subset of E” which is bounded for the topology 
o(E”, E) is contained in the closure (for this topology) of a bounded subset of E. Show that 
for E to be distinguished it is necessary and sufficient that its strong dual E, is barrelled (cf. IV, 


p. 15, prop. 3). 


5) Let E be a Hausdorff locally convex space, and E’ its dual. 

a) In order that the strong topology on E’ be identical with t(E’, E), it is necessary and suf- 
ficient that E is semi-reflexive. 

b) Suppose that E is infra-barrelled. In order that the strong topology on E’ be identical 
with the topology of compact convergence, it is necessary and sufficient that E be a Montel 
space. 


“7 6) Let F and G be two vector spaces in separating duality. 
a) Show that the following properties are equivalent : 
a) the space F with a topology compatible with the duality between F and G, is semi- 
reflexive ; 
B) the space G, with t(G, F), is barrelled. 
b) Show that the following properties are equivalent : 
a) the space F, with t(F, G), is reflexive; 
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B) the space G, with 1(G, F), is reflexive; 

y) F and G are barrelled for t(F, G) and 1(G, F) respectively. 

c) Show that every locally convex Hausdorff space E, with the topology t(E, E’) is isomorphic 
to the quotient of a semi-reflexive space F by a closed subspace. (By III, p. 44, exerc. 14, c), 
E’ endowed with t(E’, E) is isomorphic to a closed vector subspace M of a Hausdorff barrelled 
space G; take F = G’ endowed with t(G’, G) and use prop. 11 of IV, p. 10.) 

da) Let A be an infinite set with Card(A) > &, (S, IIL, § 6, exerc. 10). In the product space 
P = R%, let E, denote the everywhere dense subspace consisting of all x = (x,),.4 such that 
x, = 0 except for a countable set of indices ; the space Ey is barrelled and so is the subspace E 
of P generated by E, and the point 1, in P all whose coordinates are equal to 1 (III, p. 45, 
exerc. 16). Let B be a bounded subset in Ej, whose closure in P contains 1,4, and let J be a 
subset of A with cardinality %,; let pr, denote the projection from P onto R/; show that 
there exists a subset B, in B, with cardinality <,, such that the closure of pr,(B,) in R’ 
contains 1,; then the set J’ > J of all indices «€ A such that for at least one point of B, the 
coordinate with index « is # 0, has a cardinality equal to %,. We define Jy = J and by induc- 


tion J,,, = Jj, and put H = U J, whose cardinality is x. and let By = U B,,; show that 


the closure of B, (and hence also that of B) contains the point (1,, 0) eR" x RA-H=Pp, 
which does not belong to E,. Conclude that for every bounded and compact set Cin E, Cr Ey 

is again closed in E, and that E is not semi-reflexive. 

e) Deduce from d) that the dual E’ of E (which can be identified with the dual P’ = R™) of P) 
is not complete for the topology 1(E’, E), inspite of being semi-reflexive (hence quasi-complete) 
for this topology (consider the linear form on E which is equal to 0 on Ey and equal to 1 at 
the point 1,, and use III, p. 21, th. 2). 


7) Let (E,),-; be a family of Hausdorff locally convex spaces, P the product space of the E,, 
and S their topological direct sum. Show that for P or S to be semi-reflexive (resp. reflexive), 
it is necessary and sufficient that each E, be semi-reflexive (resp. reflexive). 


8) Let E be a Hausdorff locally convex space which is the strict inductive limit of an increasing 
sequence (E,) of closed vector subspaces (II, p. 32, prop. 9). 

a) Show that, if the strong dual of each of the E, is complete, then the strong dual of E is 
complete (III, p. 20, th. 1). 

b) In order that E be semi-reflexive (resp. reflexive), it is necessary and sufficient that each 
of the E, be semi-reflexive (resp. reflexive). 


9) Let (E,),-4 be a family of Hausdorff locally convex spaces contained in the same vector 
space, which is directed for the relation >, such that, if E, < E,, the topology of Eg is finer 
than the topology on E, induced by that of E,. Let E be the intersection of the E, , endowed 
with a topology which is the supremum of the topologies on E induced by those’ on the E,. 
Show that if each E, is semi-reflexive, then E is semi-reflexive (consider an ultrafilter on a 
bounded subset of E). 


10) Show that every product, and every topological direct sum of Montel spaces is a Montel 
space |. 


11) Let E bea Hausdorff locally convex space such that the strong dual E, of E is semi-reflexive. 
a) Show that, on every strongly bounded subset of E’, the topologies induced by o(E’, E”) 
and o(E’, E) are identical. 

b) Deduce from a) that E is infra-barrelled for the topology t(E, E’) (cf IV, p. 52, exerc. 1) 
and that, if E is its completion for this topology, and is identified with a subset of E’* (III, 
p. 21, th. 2), then E” c E£. In particular, if E is quasi-complete for 1(E, E’), then E is reflexive 
for this topology. 


1 On the other hand, a closed subspace of a Montel space need not be infrabarrelled, 
and the quotient of a Montel space by a closed subspace need not be semi-reflexive (IV, p. 63, 
exerce. 8). 
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12) Let E be a Banach space and E’ its dual. 

a) Show that the distance x ++ d(x, A) from a point x € E to a closed convex set A is a lower 
semi-continuous function on E for the topology o(E, E’). 

b) Show that if E is reflexive, then for every closed convex subset A of E, there exists a point 
xX, €A such that || x, || is equal to the distance of 0 to A (use a)). This point is unique if every 
boundary point of the unit ball of E is extremal (IJ, p. 54, def. 1). 

c) Suppose E is reflexive and let B be a closed convex and bounded subset in E; deduce 
from a) and b) that there exist two points xe A, ye B such that || x — y|| = d(A, B) (cf V, 
p. 71, exerc. 8). 


13) Let E be a Banach space, and M a closed vector subspace of E. Show that if M and E/M 
are reflexive, then E is reflexive. 


14) Let A be an infinite set. 

a) Show that the strong dual of the Banach space E = #(A) (IV, p. 47, exerc. 1) can be iden- 
tified with the Banach space (1(A), and that the strong dual of the Banach space (‘(A) can be 
identified with the Banach space B(A) = 0*(A); deduce that E is not reflexive and that E’/E 
is infinite dimensional (cf. IV, p. 71, exerc. 18). If A = N, then E and E’ are Banach spaces 
which satisfy the first axiom of countability, but E” does not (I, p. 25, exere. 1). 

b) Let B” be the unit ball in E” = ¢*(A), and let Bj be the convex set B” + (B” 7 E). Show 
that Bj is a bounded closed convex set in E” for the strong topology, with a non-empty interior, 
but does not have any extremal point. If p is the gauge of BG, show that E” endowed with the 
norm p is not isometric to any dual of a Banach space and that Bg is not closed for the topo- 
logy o(E’, E’) (although B” is compact for o(E”, E’) and B”’ 4 E is strongly closed). 


# 15) The notations are those of exerc. 14. 

a) Let (x) be a sequence in E’ which converges to 0 for the topology o(E’, E”); show that, 

for every ¢ > 0, there exists a finite subset H of A such that © |x/(a)| < ¢ for every integer n. 
a¢H 

(Argue by reducto ad absurdum : if the property were not true, show that then there exists 

a number 6 > 0, an increasing sequence (x) of integers, an increasing see (H,) of finite 


subsets of A, such that )Y |xi(o| <> g for n>, Y [xo] <= for n<n, and 
aeHe—1 o¢Hk 
SS |x;,(«)| 2 >; show that this implies a contradiction (the « gliding bump » method).) 
aeH.—-Hr-1 


Deduce that the sequence (x;) converges to 0 for the strong topology, although the latter is 

strictly finer than the topology o(E’, E”). 

b) Show that if (x’) is a Cauchy sequence in E’ for the topology o(E’, E”), it converges to 

a point in E’ for this topology; in other words, E’ is semi-complete (IIJ, p. 7) for o(F’, E”). 

(Show that, for every ¢ > 0, there exists a finite subset H in A such that ¥ < «for 
a¢H 


every integer n; argue by reducto ad absurdum, as in a), and use a).) 


“| 16) With the notations of exerc. 14, let E” be the dual of E” = ¢*(A). 

a) Let e, (for «€ A) be the element of E” for which e,(8) = 5,, (Kronecker’s symbol). Let 
(K,,) be a sequence of finite subsets of A, two by two disjoint, and let (x7) be a sequence of 
points in E”. Show that there exists (n,), a strictly increasing infinite sequence of integers > 0 
such that, if we put B = U K,,,. then the elements y, = (x’”(a)),-3 belong to ¢'(B). (Let 5 be 


an arbitrary number > 0, ond let (J,,)men De a partition of N in finite sets. Arguing by reducto 
ad absurdum, show that if xe E”, then there exists an integer m such that |¢x”, x”>| < 6 
for all x” € E” for which ||x”|| < 1 and x”’(a) = 0 except for indices « belonging to the set 
U K,. Apply this result successively to x/', xy, ... in a suitable way.) 


m 


b) "Deduce from a) and from exerc. 15, a) that, if (x; 
the topology o(E”, E”) and if x” 
of E’, then lim |%”"| = 0 in E’. 


) is a sequence converging to 0 in E” for 
is the restriction of x/” to the strongly closed subspace E 
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©) Deduce from 5) that, the strongly closed subspace E of E” does not have a topological 
complement for the strong topology. (Restricting to the case A = N, let (e,,) be the sequence 
of continuous linear forms on E such that <x, e, > = x(n) for all x e E; show that the sequence 
(e,) tends to 0 for o(E’, E), but that e, cannot be extended to a continuous linear form x; 
on E” in such a way that the sequence (x’”) tends to 0 for o(E”, E”).) 


17) Let E be a non-reflexive Banach space, E’ its strong dual, E” the strong dual of E’, E” 
the strong dual of E” and E'’ the strong dual of E”. 

a) Show that, in E”, E’ and the subspace E° orthogonal to E (when E is considered as a sub- 
space of E”) are topological complements, and that the projection from E” onto E’ for this 
decomposition is a continuous _linear mapping of norm 1. Comparing with exerc. 16, c), 
deduce that the Banach space # (A) is not isomorphic (as a topological vector space) to 
the strong dual of any Banach space. 

b) Show that E'Y is the topological direct sum of E’’ and E”, and also of E* and E~’ ; we have 
E” > E® = E. Let v be the linear mapping from E'Y onto itself which is identity on E’°, and 
on E”, is the projection from E” onto E°° parallel to E’°; show that v is an isometry, but is 
not continuous for the topology o(E!’, E”). 


18) Show that a Banach space E whose strong dual E’ satisfies the first axiom of countability, 
and which is semi-complete (III, p. 7) for the weakened topology o(E, E’), is reflexive (compare 
with IV, p. 54, exerc. 15, 5)). 


19) Let E be a Banach space, E’ its strong dual, G’ a strongly closed subspace of E’ satisfying 
the first axiom of countability for the strong topology. Show that there exists a countable 
subset of E such that, if F is the closed vector subspace of E generated by this subset, then 
G’ is isometric to a strongly closed subspace of the strong dual F’ of F. (Suppose that the 
sequence (x/) is strongly dense in G’; for every n, let x,eE such that ||x,|| < 1 and 


(Xp > =H lL — I \|x;, ||; show that the strongly closed subspace F of E generated by the 


x, is the required space.) 
“1 20) Let E be a Banach space, E’ its dual, and B the unit ball in E. In order that every point 
of B have a countable fundamental system of neighbourhoods for the topology induced by 
the weakened topology o(E, E’) on B, it is necessary and sufficient that E’ satisfies the first 
axiom of countability for the strong topology. (To show that the condition is necessary, 
observe that if every point in B has a countable fundamental system of neighbourhoods for 
the weakened topology, then this is also true for the closure B°° of B in E” for the topology 
o(E”, E’). Therefore there exists a sequence (q’,) in E’ such that every neighbourhood of 0 
in B°° for o(E”, E’) contains the intersection of B°° and of a finite number of polars {a’,}°; 
consider the strongly closed subspace W’ of E’ generated by the a’, and the orthogonal W”° 
of W’ in E”.) 


“| 21) Let E be a Banach space, E’ its dual, B the unit ball in E and B; the closed ball with 
centre 0 and radius r in E’. 

a) Let M{,, M; be two vector subspaces of E’, which are everywhere dense for the weak topo- 
logy o(E’, E). In order that the topologies induced by o(E, M{,) and o(E, M3) on B coincide, 
it is necessary and sufficient that the strong closures of M{ and Mj; in E’ are identical. 

b) Let M’ be a vector subspace of E’ which is everywhere dense for o(E’, E); let M“*) denote 
the vector subspace generated by the closure of M’ 4 Bj in E’ for the topology o(E’, E). In 
order that M“") = E’, it is necessary and sufficient that the weak closure of M’ 7 Bj, contains 
a ball B) with r > 0 (use the fact that E’ is barrelled for the strong topology). 

c) Let r be the supremum of the numbers 7 such that the weak closure of M’ 4 Bi contains 
a ball B/; the number r is said to be the characteristic of M’. Show that r is the infimum of 
the numbers SUP, |< x, x’>|/l|xl] where x ranges over the set of all points # 0 in E (use 


the Hahn-Banach theorem). 
d) Show that 1/r is the supremum of ||x|| as x ranges over the closure of B in E for the topology 
o(E, M’) (use c) and the Hahn-Banach theorem). 
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e) Let M” be the orthogonal of M’ in E”; show that r = inf(||x + z”||/||x||) where z” ranges 
over M’° and x ranges over the set of non-zero points in E (use c) and the Hahn-Banach th). 
Deduce that in order that M“” = E’, it is necessary and sufficient that E + M” be strongly 
closed in E” (use Banach’s th., I, p. 17). 

f) Let A =N x Nand E = #(A) (cf. IV, p. 54, exerc. 14). In the space E” = ¢%(A), let P 
be the vector subspace consisting of all points x = (x,,;) such that x,, = X9,/U + 1) for all 
i > 0. Show that P = M’” where M’ is a vector subspace of E’ that is everywhere dense (for 
o(E’, E)), but that E + M” = E + P is not strongly closed in E”; deduce that the charac- 
teristic of M’ is 0. 


22) Let E be a Banach space, E’ its dual and M’ a strongly closed subspace in E’ which is 
everywhere dense for the weak topology on E’. We say that M is irreducible if there exists no 
vector subspace N’ 4 M’ of M’ which is strongly closed and weakly everywhere dense in E’. 
a) Show that M’ is irreducible if and only if the orthogonal M’”° of M’ in E” is the topological 
complement of E (for the strong topology of E”). Deduce that then M’“) = E’ (exerc. 21) 
and that E is isomorphic to the strong dual of the space M’ endowed with the topology induced 
by the strong topology of E’. 

b) Show that M’ is irreducible if and only if the unit ball in E is relatively compact for the 
topology o(E, M’) (use exerc. 21, a)). 

c) For E to be isomorphic to a strong dual of a Banach space (for the topological vector 
space structure), it is necessary and sufficient that there exist an irreducible subspace in E’. 
Deduce a new proof of the fact that the Banach space “(N) is not isomorphic to a strong 
dual of a Banach space (cf. IV, p. 55, exerc. 16, ©). 


23) With the same notations as in exerc. 22, assume that M’ is irreducible. 

a) In order that the canonical mapping from E into E”/M’, which is the restriction of the 
canonical mapping E” > E”/M’° be a Banach space isometry, it is necessary and sufficient 
that the characteristic (IV, p. 55, exerc. 21) of M’ is equal to 1. Then, M’ endowed with the 
norm induced by that of E’ is said to be the predual of E and E can be canonically identified 
(with its norm) with the dual of the Banach space M’. 

b) For every vector subspace F of E which is closed for o(E, M’), show that the canonical 
image of M’ in the dual F’ of F, identified with E’/F°, is a predual of F. 


24) a) Let (4), <,<, be a finite sequence of points in a normed space E, and let (Ay); <n<n 
n k-1 


be a finite sequence of numbers > 0 such that )) 4, < 1; putp, = 1 — > A, for every k; 
k=1 je1 
then : 
n hn teak 8 Hy n-1 
| Xe all < ey Ibn 14 FY Agel] + |r Aneel - 
k=1 k=1 k=1 


n-1 Hn-41 


b) Let (a,) be an infinite sequence of points in the unit ball of E, and let (A,) be an infinite 


n-1 
sequence of numbers > 0 such that )° 4, = 1. For every n > 0, put p, = 1 — YA, and 
k=1 


n 


n-1 
b, = Yo Aya, + u,4,; Show that, for all n > 1, we have 
k=1 


Ag ll Bel 


ka1 He—-1e ; 


| De LO I <u, 
k=1 


(Apply a) by induction.) 

c) Let(C,) be a decreasing sequence of convex sets in E, contained in the unit ball, and suppose 
that d(0, C,) > 8 > 0 (hence, a fortiori d(0, C,) > 9 for all n). Let (A,) be a sequence of num- 
bers > 0 such that ) 2, = 1. Show that there exists a number & such that 0 <a < landa 
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sequence (x,,) of points of E such that x, € C, for all », ||} 4,x,,|| = « and, for all n 


|x rx ll <a(1 — 86 » rj) - 


janti 
(Take x, such that ||x,|| is arbitrarily close to d(0,C,), then, by induction, take x, 
n-1 oO 
such that || Yo a,x, +(¥ 4,)x,|| is arbitrarily close to the infimum of the numbers 
k=1 


jen 


n-1 co 
| So Ax, + (3X 2,) yl] where y ranges over C,. Then use 5).) 
k=1 j 


jan 


“1 25) Let E bea Banach space satisfying the first axiom of countability. Show that the follow- 
ing properties are equivalent : 

a) E is not reflexive. 

B) For every number @ such that 0 < @ < 1, there exists a sequence (x/,) in E’ such that, 
|x,| < 1 for all n, that the sequence (x’) converges to 0 for o(E’, E) and that the distance 
of 0 from the convex set generated by the x’, is > 0. 

y) For every number @ such that 0 < @ < 1 and every sequence A, of numbers > 0 such 
that )° 2, = 1, there exists a number « such that 6 < « < 1 and a sequence (y/) of points of 


n 


YAW =a and | Y Ax <a(1 — 8 YL 2,) for all n. 
n k=1 jHntl 

5) There exists z’ e E’ such that for no x e E do we have |< x, z'>| = ||x|].||z’|| (Theorem 
of James- Klee). 
(To see that «) implies B), observe that there exists z” € E” such that ||z”|| < 1 and d(z’, E) > 0. 
If (x,) is an everywhere dense sequence in E, find the sequence (xj) in E’ such that ||x/|| < 1 
and such that <x,, x, > = Ofork < nand<x/, z”> = 0. Tosee that B) implies y), use exerc. 24. 
For y) implies 8), show that for all xe E we have |) 1,<x, ¥,>| < with the notations 


of ).) 


E’ such that ||y),| < 1 for all x, 


26) A locally convex space E is said to have the property (GDF) if every linear mapping u 
from E into a Banach space F which satisfies the following property, is continuous : in the 
product space E x F, every limit of a convergent sequence of points in the graph I of u again 
belongs to I. Every Fréchet space has the property (GDF) (I, p. 19, cor. 5); this is also true of 
every inductive limit of a family of Fréchet spaces (IL, p. 34, prop. 10). Show that every Hausdorff 
locally convex space with the (GDF) property is barrelled. (Let V be a barrel in E, q its gauge 
and H the Hausdorff space associated with E endowed with this semi-norm ; show that the 
canonical mapping 7 from E into the completion H is continuous by using the property 
(GDF) and the fact that every linear form x’ e V° can be extended uniquely to a continuous 
linear form on H, the set of these forms being the unit ball in the dual of H.) 
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41 1) Let E be a locally convex metrizable space, and E;, its strong dual. If E, is metrizable, 
prove that the topology of E can be defined by a single norm (use III, p. 37, exerc. 2 and p. 38, 
exerc. 5 and also the fact that E is bornological). 


“ 2) An infra-barrelled space is semi-barrelled. A locally convex space is said to be a (DF) 
space if it is semi-barrelled and if the canonical bornology (III, p. 3, def. 5) has a countable 
base. Every normed space and every strict inductive limit of a sequence of normed spaces 
(IL, p. 33) is a (DF) space. Every strong dual of a Fréchet space is a (DF) space. 

a) The strong dual of a (DF) space is a Fréchet space. 

b) Let E be a (DF) space and let (A,,) be an increasing sequence of bounded, convex, balanced 
and closed subsets of E such that every bounded subset of E is absorbed by one of the A,. 
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Let U be the union of the A, ; show that the closure U of U in E is precisely the set of all x Ee E 
such that Axe U for 0 <A < 1. (If x €AU for some % > 1, then for every n, there exists a 
linear form x, € E’ such that x, ¢ A; and <x, x,> = A, and the sequence (x;,) is equicontinuous, 
hence has a weak limit point.) 

c) Show that if a (DF) space is barrelled, it is also bornological (cf III, p. 44, exerc. 13, 5)). 
Give examples of (DF) spaces which are not ultrabornological, but are bornological and 
barrelled (III, p. 46, exerc. 22) and also of (DF) spaces which are not barrelled but are borno- 
logical. 


4 3) Let E be a locally convex metrizable space, and E, its strong dual. 
a) Show that every convex balanced subset V’ of E, which absorbs the strongly bounded 
subsets of E; contains a barrel (for the strong topology) which absorbs the strongly bounded 
subsets of E,. (Let (Ki) be a countable base of the canonical bornology of E; and let 4, be such 
that A,Ki, < $V’; apply exerc. 2, b) to the sequence A;,, where A’, is the convex envelope of 
the union of the 2,{Kj for j <n.) 
b) Deduce from a) that the following properties are equivalent : 

a) E is distinguished (IV, p. 52, exerc. 4). 

6) E, is infrabarrelled (III, p. 44, exerc. 7). 

y) E, is bornological. 

8) E,, is barrelled. 

e) E; is ultrabornological (III, p. 45, exerc. 19). 
c) Show that if E; is reflexive, then E = E” (which is obviously reflexive) (cf IV, p. 52, exerc. 4 
and p. 53, exerc. 11). 


4) Let E bea locally convex Hausdorff space, E’ its dual. If M is a closed vector subspace of E 
which is metrizable and distinguished (IV, p. 52, exerc. 4), then the strong topology B(E’/M°, M) 
is the quotient topology by M°® of the strong topology B(E’, E) (use exerc. 3, b) and IV, p. 51, 
exerc. 22, b)). 


“1 5) For every integer n > 0, let a” be the double sequence (a?) (pe N, qe N) such that 
aw =qifp<nand a) = 1 if p > n. Let E be the vector space of all double sequences 
X=(X,Q)(p.qenxn Of real numbers such that, for every integer 7 > 0, the number r,(x) =) a"? |x,,,| 
Pq 
is finite. If E is assigned the topology defined by the semi-norms r,, then E is a Fréchet space 
satisfying the first axiom of countability (IV, p. 47, exerc. 1, c)); the dual E’ of E can be identified 
with the space of all double sequences x’ = (x,,,) of real numbers such that for at least one 
index n, there exists k, > 0 such that |x’,,| < k,a¥? for every pair (p, g); and <x, x) = ¥ pe 
Pd 
(IV, p. 47, exerc. 1, c)). 

For every integer py > 0 and every sequence (m,) of integers > 0, let J(p,; (m,)) be the set 
of pairs of integers p > 0, q > 0 such that p > py and q > m,; let B be the filter base on 
N x N consisting of the sets J(p,; (m,)) and let & be an ultrafilter which is finer than the filter 
with base B. 

a) Show that for all x’ = (x,,) € E’, the double sequence (x/,4) has a limit u(x’) with respect 
to the ultrafilter §; if V, is a neighbourhood of 0 in E defined by r,(x) < 1, then |u(x’)| < 1 
for all x'e Ve. 

b) Let U' be a neighbourhood of 0 in E’, for the strong topology, which is convex, balanced 
and weakly closed, and for every n, let «, > 0 be such that «,V; < U’. For every integer 
Pp > 0, let m, be an integer such that 2?+! < a,m,, and let x’ = (x/,,) be the double sequence 
with x, = O for q < m,, x,, = 2 for q > m,. Show that x’ € U’ but that u(x’) = 2; deduce 
that uw is not strongly continuous in E’, while being bounded on every bounded subset of E’. 
Conclude (IV, p. 58, exerc. 3) that E is not distinguished, and consequently that the strong 
dual E, is a non infra-barrelled (DF) space. 

c) Using b) construct an example of a closed subspace M of a Fréchet space F such that the 
strong topology B(F’/M°, M) is distinct from the quotient topology by M° of the strong topo- 
logy B(F’, F) (embed E in a countable product of Banach spaces). 
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{ 6) a) Let E be a (DF) space (IV, p. 57, exerc. 2), and let U be a convex set such that for 
every bounded, convex and balanced subset A of E, U co A is a neighbourhood of 0 for the 
topology induced on A by that of E. Show that U is a neighbourhood of 0 in A. (Let (A,) be 
a countable base for the canonical bornology of E (III, p. 3, def. 5). Show that, by induction 
we can define a sequence (A,,) of numbers > 0 and a sequence (V,) of closed, convex and balanced 


neighbourhoods of 0 in E such that 4,A, < 4U, 4,4, < N Vj, V,0A, ¢ U for every n. 
j=l 

First show that if A, and V, have been constructed for j < n, then we can find A, ,, such that 
AnttAne, © FU and ane ae c V, for j < n. Next prove that we can find V,,, such that 
AjAG S Vas for J<n-+1 and Vivi OA,., <¢ U; for this, letting A denote the convex 
envelope of the A,A,forj <n + 1, show that wecan take V,,, = A + Vforasuitable convex 
balanced neighbourhood V of 0; we remark that for this it is enough to show that, if 
B=A,,, 0 U, then 0 is not in the closure of the set B + 2A.) 

56) Deduce from a) that if uv is a linear mapping from E into a locally convex space F, such that 
the restriction of u to every bounded subset of E is continuous, then wu is continuous (cf. IV, 
p. 50, exerc. 15). 


“| 7) a) Let E be a (DF) space, U a convex, balanced and closed set in E, which absorbs the 
bounded subsets of E, and let (x,) be a sequence of points of § U. Show that there exists a 
neighbourhood V of 0 in E which does not contain any of the x,. (Let (A,) be a countable 
base for the canonical bornology of E. Show that, by induction we can define a sequence 
(X,) of numbers > 0 and a sequence (V,) of convex, balanced and closed neighbourhoods of 


0 such that 2,4, <  V;, 4,A, < U and x, €{ V, for all n. For this, if the A, and V, have 
j=1 

been constructed for j < n, take A,,, such that 4,,,A,,, © U and 4,,,A,4, ¢ V; for all 

Jj <n, then take V,,,, containing the closure of the convex envelope of the union of the 4,A, 

forj <n +1) 

b) Deduce from a) that if M is a subset of E containing an everywhere dense countable set, 

then the topology induced on M by the strong topology of the bidual E” of E is identical with 

the topology induced by that of E. In particular, the convergent sequences in E are the same 

for the topology of E and for the topology induced by the strong topology of E”; for every 

metrizable subset M of E, the topology induced on M by the topology of E is identical with 

the topology induced by the strong topology of E”. 

c) Deduce from a) that if there exists a countable everywhere dense set in E, then E is infra- 

barrelled. 

d) Deduce from 5) and from exerc. 6 that if every bounded subset of E is metrizable for the 

topology induced by that of E, then E is infrabarrelled. 


47 8) Let E be a Fréchet space, E; its strong dual. Suppose that there exists an everywhere 
dense sequence (x/,) in E,. Show that E satisfies the first axiom of countability. (Let (K’,) be a 
countable base for the canonical bornology of E, consisting of closed convex balanced sets. 
For every system « consisting of a point xj, an arbitrary finite number of rational numbers 


4, > OU < k < m)and m indices n, such that x, ¢2 ) 4,Kj, = 2Hi, let x, ¢ E be such that 
k=1 


the hyperplane with equation <x,, y’> = 1 strictly separates the two weakly compact sets 
Hand x, + H,.Showthatforevery x’ # 0in EF’, there exists a system « such that <x,, x’> # 0. 
For this, consider a neighbourhood V’ of 0 in E; such that V’ 4 (x’ + V’) = @, then for each 
integer m, take a rational number A,, > 0 such that 4,,K’, c V’; use the fact that the union 
U' < V' of the 4,,K/, is a neighbourhood of 0 (exerc. 7, and IV, p. 58, exerc. 3, b)) and that 
there exists such that x/,ex’ + U’) 


“1 9) a) Let E be a Hausdorff semi-barrelled space, M a closed vector subspace of E and E’ 
the dual of E. Show that E/M is semi-barrelled and that the strong topology B(M°, E/M) 
is identical with the topology induced on M® by the strong topology B(E’, E). (Note that 
it is enough to prove that a sequence (x’,) in M° which converges to 0 for B(E’, E) is bounded 
for B(M°, E/M).) Deduce that if E is a (DF) space, then so is E/M (cf. IV, p. 63, exerc. 8). 
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b) Let E be a locally convex Hausdorff space, M a (not-necessarily closed) vector subspace 
of E. Show that if M is a semi-barrelled space, then the strong topology B(E’/M°, M) is identical 
with the quotient topology by M° of the strong topology BCE’, E). (Argue as in a).) 

c) Show that a Hausdorff and quasi- -complete semi-barrelled space E is complete (use )) 
applied to E and £). In particular, a semi-barrelled, semi-reflexive space is complete (ef. IV, 
p. 52, exerc. 6). 

d) Show that the completion of a semi-barrelled (resp. (DF)) Hausdorff space is semi-bar- 
relled (resp. a (DF) space). 

e) Let (E,,) be a sequence of semi-barrelled (resp. (DF)) spaces, E a vector space, and for each n, 
let f, be a linear mapping from E, into E. Suppose that E is the union of the f,(E,); show that, 
E is semi-barrelled (resp. a (DF) space) for the finest locally convex topology for which all 
the f, are continuous (first examine the case where E is the topological direct sum of the E,). 
If the E, are semi-reflexive (resp. reflexive) and if E is Hausdorff, then E is semi-reflexive (resp. 
reflexive). 


10) Let E bea Fréchet space satisfying the first axiom of countability. Show that if in the dual 
E’ of E, every sequence which converges for the weak topology o(E’, E) also converges for the 
strong topology B(E’, E), then E is a Montel space. (Show that every bounded subset of E’ 
is relatively compact for the strong topology; use GT, II, § 4, exerc. 6; then use IV, p. 53, 
exerc. 11, b).) 


1 11) Let (c,,,) be a double sequence of numbers > 0 such that ¢,,,, < Cy+1,, and let E be 


mn 


the space of all sequences x = (x,) of real numbers such that p,(x) = » Chee Ix, |< + o for 


every integer m. We endow E with the topology defined by the semi-norms p,, and for this 
topology E is a Fréchet space satisfying the first axiom of countability ; ae dual E’ of E can 
be identified with the space of all sequences x’ = (x’,) such that sup c,, |x/| < + oo for at 


least one m, the canonical bilinear form <x, x’> being identified with ¥* x,x 
exerc. 1, c)). Suppose that there does not exist any subsequence (n,) for which there is a sequence 
(a,,) of numbers > 0 and an index my such that Cy. < QnCmom fOr all m S mo and for all k. 
Under these conditions, every weakly convergent sequence in E’ is strongly convergent and 
consequently (IV, p. 60, exerc. 10) E is a Montel space. (Argue by reductio ad absurdum; if 
necessary make a transformation of the form (x,) + (a,,x,) to reduce to the case where c,,,,, = 1 
for all n and some mp, and where there exists a sequence (x), which converges weakly 
to 0 in E’, and is such that |x/”)| < 1 for every pair (p, n), and also that there exists a bounded 
set B in E, defined by p,,(x) < 5,, for all m > 0 and such that sup |< x, x >| > 28 > 0 for 
xeB 


every integer p. Under these hypothesis, prove that there exists a strictly increasing sequence 
(rq) of integers, and a sequence (x) of points of B such that 


, (IV, p. 47, 


nn 


+1 


rr 
> ees 
k=rqt1 
for each index q. Then show, by reductio ad absurdum, that for every q, there exists at least one 
index s, such that r, < sg < 'q,, and that for every integer m, we have c,,.. < ,,2"*7/8, 
which contradicts the hypothesis.) 


12) a) Let F be a Hausdorff (DF) space, and F, its strong dual. Show that if F;, is reflexive, 
then the completion F of F is reflexive and is equal to the bidual F” of F (cf. IV, p. 52, exerc. 4 
and p. 53, exerc. 11). 

b) Let E be a Fréchet space. Show that if the bidual E” of E is reflexive, then E is reflexive. 


13) a) Let E, F be two Fréchet spaces, G a locally convex Hausdorff space and E’, F’, G’ the 
duals of E, F, G respectively. Let u be a bilinear mapping from E’ x F’ into G’, which is sepa- 
rately continuous (III, p. 28) when E’, F’, G’ are assigned the weak topologies o(E’, E), o(F’, F) 
and o(G’, G). Show that under these conditions, u is a continuous mapping from E’ x F’ 
into G’ when EF’, F’ and G’ are assigned the strong topologies. (For zeG, put 
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2, u(x’, v')> = ¢v,(x’), y’> where v,(x’) € F. First show that if E’ is assigned the strong topo- 
logy and F the initial topology, then the set of all v,, as z ranges over a bounded set C in G, 
is equicontinuous; for this use IV, p. 51, exerc. 19, d). Next show that there exists a neigh- 
bourhood V’ of 0 for the strong topology of E’ such that the union of the sets v,(V’) as z ranges 
over C is bounded in F; for this use III, p. 47, exerc. 5.) 

b) Give an example to show that the conclusion of a) does not hold if we assume that E is 
a Fréchet space and F a strict inductive limit of Fréchet spaces (III, p. 47, exerc. 3). 


14) a) Let E be a Fréchet space, E’ its dual. Show that E’, endowed with the topology of 
compact convergence or with a finer G-topology, is complete (cf IIL, p. 22, Remark 1). If E 
is not reflexive, show that E’ is not infrabarrelled for any S-topology which is finer than the 
topology of compact convergence and coarser than t(F’, E). 

b) Let (E,),ca be a family of Fréchet spaces, E a vector space and for every ve A, let h, bea 
linear mapping from E, into E. Suppose that E, endowed with the finest locally convex topology 
for which the 4, are continuous (II, p. 27) is Hausdorff. Prove that the dual E’ of E, endowed 
with the topology of compact convergence or with any finer S-topology, is complete (cf III, 
p. 20, th. 1). 


15) Let E be an infinite dimensional Banach space, (a,),,5, a countable total free family of 
points of E, and let F, be the n-dimensional subspace of E generated by the a,, for m < n. 
Let S, be the sphere with equation ||x|| = nin E;inS, - F, let A, bea finite set such that every 


point of S, 0 F, is at a distance < 1/n from A,. Prove that A = f A, is such that its inter- 
n=1 

section with every closed bounded set is closed, but that 0 is a limit point of A for the weakened 

topology. 


16) Let E be an inductive limit space of a sequence (E,) of locally convex metrizable spaces, 
the canonical mappings E, — E being injective and let E be the union of the images of the E,. 
Show that the strong dual E; of E is exhaustible (IH, p. 49, exerc. 1). (Let (U?) be a decreasing 
fundamental system of closed convex and balanced neighbourhoods of 0 in E,; consider the 
finite intersections of the polar sets (U/)° in E’; use the fact that for every increasing sequence 


(m,);>, the intersection | (Uj,,)° is the polar of a neighbourhood of 0 in E, and that E; is 
complete.) ie 


“| 17) a) Let E be a locally convex Hausdorff space, such that the bornology consisting 
of the relatively compact sets of E has a countable base (A,) (IH, p. 1). Show that (A,) is also 
a base for the canonical bornology (III, p. 3, def. 5). (Let C, be the relatively compact set which 
is the sum of n sets each equal to A,,; then (C,,) is also a base for the bornology of relatively 
compact sets. Argue by reductio ad absurdum, considering a bounded set B which is not 
contained in any of the C,, and conclude that there exists a sequence (x,) of points of B such 
that x,/né A, ; deduce a contradiction.) Then, the space E is semi-reflexive and the closed 
convex balanced envelope of every compact set in E is compact. 

b) Suppose that E is infrabarrelled and that for a topology 7 compatible with the duality 
between E and F’, there exists a countable base for the bornology of relatively compact subsets 
of E for 7. Show that then E is a reflexive (DF) space (IV, p. 57, exerc. 2). (Use a), observing 
that the closed bounded sets in E are compact for 7, and consequently, complete for the 
initial topology of E; this implies that E is barrelled). If 7 is the initial topology, then E is a 
Montel space. 


18) a) Let E be a locally convex Hausdorff space, and let (A,,) be an increasing sequence of 
convex, balanced, compact sets for the weakened topology o(E, E’), such that the union of the 
sets A, is E, and that for every integer n and every 4 > 0, there exists m such that AA, < A, 
Show that (A,) is a base for the bornology consisting of convex and relatively compact sets 
for o(E, E’). (Observe that on E’ the topology of uniform convergence on the A, is t(E’, E).) 
b) If E is barrelled and if there exists a sequence (A,) having the properties mentioned in a), 
then E is a reflexive (DF) space. (Observe that E’, endowed with t(E’, E) is metrizable and that 
the topology of E is B(E, E’).) 
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§ 4 


1) Let E and F be two locally convex Hausdorff spaces, E’ and F’ their respective duals. Show 
that if, for every vector subspace N of F, the topology induced on N by 1(F, F’) is identical 
with t(N, F’/N°) (IV, p. 51, exerc. 20), then every strict morphism from E into F for the topo- 
logies o(£, E’) and o(F, F’) is also a strict morphism for the topologies t(E, E’) and 1(F, F’) 
(cf. IV, p. 10, prop. 11). Consider the case when F is metrizable. 


2) Let E be a locally convex Hausdorff space such that in the dual E’ there exists an infinite 
dimensional convex set B’ which is compact for o(E’, E) (this condition is realized for example, 
when E is an infinite dimensional vector space, endowed with o(E, E*)). Show that there exists 
a linear form u € E’* which is unbounded on B’; deduce that B’ is not compact for the topology 
o(E’, F), where F is the subspace E + Ru of E. Conclude from this that the canonical injec- 
tion from E into F is a strict morphism for the topologies o(E, E’) and o(F, E’), but not for 
the topologies t(E, E’) and 1(F, E’). 


3) Give an example of a strict injective morphism u from a Fréchet space E into a Fréchet 
space F such that ‘wu is not a strict morphism from F, into E; (cf: IV, p. 58, exerc. 5, c)). 


4) Let E and F be two locally convex Hausdorff spaces, u a continuous linear mapping from 
E into F, and M an everywhere dense vector subspace of E. Show that if the restriction of u 
to M isa strict morphism from M into F, then uw is a strict morphism from E into F (use prop. 2 
of IV, p. 27). If in addition u(M) = F, show that for every open, convex and balanced neigh- 
bourhood V of 0 in E, u(V) is in the interior of u(V mM). 


5) Let E and F be two normed spaces, u a continuous linear mapping from E into F. 

a) Show that if wu is a strict morphism from E into F, then ‘uw is a strict morphism from the 
strong dual F;, into the strong dual E,. 

b) Suppose E is complete ; show that if ‘w is a strict morphism from F, into E,, then wis a strict 
morphism from E into F, and ‘w is a strict morphism from F’ into E’ for the weak topologies 
o(F’, F) and o(E’, E) (consider F as a subspace of its completion). 

c) Give an example where E is not complete, F is complete, ‘uw is a strict injective morphism 
from F’ into E’ for the strong topologies and for the weak topologies, but u is not a strict 
morphism from E into F (cf. Il, p. 74, exerc. 5). 

d) Give an example where E is not complete, F is complete, u is a strict injective morphism 
from E into F, ‘w is a strict morphism from F’ into E’ for the strong topologies, but not for 
the weak topologies (take E to be everywhere dense in F). 

e) If F is complete and if ‘w is a strict morphism from F’ into E’ for the weak topologies, then 
‘uw is a strict morphism from F’ into E’ for the strong topologies (extend wu to E). 

f) Give an example where E is complete, F is not complete, ‘wv is a strict morphism from F’ 
into E’ for the weak topologies but not for the strong topologies (cf. I, p. 74, exerc. 5). 


6) Let E be the locally convex metrizable space ('(N) (I, p. 4) endowed with the topology 
induced by that of the product space RN; its dual E’ can be identified with R™ and the topology 
t(E’, E) is the topology induced on E’ by the norm topology of co(N) (IV, p. 47, exerc. 1). 
Show that if u is a surjective continuous linear mapping from E onto a Hausdorff barrelled 
space F, then F is necessarily finite dimensional. (Observe that 'w is an isomorphism from F’, 
endowed with o(F’, F), onto a subspace of E’, endowed with o(E’, E); from the fact that F is 
barrelled, conclude that 'u(F’) endowed with the topology induced by t(E’, E), is a Banach 
space, and use exerc. 24 of II, p. 80.) 


7) a) Let E be a Banach space, and (x,),-4 an everywhere dense set in the unit sphere of E. 

Let wu be the linear mapping from the space ¢1(A)(I, p. 4) into E defined by u(t) = Y tla) xy 
aeA 

for all ¢ = (¢()),-,4 belonging to ¢'(A). Show that w is a strict morphism from f(A) onto E 

and consequently that E is isomorphic to a quotient space of (?(A). 
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b) From a) deduce an example of a closed subspace of ('(N) which has no topological com- 
plement in ¢'(N) (for E take c)(N) and use IV, p. 54, exerc. 15, 5) and p. 55, exerc. 18). 


“I 8) For every integer 1 > 0, let a” be the double sequence a” = (a), ,5, defined by 
at? = j" for every pair (i,j) such that 7 < n and a\” = i” for every pair (i, J) such that i > n. 
Let E be the vector space of double sequences x = (x, () of real numbers such that, for every 
integer n > 0, we have p,(x) = > af? |x,,| < + 00; the semi-norms p, define a topology of 
UJ 

a Fréchet space and of a Montel space on E (IV, p. 60, exerc. 11); the dual E’ of E, which is 
a (DF) space and a Montel space (hence ultrabornological and reflexive) is identical with the 
space of all sequences x’ = (x;,;) such that, for at least one index n, we have the relation 
sup |a’|~* |x;,| < + 00 (IV, p. 47, exerc. 1, ©). 

tJ 


a) For every x = (x;,,) € E, let y, = )) x,; (for all j > 1). Show that ¥ |y,| < + 0; let u(x) 
i j 


denote the sequence (y,) €@'(N); show that uw is a continuous linear mapping from E into 
F = (3(N), and that for every sequence y’ = (yj) € F’ = e°(N), ‘u(y") is the sequence (z),) € E’ 
for which z;, = yj for every index i. Deduce that ‘w is an injective linear mapping from ?”(N) 
onto a subspace of E’ which is closed for o(E’, E), and consequently that w is a strict morphism 
from E onto ¢!(N) for the initial topologies, and 'w is an isomorphism from F’ = ?”(N) onto 
‘u(F’) for the weak topologies o(F’, F) and o(E’, E). 

b) LetM =u 1(0); then M° = ‘u(F’). Show that the inverse image under ‘u of the topology 
induced on M° by the strong topology of E’, is the topology of uniform convergence on com- 
pact subsets of F (IV, p. 28, th. | and p. 54, exerc. 15). Deduce that on M°, the topology induced 
by the strong topology B(E’, E) is not the strong topology B(M°, E/M), and that for the topo- 
logy induced by B(F’, E), M° is not an infra-barrelled space, in spite of being a closed subspace 
of an ultrabornological Montel space; on the other hand, E/M, which is the quotient of a 
Fréchet and a Montel space by a closed subspace, is not reflexive. Show that in E/M there 
exist bounded sets which are not the canonical images of bounded subsets of E. 


47 9) Let A be a countable set. Consider three pairs of vector spaces (P, P’), (Q, Q’), (E, E’, 
each of the six spaces being vector subspaces of R“ and containing the direct sum subspace 
R™); in addition, suppose that for every point xe P (resp. x e Q, xe E) and every point 
x’ e€ P’ (resp. x’ € Q’, x’€ E’), the family (x,x)),-4 is summable and put ¢x,x’> = Yo xx); 
acA 
this bilinear form puts P and P’ (resp. Q and Q’, E and E’) in separating duality. 
a) Suppose that E = PQ, E’ > P’ + Q’and E’ # P’ + Q’. Consider the linear mapping 
u:xt> (x, x) from E into F = P x Q, which is put into separating duality with F’ = P’ x Q’. 
Show that u is continuous for the weak topologies o(E, E’) and o(F, F’) and that its image 
M = u(E) is a closed subspace for o(F, F’); deduce that ‘w is a strict morphism from F’ into 
E’ for the topologies o(F’, F) and o(E’, E), and that N = ‘u(F) is not closed in E’ for o(E’, E). 
If E’ is metrizable for the topology t(E’, E), deduce that ‘uv is also a strict morphism from F’ 
into E’ for the topologies t(F’, F) and t(E’, E). 
b) In addition, suppose that E’ is a Fréchet space for t(E’, E). Then F’/M° endowed with the 
quotient topology of t(F’, F) by M°, is not semi-complete, and there exist bounded sets in 
F’/M° which are not relatively compact for t(F’/M°, M). 
c) Under the same hypotheses as in 5), let x’ be an element of E’ not belonging to N = ‘u(F); 
for every yeM, let v(y) = <x, x’>, where xe E is the unique element such that u(x) = y. 
Show that the linear form v on M is not continuous for the topology o(F, F’), but that its 
restriction to every bounded subset of M is continuous for o(M, F’/M°). Deduce that L =v 1(0) 
is a vector subspace of F, whose intersection with every bounded and closed subset of F (for 
o(F, F’)) is closed for o(F, F’), but which is not closed in F for o(F, F’). 


#1 10) a) Let G, H be two reflexive Banach spaces such that R™) < Gc H Cc RN (* for 
example G = ?"(N)andH =??(N), withl <r <p < + o,).TakingA =N x N,P=H% 
(topological direct sum), P’ = H’’, Q = GN, Q’ = G"), E = GN, E’ = GN, show that the 
conditions of exerc. 9, a) are satisfied; that E’ is a reflexive Fréchet space, that E, F, F’ are 
the strict inductive limits of reflexive Fréchet spaces (hence complete and reflexive). 
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b) From a) and exerce. 9, construct examples with the following properties : 

a) A quotient space of a strict inductive limit of reflexive Fréchet spaces which is neither 
quasi-complete nor semi-reflexive. 

B) A closed subspace of a strict inductive limit of reflexive Fréchet spaces which is not 
reflexive, and whose dual is not complete. 

y) A vector subspace of a strict inductive limit of reflexive Fréchet spaces E,, which is 
not closed (hence not barrelled) but whose intersection with each of the subspaces E,, is closed. 

5) A non-closed subspace of the dual of a strict inductive limit of reflexive Fréchet spaces, 
whose intersection with every weakly compact subset is weakly compact (cf: IV, p. 25, cor. 2). 


“| 11) a) Let E bea strict inductive limit of Fréchet spaces E, satisfying the first axiom of 
countability, and F an everywhere dense subspace of E. For every n, put F, = Fm E,; show 
that E is the strict inductive limit of the F,, (cf IIL p. 44, exerc. 13, b)). Deduce that F is borno- 
logical. (Let u be a linear mapping from F into a Banach space L which transforms every 
bounded set into a bounded set. Observe that the restriction u, of u to F 9 E, is continuous 
and can be extended to a continuous linear mapping v, from F - E, into L, the v, being restric- 
tions of the same linear mapping v from E into L, and conclude that v is continuous.) 

b) Suppose F is not closed in E but that F 1 E, is closed in E, for all m (exerc. 10, b)). Let A, 
be a countable dense set in E,, and let G be the vector subspace of E generated by the union 
of F and the A,. Show that G is a bornological space in which F is a subspace with a comple- 
ment which has a countable basis, but that F is not infra-barrelled (cf: III, p. 41, § 2, exerc. 4 
and p. 45, exerc. 17). 


12) Let E, F be two Fréchet spaces, u a strict morphism from E into F. Show that for every 
finite rank continuous linear mapping v from E into F, u + v is a strict morphism from E 
into F. 


*— 13) a) Let E be a Hausdorff and complete locally convex space. Suppose that there exists 
(F,,) a decreasing sequence of closed vector subspaces in E such that for every neighbourhood 
V of 0 in E, there exists n such that F, < V. Show that the space E is of minimal type (II, p. 85, 
exerc. 13). 
b) Let E be a Fréchet space satisfying the first axiom of countability, and which is not of 
minimal type. Show that there exist two closed vector subspaces M, N in E such that 
Mo N = {0} and such that M + N is not closed. (Let (xj) denote a sequence of linearly 
independent continuous linear forms on E, forming a total set for o(E’, E) (IIL p. 19, cor. 2); 
let L, be the subspace of E orthogonal to the x; for indices 7 < 2n; let x,, y, be two linearly 
independent vectors in the complement of L,,,, with respect to L,. Let d be a translation 
invariant distance defining the topology of E. Using a), show that there exists a number a > 0 
such that we can take d(0, x,) > «, d(0, y,) = a and d(x,, y,) < 1/n. Show that if M (resp. N) 
is the closed vector subspace generated by the x, (resp. y,), then M and N have the properties 
required; use I, p. 19, cor. 4.) 
c) Let E be a closed subspace of a product [] F, of normed spaces ; show that if every closed 
aeA 
subspace of E generated by a countable family of points is of minimal type, then E itself is 
of minimal type. (Argue by reductio ad absurdum, assuming that the projection of E on each 
F, is equal to F,, and that for some a, F, is infinite dimensional.) 
da) Let E be a Hausdorff and complete locally convex space, in which every subspace gene- 
rated by a countable family of points is metrizable. In order that E be of minimal type, it is 
necessary and sufficient that for every pair of closed vector subspaces M, N of E such that 
Mo N = {0}, M + N is closed in E (use 5) and c)). 


14) a) Let E be a Fréchet space on which there exists no continuous norm. Show that 
there exists a closed vector subspace of minimal type in E (II, p. 85, exerc. 13), which is infinite 
dimensional, and consequently, has a topological complement in E. (There exists a strictly 
decreasing fundamental sequence (V,,) of convex, balanced neighbourhoods of 0 in E, and 
a sequence (x,) of points of E such that x, ¢ V,,,, and such that the line passing through x, 
is contained in V,,, the x, being linearly independent ; show that the required space is the closed 
vector subspace generated by the x,,.) 
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b) Let E be a Fréchet space whose topology cannot be defined by a single norm, but by an 
increasing sequence (p,) of norms. Let V,, be the neighbourhood defined by p,(x) < 1, and 
let Ai, = V3 be its polar in E’; we can assume that A’, , is not contained in the vector subspace 
of E’ generated by Aj (IV, p. 49, exerc. 12, c)). Let (x),) be a sequence of points of E’ such that 
xj, € A’ and that x/, does not belong to the vector subspace generated by A/_, ; show that the 
vector subspace M’ generated by the sequence (x/) is weakly closed in E’ (cf. IV, p. 25, cor. 2) 
and does not have a topological complement in E’ for the topology o(E’, E). (Observe that 
if there existed a weakly continuous projector u' from E’ onto M’, then w'(A{) would be con- 
tained in one of the sets M’ 7 Aj, by Baire’s theorem, and derive a contradiction, since Aj 
is weakly total in E’.) Deduce that the subspace M’”° of E does not have a topological comple- 
ment in E. 

c) Let E be a Fréchet space whose topology cannot be defined by a single norm. Show that 
if E is not isomorphic to a product of Banach spaces, then there exists a closed vector subspace 
in E which has no topological complement. (Argue by reductio ad absurdum:; let (Pwn>1, be 
an increasing sequence of semi-norms on E, defining the topology of E; let F, = p, (0) 
and let E,,, be a topological complement of F,,, , with respect to F, (we put E = Fo): using 
b), show that E,,. 1, 18 a Banach space and that E is isomorphic to the product of the E, (nm > 1); 
for this use I, p. 17, th. 1.) 


15) a) Let E be an infinite dimensional normed space (real or complex). Show that there 
exists a sequence (x,) in E such that, for every bounded sequence (A,) of scalars, there exists 
a continuous linear form x’ on E such that ¢x,, x’> = 4, for all m. (Construct a sequence 
(x;,) of points in the dual E’ of E and a sequence (x,) of points in E such that ¢x;, x;> = 6,; 
and ||x)|| < 2-") 

b) For a locally convex metrizable space E to have the property stated in a), it is necessary 
and sufficient that the completion of E is not a space of minimal type (II, p. 85, exerc. 13). 


16) a) Let E and F be two infinite dimensional complex normed spaces, and u a bijective 
semilinear mapping from E onto F, with respect to an automorphism o of C, which trans- 
forms every closed hyperplane of E into a closed hyperplane of F. Show that the automor- 
phism o of C is necessarily continuous (and consequently, is either the identity or the auto- 
morphism & +> &). (Argue by reductio ad absurdum : let (x,) be a sequence of points in E satis- 
fying the condition of exerc. 15, a) and let (A,,) be a bounded sequence of complex numbers 
such that |AS| > n. ||u(x,)|| for all n; if x’ E’ is such that <x,,x’> = A, for all n, consider 
the image under u of the closed hyperplane of all xe E such that <x, x) = L and derive 
a contradiction.) 

b) Deduce from a) that wv is a continuous semi-linear mapping from E into F(IV, p. 7, corollary). 
c) Let o be a discontinuous automorphism of the field C. Show that the bijection (&,,) + (€°) 
from CN onto itself transforms every closed hyperplane into a closed hyperplane (cf. IV, p. 14, 


prop. 15). 


17) Let E, F be two Banach spaces, u a strict morphism from E onto F. Then there exists 
a number m > 0 such that for every ee} 0, m (and for every ye F, there exists z¢ E such 
that u(z) = y and ||z|| < (m — €)"* |ly}. 

a) Let B be a closed ball ||x — all < rin E, and let m be a mapping from B into F satisfying 
the following conditions : 1° sup woo = M < + c; 2° there exists a number k > 0 


such that for all x, x’ in B, we ice |wOx) — w(x')|| < <k||x — x’|| (« Lipschitz condition »). 
Show that if k <m and M <r(m— k), then the image of B under the mapping xt>-u(x) + w(x) 
contains a ball with center b = u(a). (Show that for every y € F close enough to db, we can define 
a sequence (X,),> 9 of points of B such that u(x) = » and u(x,) = y — w(x,_,) for n > 1, 
and such that (x,) converges to a point of B.) 

b) Suppose that w is a mapping from all E into F, such that ||w(x) — w(x')|| < klx — x'h 
for every x, x’ in E. Show thatifk < m,u + wis a surjective and open mapping from E onto F. 
c) In particular, if w is a continuous linear mapping from E into F such that |||] < m, then 
v = u + wis a strict morphism from E onto F. If ¢ ¢J0, m{, then for every x ¢ v~ 1(0) with 
|x|] =1, there exists xy € u~ 1(0) such that ||x—x || <||w||/(m—s); if in addition ||wl| <m—s, 
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then for every xX) eu 1(0) with ||xo|| = 1, there exists x € v7 1(0) such that 
|x — Xoll < |wi|/(m — & — |wll). 


Deduce that if there exists a closed vector subspace G of E which is the complement of u™ 1(0), 
then G is also the complement of v~ '(0) whenever || w || is small enough (argue by reductio ad 
absurdum : show that the projection of v~ 1(0) onto u~1(0) cannot be contained in a closed 
hyperplane of u~'(0); on the other hand, note that there exists a > 0 such that every point 
x eG such that ||x|| = 1 is at a distance > a from u7 1(0)). 


18) a) Let E, F be two normed spaces, u a strict injective morphism from E into F; then there 
is a number m > 0 such that ||u(x)|| > m |x|] for all x ¢ E. Show that if w is a continuous 
linear mapping from E into F such that ||w|| < m, then v = wu + w is a strict injective mor- 
phism from E into F. Moreover, for all y) € u(E) such that |/y,|| = 1, there exists y € v(E) 
such that ||y — yoll < ||wl|/m; for every ye v(E) with ||y|| = 1, there exists yy e u(E) such 
that lly — yoll < lm — |v). 

b) Deduce from a) that, if in addition, E and F are Banach spaces, and if there exists a closed 
vector subspace G of F which is the complement of the closed subspace u(E), then G is also 
the complement of v(E) whenever ||w|| is small enough (argue as in exerc. 17, c)). 


19) Let E be the subspace of the Banach space @({— 1, 1}; R) of all continuous mappings 
from (— 1, 1) into R, consisting of the polynomials. Similarly, let F be the subspace of 
@((0, 1}; R) consisting of all polynomials. Let u be the mapping which associates to each 
polynomial f ¢ E, the polynomial t+ 4(f(/t) + f(—./1)) in F. Also, let w be the mapping 
from E into F which associates with every polynomial f ¢ E its restriction to (0, 1). Show 
that u is a strict morphism from E onto F, but that for every « > 0, uw + ew is not a strict 
morphism from E into F. 


20) a) Let E, F be two Banach spaces, u a strict morphism from E into F, such that u~ 4(0) 
is finite dimensional. Show that for every continuous linear mapping w from E into F with 
small enough norm, v = uv + wisa strict morphism from E into F and dim v '(0) < dim wu (0). 
(Write E as the topological direct sum of u~'(0) and a closed subspace and use exerc. 18 of 
IV, p. 66.) 

b) Let E, F be two Banach spaces, uv a continuous linear mapping from E into F such that 
u(E) has finite codimension in F. Then u(E) is closed and w is a strict morphism (I, p. 28, exerc. 4). 
Show that for every continuous linear mapping w from E into F, of small enough norm, v=u+w 
is a strict morphism from E into F and 


codim(v(E)) < codim(u(E)) 
(consider 'v = ‘u + ‘w, and use a) and IV, p. 30, cor. 3). 


21) Let E and F be two Banach spaces. A continuous linear mapping from E into F is said to 
be a Fredholm operator (or a quasi-isomorphism) if u~1(0) is finite dimensional and u(E) 
has finite codimension (this implies that u(E) is closed in F and u is a strict morphism); the 
number Ind(u) = codim(u(E)) — dim(w~'(0)) is called the index of u. 

a) Show that 'w:F’ > E’ is also a Fredholm operator and that Ind(‘w) = — Ind(w). 

b) If u:E > F and v:F > G are two Fredholm operators, then so is vouw:E—-G and 
Ind(v co uv) = Ind(u) + Ind(v). 

c) If w:E > F is a continuous linear mapping with finite rank or with a small enough norm, 
then u + wisa Fredholm operator and Ind(u + w) = Ind(w) (use exerc. 17, c) of IV, p. 65 and 
18, 5)). 


22) Let X be a real Banach space, E a finite dimensional subspace of X. 

a) Let S be the unit sphere in X. Show that for every ¢ > 0, there exists a finite number of 
linearly independent points z,e¢S (1 <i <r) such that for every xe So E, there exists 
an index i such that ||x — z,|| <«. 

b) Let z;(1 <7 < r) be points in the dual E’ of E with ||z;| > 1 for every i, and ¢ z,, Z> = 8; 
(Kronecker’s index), and let F be the closed subspace of codimension r in E which is ortho- 


§ 5 EXERCISES TVS IV.67 


gonal to the subspace of E’ generated by the z;. Show that for every x eS 4 E and for every 
yeF, |x + y] > 1 — «, and in particular, E 7 F = {0}, so that the sum E + F is the topo- 
logical direct sum. 

c) Deduce from 5) that the continuous projector P from E + F onto E corresponding to 
the topological direct sum decomposition E @ F has a norm ||P|| < 1/(1 — 8). 


4, 23) Let X be a real infinite dimensional Banach space. 

a) Suppose that for every 2 > 0, there exists a finite dimensional subspace E, of X such that 
there exists no continuous projector P on X with image E, and such that || P|| < 2. Show that 
every closed subspace Y of X with finite codimension has the same property as X. 

b) By induction on n, show that there exists a decreasing sequence (X,,) of closed subspaces 
of X, of finite codimension, and for every n, a finite dimensional subspace E, of X such that : 
1° the sum E, + E, +: + E, is direct, and there exists a continuous projector P, on X,, 
with norm < 2 whose image is E, + E, +--+ E,; 2° the space E, is contained in 
(I — P,_,)(X,_,); 3° there exists no continuous projector on X with image E, and with 
norm <7 +2. 

c) Let Z be the closed subspace of X generated by the union of the E,. Show that there does 
not exist a topological complement of Z in X (observe that if Q were a continuous projector 
on X, with image Z, then (I — P,,_ ,) P,Q would be a continuous projector on X with image E,,). 


§5 


1) Let I be an uncountable set, and let E be the space R” endowed with the topology defined 
in I, p. 24, exerc. 14; let E’ be its dual (IV, p. 50, exerc. 16, c)). Show that in E’ there exist non 
relatively compact (for o(E’, E)) subsets H such that from every sequence of points of H we 
can extract a sequence which converges to a point of H for o(E’, E). 


2) a) Let X be a regular space and A a subset of X. Suppose that every sequence of points 
of A has a limit point in X and that there exists a metrizable topology 7 on X which is coarser 
than the given topology 7). Show that the closure A of A in X is a compact metrizable space 
(arguing by reductio ad absurdum, show that the topologies induced by 7 and 7, on A are 
identical). 

b) Let E be a Hausdorff locally convex space, which is the union of a sequence (E,,) of me- 
trizable vector subspaces for the topology induced by that of E. Show that, for a subset A 
of E to be relatively compact in E, it is necessary and sufficient that every sequence of points 
of A has a limit point in E. (If (W,,,,) for m > 1) is a fundamental system of convex neighbour- 
hoods of 0 in E, which are open in E,, let U,,,, be a convex neighbourhood of 0 in E such that 
E, O Unn = Winn (IL p. 33, lemma 2); on E consider the topology for which the U,,, (m> 1, 
n > 1) form a fundamental system of neighbourhoods of 0). 

c) Extend Smulian’s theorem to a strict inductive limit space (II, p. 33) of Fréchet spaces. 


3) a) Let E be a Hausdorff locally convex space and E’ its dual; suppose that there exists 
a countable everywhere dense set in E’ for the topology o(E’, E). Show that the topology of E 
(resp. o(E, E’)) is finer than a metrizable locally convex topology. 

b) Let (x,,) be a sequence of points of E such that every sequence extracted from (x,) has a 
limit point for the initial topology (resp. the topology o(E, E’)). Show that there exists a sequence 
extracted from (x,) which converges in E for the initial topology (resp. the topology o(E, E’)). 
(Let (a,) be an everywhere dense sequence in E’ for o(E’, E); extract a sequence (y,) from (x,,) 
such that (<y,, a, >) tends to a limit for every index p, and show that the sequence (»,) has 
only one limit point for the initial topology (resp. for o(E, E’)).) 

c) For a subset A of E to be relatively compact for the initial topology (resp. for o(E, E’), 
it is necessary and sufficient that from every sequence (x,) of points of A, we can extract a 
sequence (x,,) which converges to a point of E for the initial topology (resp. for o(E, E’)) 
(use exerc. 2, a)). 


4) Let E be the Banach space ¢*(N). which does not satisfy the first axiom of countability 
(I, p. 25, exerc. 1), and let E’ be its dual. For every integer n > 0, let e, be the continuous linear 
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form on E which associates to each x = (&,) € E the nth term of this sequence. Show that 
the sequence (e’) is total in E’ for o(E’, E); moreover, every sequence extracted from (e’,) 
has a limit point in E’, for the topology o(E’, E), but there exists no sequence extracted from 
(e,) which converges in E’ for this topology. 


5) a) Let X be a compact space, H an arbitrary subset of the space @(X) of continuous nume- 
rical functions on X. Let f, be a point of @(X) which is in the closure of H for the topology 
J, of simple convergence on @(X). Show that there exists a countable subset Hy of H such 
that fo is in the closure of Hy for 7,. (Show that for every pair of integers m > 0, > 0 there 
exists a finite subset H(m, 1) of H with the following property : for every set of m points ¢, in 
X (1 <k < m), there exists fe H(m,n) such that |[f,(4) — f(t,)| < 1/n for 1 <k < m) 
b) Let Ebe a locally convex metrizable space, E’ its dual and H a subset of E. Show that if 
xX, is in the closure of H for the weakened topology o(E, E’), then there exists a countable 
subset Hy of H such that xp is in the closure of H, for this topology. (Use a), observing that 
E’ is the union of a countable family of compact sets for o(E’, E).) 


“1 6) a) Let X be a compact space, H a convex subset of the product space R%*, consisting 
of continuous functions on X. Suppose that every decreasing sequence of non-empty convex 
and closed subsets in H has a non-empty intersection. Show that the closure H of H in R%* is 
compact and consists of continuous functions on X. (Argue by reductio ad absurdum : consider 
a non continuous function ue H; show that then there will exist a point ae X, a number 
5 > 0, a sequence (x,) points of X and a sequence ( /,,) of functions in H such that : 


1° |u(x,)—u(a)|>6 for all n; 2° iu) — fy) <2 for m<n; 3° lex) — ful) <2 and 


|u(a) — f,,(a)| < $ for m >n + 1. Consider a limit point b of the sequence (x,), and a func- 


tion f belonging to the intersection of the A 
of the set of all f, for k > m.) 

b) Let E be a Hausdorff and quasi-complete locally convex space, E’ its dual. Let H be a 
convex subset of E such that every decreasing sequence of non-empty and closed convex 
subsets of H has a non-empty intersection; show that H is relatively compact in E for the 
topology o(E, E’). (Reduce to the case where E is complete; consider E to be embedded in 
E™ and use a) and also IIL, p. 21, cor. 1.) 


where A,, is the closed convex envelope in H 


m? 


7) Let E be a Fréchet space satisfying the first axiom of countability, E’ its dual. Show that 
for a convex subset A’ of E’ to be closed for o(E’, E), it is sufficient that, if a sequence (x) of 
points of A’ has a limit a’ in E’ for o(E’, E), then a’ € A’. 


8) Let F and G be two vector spaces in separating duality. Show that the properties «) and B) 
of IV, p. 52, exerc. 6, a) are also equivalent to the following : 

vy) F, with t(F, G) is quasi-complete, and every bounded sequence of points of F has a 
limit point for o(F, G) (cf IV, p. 35, th. 1); 

5) F, with t(F, G) is quasi-complete, and every decreasing sequence of non-empty closed 
convex and bounded sets in F has a non-empty intersection (cf. exerc. 6, 5)). 


9) Let E be a Hausdorff and quasi-complete locally convex space; for E to be semi-reflexive, 
it is necessary and sufficient that every closed vector subspace of E, in which there exists a 
countable everywhere dense subset, is semi-reflexive (cf IV, p. 35, th. 1). 


4— 10) Let E be a Hausdorff, quasi-complete and non semi-reflexive locally convex space, 
and let H be a closed hyperplane in E containing the origin. Let (C,) be a decreasing sequence 
of non-empty, closed convex and bounded sets, contained in H and not containing 0 and 
whose intersection is empty (exerc. 8). Let x be a point not belonging to H, and let A be the closed 


1 
convex and balanced envelope of the union of the sets | 1 — —]x + C, forn > 0. 
n 


a) Show that there exists no supporting hyperplane of A which is parallel to H (for ye x + H, 
observe that there exists an integer n such that y¢é x + C,). 
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b) Let ze H be such that z¢ C, ; show that the convex envelope of the union of two closed 
convex and bounded sets A and B = x + z + C,, is not closed (prove that x + z is in the 
closure of this envelope, but does not belong to it). 


11) Let A be an infinite set, and let E = #(A) (IV, p. 47, exerc. 1), E’ = @1(A) its dual, 
E” = ¢*(A) its bidual (IV, p. 54, exerc. 14). Show that every subset of E’, which is compact for 
o(E’, E”) is strongly compact (use Smulian’s theorem and IV, p. 54, exerc. 15). 


12) Let E be a non reflexive Banach space. Prove that there exists a closed, non reflexive 
vector subspace M of infinite codimension in E. (Let (x,) be a bounded sequence in E which 
has no limit point for the topology o(E, E’) (IV, p. 68, exerc. 8); by induction construct a 
sequence (x,,) extracted from (x,) and a topologically free sequence (y,) such that 
ll Xe — Ve || < 1/k for k > 1, and consider the closed vector subspace of E generated by the 


You) 


“| 13) Let E bea non reflexive Banach space satisfying the first axiom of countability, and let 
M be a non reflexive closed vector subspace of E of infinite codimension (exerc. 12). Let (x,) 
be an everywhere dense sequence in the unit sphere, C the closed convex balanced envelope 
of the sequence (x,/n); C is strongly compact in E and C + M = A is a closed convex set 
(GT, III, § 4, No. 1, cor. 1 to prop. 1). Let S be the unit ball in E, and B= AOS. 

a) Show that 0 is not an interior point of A and deduce that there exists xy € E such that 
Axo ¢A for A > 0. 

b) Show that there exists no supporting hyperplane of B passing through 0 (observe that such 
a hyperplane must be a supporting hyperplane of C). 

c) Let Up = MOS, and let (U wn21, be a decreasing sequence of closed convex, bounded 
and non-empty sets, such that U, < 4U, and such that the intersection of the U, is empty 


(IV, p. 68, exerc. 8). Let F be the closed convex envelope of the union of the sets i + U, 


(n > 1). Show that Bn F = @ but that there exists no closed hyperplane separating B 
and F (use 6)). 


14) Let E be a Banach space satisfying the first axiom of countability. A sequence (¢,),, 59 
of elements of E is said to be a Banach basis if the following Proper’ is satisfied : for every 


x € E, there exists a unique sequence (a,) of scalars such that x = Ss a,€,» Where the series on 
the right hand side is convergent. 

a) Show that the family (e,) is total and free. Let E,, be the vector subspace (closed) of E gene- 
rated by the e,, for indices m < n, and let P, be the projector from E onto E, defined 


n 


by P+ (S Gnen) = > Gym Show that the P, are continuous linear mappings and that 
m=0 


m=0 


sup ||P,,| < + 0. (Consider the norm on E defined by || S a,e,]|| 
n n=0 


show that E is complete for this norm and deduce that it is equivalent to the given norm on 
: (cf Lp. 17, th. 1).) Show that for every pair of integers p < q, the norm of the projection 
of E, onto E,, which is parallel to the vector subspace generated by the e,, for indices m 
a, that p+i1<m<« q, is bounded by a number independent of p, q 
b) Conversely, let (e,) be a total sequence of elements of E, which is a ee family and is such 
that the norms of the projections P,,p for0 < p < qare bounded by a number M independent 
of p and q. Show that (e,) is a Banach basis of E. (First prove that the sequence (e,) is topolo- 
gically free and define the projectors P,,; then || P,|| < M for all n. Next observe that if d(x, E,) 
is the distance of a point x e E from "E,s then ||x—P,.x|| <(M +1) d(x, E,).)+ 


It is clear that the existence of a Banach basis in E implies that E satisfies the first axiom 
of countability. But there are examples of Banach spaces satisfying the first axiom of counta- 
bility in which there does not exist a Banach basis (P. ENFLO, Acta Math., t. CXXX (1973), 
p. 309-317). 
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4 15) Let E be a Banach space with a Banach basis (e,) (exerc. 14); then there exists a unique 
sequence (¢’,) in the dual E’ of E such that the expression of every x € E in terms of the Banach 


ao 
basis (e,) can be written asx = S <x, e,> @,. 
n=0 
a) Let F, be the closed vector subspace of E generated by the e,, form > n. For every x’ € E, 
let ||x’||,, denote the norm of the restriction of the linear form x’ to F,,. Show that, for (e,,) to be 
a Banach basis of E’, it is necessary and sufficient that for every x’ ¢ E’, the sequence (||x’||,,) 
tends to 0. (Consider the transpose ‘P, and evaluate the norm |‘P,.x’ — x’|.) In this case, 


the Banach basis (e,) is said to be contracting. 
b) Suppose that the Banach basis (e,,) is contracting. Show that for every point x” of the bidual 


E” of E, the sequence of sums )) <é,, x”) e,, is bounded in E (consider the transpose ‘(‘P,,) 
m=0 
in E”). Conversely, for every sequence (a,,) of scalars such that the sequence of sums y: Amnm 
m=0 
is bounded in E, there exists a unique x” € E” such that ¢e),, x") = a, for all n (use the com- 
pactness of a closed ball in E” for the topology o(E”, E’)). 
c) A Banach basis (e,) in E is said to be complete if, for every sequence (a,) of scalars such that 


the sequence of sums }° 4,,¢,, is bounded, the series S ae, converges. If(e,) is a contracting 
m=0 n=0 

basis of E, the basis (e’,) of E’ is complete (use the compactness of a closed ball in E’ for o(E’, E)). 
d) In general, the sequence (e’,) is a Banach basis of the closed subspace F’ of the strong dual 
E’ of E, generated by the e’,, and there is an injective continuous linear mapping J from E 
into the strong dual F” of F’ such that <J.x, 2’) = <x, 2’) for all x € E and all 2’ e F’. Show 
that there exists a constant K > 0 such that ||J.x|| > K.||x|, and that if the basis (e,) is 
complete, then J is an isomorphism from E onto the topological vector space F”. 

e) Show that for E to be reflexive, it is necessary and sufficient that the basis (e,) is contracting 
and complete (use 5)). 


16) a) Let E be a Banach space. For an infinite sequence (x,) of points of E, the following 
properties are equivalent : 

a) The series with the general term x, is commutatively convergent (GT, IIL § 5, No. 7). 

B) For every subset I of N, the series defined by the sequence (x,),,.; is convergent (GT, III, 
§ 5, No. 3, prop. 2 and § 5, exerc. 4). 

y) For every sequence (g,) of numbers equal to | or to — 1, the series with the general 
term ¢€,X, 18 convergent. 

5) For every ¢ > 0, there exists a finite subset J of N such that, for every finite subset H 
of N not intersecting J, we have ||¥° x, | < «. 

neH 

b) Let (e,) be a Banach basis of E. The following properties are equivalent : 

a) For every permutation x of N, the sequence (¢,,,)) is a Banach basis of E. 

6) For every sequence (¢,) of numbers equal to 1 or to — 1, the sequence (¢,e,) is a Banach 
basis of E. 


y) For every x = Ss &,€, in E and every sequence (1,,),<~ for which |n,| < |&,| for all n, 
the series with the Sederal term ,¢é, converges in E. 

5) Forevery x = S &,e, in E and every strictly increasing sequence (n,),-nj of integers > 0, 
the series with the ene term &,,¢,, converges in E. 

e) There exists a real number M > 0 such that, for every finite subset J of N and for every 


oo 
MS S En&n in E, we have |X reall < M ||]. 


n=0 neJ 


(To prove that «) implies ¢), argue as in IV, p. 69, exerc. 14. To prove that B) implies y), 


q 
reduce to the case where the &, and the n,, are real, and consider the sums )' <n, ¢,, x’> 


for x'e E’) eee 
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When these conditions are satisfied, (e,) is said to be an unconditional Banach basis of E. 
c) Suppose (e,) is an unconditional basis. Show that there exists a real num Pek K > 0 such 
that, for every sequence (¢,,) of numbers equal to 1 or — 1 and for all x = =§ &,e, in E, we 


nn 
n= 


have | S E,En€,|| < M ||x|| (same method as in IV, p. 69, exerc. 14). Deduce that for every 


bounded sequence of scalars (4,,) and for all x = -s €,e, in X, we have 


nnn 
a= 


S AnEnenll < 2K sup |Ayl - | S En€nll 


n= a a= 


(argue as in b), for the proof that 6) implies y)). 


4. 17) a) Let E bea Banach space with an unconditional Banach basis (e,) (exerc. 16). Show 
that if the basis (e,) is not contracting (IV, p. 70, exerc. 15), then there exists a number « > 0, 
a linear form x’ € E’ such that ||x’|| = 1, a strictly increasing sequence of integers (n,) and for 
each k, an element y, which is a linear combination of the e,; for n, <j < m,,, and is such 
that ||y,|| < 1 and ee x a > a. Deduce that for every finite sequence (Aj), <j<m of scalars, 


we have || a r¥;l| = > 3K, s |A,| (use exerc. 16, c)). Conclude that there exists a topological 


vector Space Ncowmanaiien: fon (*(N) onto a closed subspace of E. 

b) Deduce from a) that if the strong dual E’ of E satisfies the first axiom of countability, then 
every unconditional basis (e,,) of E is contracting, and hence (e/) is an unconditional basis of 
E' (IV, p. 70, exerc. 15, a)). (Observe that if a closed vector subspace of E is isomorphic to (1(N), 
then E’ cannot satisfy the first axiom of countability.) 

c) Show that if E has an unconditional basis and if the strong bidual E” of E satisfies the first 
axiom of countability, then E is reflexive. (Using IV, p. 51, exerc. 25, note that the strong dual 
E’ of E satisfies the first axiom of countability; then use IV, p. 70, exerc. 15, c) and IV, p. 53, 
exerc. 11.) 


4 18) a) In the space RN of all infinite sequences of real numbers, consider the set J of all 
sequences x = (&,) for which the number 


[21 ="SO PEE)? eee Se Ses Sa eee ee 


is finite, the supremum being taken for all integers m > 1 and for all strictly increasing sequences 
of integers p; <p, < + < P,,4,- Show that ||x|| is a norm on J and that for this norm J isa 
Banach space. For every x € E, show that the sequence (&,) has a finite limit u(x) and that u 
is a non zero continuous linear form on E; let J, denote the closed hyperplane of J with equa- 
tion u(x) = 0 (R. C. James’ space). 

b) Show that the vectors e, = (8,1,)m>0 form a Banach basis of J, and that this basis is con- 
tracting (IV, p. 70, exerc. 15). (To prove the latter point, argue as in exerc. 17, a), by showing 
that the constructed sequence (y,), is such that the series with the general term y,/k is conver- 
gent in E; this implies a contradiction.) 

c) Show that the identity mapping from J, onto itself can be extended to a topological vector 
space isomorphism from the strong bidual J§ onto J, in such a way that J$/J, is 1-dimensional 
(use IV, p. 70, exerc. 15, 5)). Deduce that no Banach basis of Jy can be unconditional 
(exerc. 17, c)). 

* d) Let H,, H, be two closed vector subspaces of Jy generated by the e,, and the e,,,, 
respectively, for n > 0. Show that as topological vector spaces, H, and H, are isomorphic 
to the Hilbert space ??(N), and that J, is not the sum of H, and H,. , 

e) Show that on J, there exists no complex locally convex space structure having the real 
locally convex space structure of J, as the underlying structure (cf IV, p. 52, exere. 3). 
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APPENDIX 


1) Let E be a Hausdorff locally convex space, K a compact convex subset of E, and S a set of 
continuous affine linear transformations from K into itself, which is stable under composition. 
The set S is said to be distal if, for every pair of distinct points a, b in K, the closure of the set 
of pairs (s.a, s.b), where s ranges over S, does not contain any point of the diagonal of K x K. 
a) Show that an equicontinuous group of affine transformations of K is distal. 

5) Show that if K is non-empty and S is distal, then there exists at least one point of K which 
is invariant under every transformation of S. (If M is a non-empty compact convex subset 
of K which is stable under S, show that if M contains two distinct points x,, x,, and if A is the 
xX, +X, 

2 

that if L is a minimal element of the family of non-empty compact convex subsets of K, which 
are stable under S, then L reduces to a point ; argue by reductio ad absurdum : with the same 
notations, the closed convex envelope of A would be equal to L, which would contradict 
the Krein-Milman theorem.) 


closure of the orbit of x = , then A cannot contain any extremal point of M. Deduce 


2) Let E be a Banach space, K a precompact subset of E which is not a single point, and d the 
diameter of K. Show that there exists a point x) ¢ K and a number r such thatO <r<d 
such that |x — x,|| <r for all xe K (choose ¢ > 0 small enough, and » points y,,..., y, 
of K such that every point of K is at a distance < « from one of the y,, and put 


OM 1 y, +-+ + y,).) Deduce a new proof of the Ryll-Nardzewski theorem for convex, 


strongly compact sets in E. 


* 3) Let G bea topological group and x a continuous unitary representation of G on a complex 
hilbertian space E. A continuous linear mapping c:G — E which satisfies the relation 


c(st) = n(s).c(t) + c(s) 


for every s, t in G, is called a continuous 1-cocycle. Let Z'1(G; E) denote the complex vector 
space of continuous 1-cocycles. For every ae E, the mapping 8(a):s+> n(s).a — a is a conti- 
nuous 1|-cocycle, called the cobord of a. Let B'(G; E) denote the image of the linear mapping 
8:E > Z(G; E); put H'(G; E) = Z'(G; E)/B1(G; E) («first continuous cohomology 
group of G with values in E”). 

a) Show that B1(G; E) is composed of continuous and bounded 1-cocycles. (For every conti- 
nuous 1-cocycle c and every seG, we define an affine transformation 4, on E by 
Age X = W(s).x + ce(s); then A,, = A,.A, for all s, tin G. Let K be the closed convex envelope 
of c(G); thena,(K) = K forall s € G, andj, induces an isometry of K onto itself. If c is bounded, 
show that the Ryll-Nardzewski theorem applies to (,, and if 4,.a = a for all seG, then 
c = — 6(a).) 

b) If G is compact, show that H'(G; E) = {0}. , 


“| 4) Let G be a discrete group. We say that G is a group on which a mean can be defined 
if there exists a linear form u on £R(G) (I, p. 4) such that u(x) > Ofor x > 0, u(1) = 1, and such 
that u(y(s) x) = u(x) for all se G and all x ef¢(G) (where (y(s) x) (t) = x(s~ +4) for all te G) 
(invariance under left translations). 

a) If we put X = x(t~') for x efg(G) and te G, and if the linear form w is invariant under 
left translations, then the linear form v: x +> u(X) is invariant under right translations, in other 
words v(5(s) x) = v(x) for all se G and for all x efg(G) (where (8(s) x) (t) = x(ts) for all 
te G). Put F,(s) = u(d(s) x) for se Gand x €£9(G), then F,,,(s) = F,(s) and Fyy,(s) = F,(st) 
for all te G; deduce that the linear form w on @g(G) defined by w(x) = v(F,) is invariant 
under left and right translations, and is such that w(x) > O for x > 0 and w(1) = 1. 

* b) Let K be a non-empty compact space and I a subgroup of the group of all homeo- 
morphisms from K onto itself. Show that if a mean can be defined on T, then there exists a 
measure p > 0on K of mass 1, which is invariant under I. (Ifa € K, consider the linear mapping 
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which associates to each continuous real function f in K, the function o +> f(o(a)) belonging 
to fg (L).) 

c) Let E be a Hausdorff topological vector space over R, and K a non-empty compact convex 
subset of E. Let T be a group of continuous affine transformations from K onto itself. Show 
that if a mean can be defined on I, then there exists a point b € K such that o(b) = 6 for all 
o €I. (Use 6) and consider the barycenter of pL.) 

d) Show that a mean can be defined on a discrete group G if and only if there exists a non 
null measure p which is invariant under G, on every non-empty compact space K on which G 
operates continuously. (If E = #(G), consider the unit ball B in E’ = ¢4(G), endowed with 
o(E’, E), and associate to each element xe R(G) = E’ its restriction to B.) If G is countable, 
it is enough that the above property holds for every compact metrizable K. , 


47 * 5) Let G be a discrete group. 

a) Show that a mean can be defined on G (exerc. 4) if and only if the closed vector subspace N 
of €g(G) generated by the functions y(s) x — x, where se G and x ef¢(G), is distinct from 
fg (G) (use the Hahn-Banach theorem). 

b) Suppose that for every « > 0 and for every finite sequence s,, ..., s, of elements of G, there 
exists a non-empty finite subset F of G such that 


Card(F 0 s,F) > (1 — s)Card(F) for 1<j<k. 


Show that a mean can be defined on G (use a) and show that 1 ¢ N). 
c) Suppose a mean can be defined on G. Let € > 0 and let s,, ..., 5, be elements of G. Show 
that there exists a vector x >0 in the space @4(G) such that ||x|| = 1 and that 


k 
d |lv(s,) x—~|| <e. (In the space E=(&q(G))*, consider the set C of points (y(s,) x), <j<xs 
j=l 


where x ranges over the set of all vectors of (4(G) such that x > 0 and ||x|| = 1. Show that 
0 belongs to the closure of the convex set C for the topology o(E, E’); for this, use a), observing 
that the unit ball of E is dense in the unit ball of E” for o(E”, E’).) 
d) For every x > 0 in #4(G), and for every a > 0, let x, denote the characteristic function of 
the set of all s ¢ G such that x(s) > a(ie. x,(s) = 1 if x(s) > a, x,(s) = O if x(s) < a). Then for 
every se G, | x,(s) dr = x(s) and, for two elements x > 0, y > 0 of (4(G), 

0) 


a bx(3) — »,(9| dr = [x65) — (9). 


oO 


e) Show that, ifa mean can be defined on G, then for every ¢ > 0, and for every finite sequence 
of elements s,,..., 5, of G, there exists a non-empty finite subset F of G such that 


Card(F 1 s,F) > (1 — «)Card(F) for 1<j<k. 


k 
(Show that, having chosen x as in c), there exists ana > Osuch that )° |\y(s;) x, — x,|| < €; 
jm 
use d).) , 


“ 6) LetS bea set on which a group T operates on the left (A, I, § 5, No. 1). Let E be the real 
vector space %(S) of all bounded numerical functions on S (I, p. 4, Example). Suppose that 
the group T (endowed with the discrete topology) has a left invariant mean, and let I operate 
on E in such a way that sf(x) = f(s" !x)forallseT, feEandxeS. 

Let g ec E bea positive function; let E, be the vector subspace of E generated by the functions 
sg, where s ranges over I’; let E, be the vector subspace of E generated by the positive func- 
tions which are bounded by functions of E,. 

Show that if there exists a non null positive linear form on E,, which is invariant under I, 
then there exists a non null positive linear form on E,, which is invariant under I. (Using 
prop. 1 of IL, p. 21, first construct a positive linear form on E,, which extends o, and let 
operate on the set of these extensions). In particular consider the case where g = 1. 
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* 7) a) Let B be the set of bounded subsets of the plane R* and let I’ be the group of dis- 
placements of R?; let C be the square (0, 1) x (0, 1). Show that there exists a positive addi- 
tive set function A defined on %, which is invariant under I and is such that A(C) = 1 (apply 
exerc. 6 to the case where g is the characteristic function of C; observe that T is solvable, 
hence has an invariant mean (IV, p. 41, corollary)). If A is a bounded subset of R*, whose boun- 
dary is negligible for the Lebesgue measure p on R’, then A(A) = u(A) (for every > 0, 
there exists two sets A, and A, such that A, c Ac A,, w(A, — A,) < &, and A, and A, are 
unions of a finite number of squares). 

b) Consider the same question as in a), taking for B the set of all subsets of R”, for T the group 
of similarity transformations and C = R’. , 


8) Let E be a real vector space and T a solvable group of automorphisms of E. Let p be a 
semi-norm on E which is invariant under T and M a vector subspace of E, invariant under T. 
Let u be a linear form on M, invariant under T and such that |u(x)| < p(x) for all x eM. 
Show that there exists a linear form v on E which is invariant under I and is such that |v] < p 
and that v extends wu. (Let K be the set of linear forms v on E which extend u, and such that 
|v| < p; then K is a convex subset of E*, stable under and compact for the topology induced 
by o(E*, E). Apply the corollary of IV, p. 40.) 


TABLES TVS IV.75 


TABLE I. — Principal types of locally convex spaces. 
(N.B. — « Dual » is taken in the sense of « strong dual ».) 


Finite Fréchet- Montel 
dimensional ————————————>_ Montel ———————_ space 

space space 

Hilbert 

space 


Reflexive Banach 
space 


Dual of a 


reflexive 
Fréchet space 
Reflexive 
Fréchet 


Fréchet space space 
satisfying the first 
axiom of countability 
Banach 


space 


Distinguished Reflexive 
Fréchet space space 


Dual of a 
distinguished as 
Fréchet space 
Dual of a 
semireflexive 
Ultrabornological space 
Normed space 
Fréchet space 
space 
Metrizable Barrelled Dual of a 
space space Fréchet 
space 
Boronological 
space Semi-reflexive 
semi-barrelled 
space 
Infra-barrelled 
Dual of a space 
bornological 

space Dual of a 

barrelled 

space , 

Complete Semi-reflexive 


space se space 


Quasi-complete Semi-barrelled 
space space 
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TaBLe I. — Principal bornologies on the dual of a locally convex space. 


Contained in a convex 
balanced and strongly 
compact set 


Equicontinuous 


(3) 


strongly 
bounded | 
Contained in a convex 
balanced and weakly compact set 
Bounded for o(E’, E’) (4) | (5) 
Weakly 
Precompact 
(1) (6) Bounded for 


the S-topology 


=, 


Weakly 
bounded 


N.B. — We denote by © a family of bounded subsets of E such that every element is con- 
tained in a set belonging to S. A number on the side of an arrow indicates that the corres- 
ponding implication holds if the property with the same number is satisfied. 


PROPERTIES 


1) Whenever E is semi-reflexive ; 
2) whenever E is bornological (III, p. 22, prop. 10); 
3) if and only if E has the Mackey topology t(E, E’); 
4) if and only if E is barrelled; 
5) if and only if E’ is quasi-complete for o(E’, E); 
6) whenever E is semi-complete (a fortiori, quasi-complete or complete) (III, p. 27, cor. 1); 
7) whenever S consists of sets whose closed convex balanced envelope is semi-complete 
(IIL, p. 27, th. 2). 
When E is a Montel space, all the preceding bornologies are identical. 


CHAPTER V 


Hilbertian spaces! 
(elementary theory) 


Throughout this chapter, K denotes the field R or the field C. For every complex 
number & = « + iB (a, B real), & denotes the conjugate « — iB of €; in particular, 
we have & = & if and only if & is real. 


§ 1. PREHILBERTIAN SPACES AND HILBERTIAN SPACES 


1. Hermitian forms 
We recall the following definition given in Algebra (A, IX, § 3, No. 1): 


DEFINITION 1. — Let E be a vector space over the field K. A hermitian form (on the 
left) on E is a map f from E x E into K satisfying the following conditions (for x,, 
Xo, X, Vy, V2, yin E andi, pin K): 


és | f(x, + x2, y) = f(x,y») + F(X, y) 
FG V1 + V2) = LOY) + £O V2) 
_ f (ax, ») = T(x y) 
f(x~ wy) = wh y) 


(3) f(xy) = f(x). 


When the field K is R, the notion of hermitian form on E reduces to that of sym- 
metric bilinear form on E x E (A, III, § 6, No. 3). 


We note that the second condition (1) and the second condition (2) follow from the 
other three. 


' For the reader specially interested in hilbertian spaces, we point out that only No. 7 
of § 1 and No. 8 of § 4 depend on results of chapters III and IV. For this the reader can consult 
« Summary of some important properties of Banach spaces » which appears at the end of this 
volume. The only references to chapters I and II concern the definition of a convex set and of 
a semi-norm (II, p. 1 and p. 7), that of a topological direct sum (I, p. 4), of a total family and 
a topologically independent family (I, p. 12). 
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From (1) and (2) we deduce immediately that 


(4) fi dix Pp py HiV,) = > Naf Os Vy) - 


In paraeular, if E is finite dimensional, and if (e;), <j;<, is a basis of E, then 


for x = = ge; and y = » ne; we have, 
=1 


fos y= > B/N 


with the notation OX, = fle; J; moreover, relation (3) amounts to a, = a; for 
every pair of indices j, k; this implies in particular that the numbers «,, are real. 


From (3), the number Q(x) = f(x, x) is real for all x ¢ E. Moreover, we imme- 
diately establish the following formulas, known as polarization formulas 


(5) 4f(xy) = ¥ eQt&e + ey) if KisR, 


(6) 4f(x, y) = ‘ eQ(x +éy) if KisC. 


=1,eeC 


Remark. — We observe that formula (6) is valid for every sesquilinear form on E x E 
(that is to say, for every function f satisfying (1) and (2), but not necessarily (3)). This 
remark shows that, when K = C, a sesquilinear form f such that f(x, x) is real for 
all x € E is necessarily hermitian : relation (6) then gives f( \y, x) = f(x, y) since we 
have y + ex = e&(x + ey) and Q(ez) = Q(z) whenever e* = 1. 


From the polarisation formulas, we have in particular, 


PROPOSITION 1. — If fis a hermitian form on E, andM a vector subspace of E such that 
St (x, x) = 0 for all x e M, then we also have f(x, y) = 0 for every pair of points x, y 
in M. 

Let f be a hermitian form on E; the set N of all x ce E such that f(x, y) = 0 for 
all y € E is a vector subspace of E. It follows from (3) that, if x, = x, (mod. N) and 
¥, = y (mod. N), we have f(x,,¥,) = f(x), Y2)3 hence, on the quotient space 
E/N we define a sesquilinear form f by putting f(x y) = fx y) for all x € x and 
all yey; it is clear that f is hermitian and that the relation « f (x, y) = 0 for all 
y.€ E/N » implies x = 0 in E/N, in other words (A, IX) fi is separating. We say that 
f is the separating hermitian form associated with f- 


2. Positive hermitian forms 


DEFINITION 2. — Let E be a vector space over the field K. A hermitian form f on E 
is said to be positive if f(x, x) > 0 for all x EE. 

It is clear that hermitian forms on a vector space E form a vector space over the 
field R (but not over the field C, when K is C) : in this space the positive hermitian 
forms constitute a pointed convex proper cone (II, p.10) as a result of def. 2 and prop. 1. 
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PROPOSITION 2. — If f is a positive hermitian form, we have 


(7) If, WP? < FO, x) £9) 


for every x and y in E (Cauchy-Schwarz inequality). 
First assume that we have f(y, y) # 0. For every & € K, we have 


f(x,y) f(x + Ey, x + Ey) 20 


which can be written as 


fx) fO.y) — [fa »/? + ESO. 9) + FD) EFC. ») + fy) > 0. 


Replacing & by — f(x, y)/f(, y) in this inequality, we get (7). If f(x, x) # 0, we 
argue similarly. 

Finally, if f(x, x) = f(y, y) = 0, we have f(x + Ey, x + Ey) > 0 for all EEK, 
which can be written as 


Eft y) + Ef, y) > 0. 
Replacing & by — f(x, y) in this inequality, we get — 2 | f(x, y)|? > 0, and therefore 
St (x, y) = 0; we again get (7) in this case. 


COROLLARY 1. — Jf f is a positive hermitian form, the set N of all x © E such that 
f(x, x) = 0 coincides with the vector subspace of all x € E such that f(x, y) = 0 for 
ally eéE. 


COROLLARY 2. — For a positive hermitian form to be separating, it is necessary and 
sufficient that the relation x # 0 implies f(x, x) > 0. 

This follows immediately from cor. 1. 

For every positive hermitian form f on E, the separating hermitian form asso- 
ciated with f (V, p. 2) is evidently a positive hermitian form on E/N. 


PROPOSITION 3. — Let f be a positive hermitian form on E. Put 


P(x) = f(x, x)? 


for all x € E. Then p is a semi-norm on E, and is a norm if and only if f is separating. 
It is enough to prove the inequality p(x + y) < p(x) + p(y). But we have 


fa~t+yx+ y= fant fyy + fy + fy 
and, by Cauchy-Schwarz inequality 
(8) Sx +x +9) < SO %) + OY) + ALO LO, Y)? 
= (f(% x)? + ft, yr’). 
Remarks. — 1) Suppose f is positive and separating, and let x, y be two vectors ¥ 0. 


The proof of Cauchy-Schwarz inequality shows that, if the two members of (7) are 
equal, then there exists a scalar € such that f(x + Ey, x + Ey) = 0, hence x + Ey = 0, 
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in other words, x and y are linearly dependent; the converse is immediate. The proof 
of inequality (8) shows that the equality p(x + y) = p(x) + p(y) is possible only if 
x and y are linearly dependent; if y = Ax, the preceding equality can be written as 
1 + AJ = 1 + |AJ, and implies that 2 is real and positive. 

2) Let f be a positive hermitian form on E, and let E be assigned the semi-norm 
xt» f(x, x)'/?; if f is the positive, separating hermitian form defined on E/N asso- 
ciated with f, then the normed space obtained by assigning the norm x +> f(x, x)1/? 
to E/N is the normed space associated with E (II, p. 5). 


DEFINITION 3. — Let E be a vector space over the field K. A semi-norm p on E is said 
to be prehilbertian if there exists a positive hermitian form f on E such that 
P(x) = f(x, x)'? for all x EE. 

Observe that for a semi-norm p on E, there exists at most one positive hermitian 
form f such that p(x) = f(x, x)'/? for all x e E; this follows from the polarization 
formulas (V, p. 2). 


3. Prehilbertian spaces 


DEFINITION 4. — A prehilbertian space is a set E with the structure of a vector space 
over K and with a positive hermitian form. We say that E is a real (resp. complex) 
prehilbertian space when K is R (resp. K is C). 


Examples. — 1) The form (A, p)+> Ap defines a prehilbertian structure on K, said 
to be canonical. When K is considered as a prehilbertian space, we shall always mean, 
unless otherwise mentioned that it has this structure. 

2) Let I be an interval (bounded or not) in R, and let E be the set of regulated func- 
tions (FVR, II, p. 4) defined on I with values in C, having compact support. It is clear 


that E is a vector space over C; let f be the sesquilinear form (x, y)> | x(t) y(t) dt; 


1 
it is immediate that f is a positive hermitian form on E, and hence defines a prehil- 
bertian structure on this space. 
3) Let n > O be an integer. We define a prehilbertian space structure on the space 
K", by means of the hermitian form 


(x, y) ad >»: yy 
j=1 
(for x = (x,,..., x,) andy = (),,..., y,)). When K is R, we see that this is just the scalar 
product of two vectors of R" (GT, VI, § 2, No. 2). 
* 4) Let £? (or 7(N)) be the set of sequences x = (x,),<n of elements of K such that 


00 . 
>. |x,I? is finite. One can show that ¢? is a vector subspace of KN and define a pre- 
n=0 


hilbertian space structure on ¢? by means of the hermitian form (x,y) ) x,y, 


n=0 
(cf. V, p. 18). , 

5) Let E be a real prehilbertian space, f the corresponding symmetric bilinear form 
on E. Let Ej be the vector space complexification of E; we identify E with a subset 
of Eig by the map x++ 1 @ x, in such a way that every element of E,,) can be written 
uniquely as x, + ix, with x,, x, in E. The map f extends uniquely to a hermitian 
form fic, on Eg; we have, 


Sos + ix,, wt iy) = I(x, yx) + S (x2, y2) + i(f (x1, ¥2) cme I(x, y1))- 
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In particular, we have 

Se + 1X4, %, + ix2) = F(X, %,) + f(%2, x2) 2 0, 
hence fic) is positive. We say that E.g, with fig is the prehilbertian space complexifi- 
cation of E. 

Whenever only one prehilbertian space structure on a vector space E is under 
consideration, the value, for a pair (x, y) of points of E, of the hermitian form which 
defines the said structure is denoted by <x|y>, or simply <x|y>, if no confusion 
is likely to arise. This number is called the scalar product} of x and y (scalar square 
of x if y = x). Two vectors x, y are said to be orthogonal if < x|y> = 0. The function 
xt |x|] = <x|x)>1/? is a semi-norm on the vector space E (V, p. 3); a prehilbertian 
space is always considered with this semi-norm assigned to it (and consequently 
also with the corresponding topology and uniform structure). 

With these notations, in a prehilbertian space E, the Cauchy-Schwarz inequality 
can be written as 


(9) |Kxly>] < Ix 


Le | 


y|l . 


Consequently, the scalar product is a continuous sesquilinear form on E x E (IL, 
p. 5, prop. 4). 

In order that E be Hausdorff, it is necessary and sufficient that x +> ||x|| is a norm 
on E; in other words, that the hermitian form (x, y)> <x|y> is positive and 
separating ; this is equivalent to saying that 0 is the only vector of E, which is ortho- 
gonal to itself. 

According to general definitions (S, IV, § 1, No. 5), an isomorphism from a prehil- 
bertian space E onto a prehilbertian space F is a bijective linear mapping u from E 
onto F such that 


(10) Cux)iu(y)> = <xly> 


for every x and y in E. We deduce from this that ||w(x)|| = ||x|| for all xe E, and u 
is evidently an isomorphism for the topological vector space structures of E and of F; 
if E and F are Hausdorff, u is an isometry from E onto F. Conversely, if u is a bijective 
linear mapping from E onto F, such that ||u(x)|| = ||x|| for all x e E, the polarization 
formulas (V, p. 2) show that u is a prehilbertian space isomorphism from E onto F. 

Let E be a complex prehilbertian space, and < x|y> the scalar product in E. On 
the set E, we can define a second vector space structure with respect to C, taking 
the same law of the additive group and for the law of external composition (A, x) > Ax 
(A, II, § 1, No. 13) for this vector space structure, (x, y) > < y|x> isa positive hermitian 


' It may happen sometimes that we write (x|y) for ¢y|x>. Observe that the formula (4) 
of V, p. 2, takes the following equivalent forms : 


(4’) CY AD wy > = DL Ay <mily,> - 
t J uJ 
(4") (d mx1d HY;) = x Dib; (x,)y7) - 
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form. The prehilbertian space E obtained by assigning this new vector space struc- 
ture and the new hermitian form to E, is said to be conjugate to E. An isomorphism 
u from E onto E is a semi-linear mapping from E onto itself (with respect to the 
automorphism € KE of C) such that ¢u(y)\u(x)> = <xly> or Cu(x)|u(y)> = <x\ly> 
(for x, y in E); such a mapping is said to be a semi-automorphism of the prehilbertian 
space E. 

If E is a prehilbertian space, M a vector subspace of E, the restriction of the scalar 
product <x|y> to M x M is a positive hermitian form on M, which then defines 
a prehilbertian space structure on M; we say that this structure is induced by the 
structure of E, or that M is a prehilbertian subspace of E. 


4. Hilbertian spaces 


DEFINITION 5. — A hilbertian space (or Hilbert space) is a prehilbertian space which 
is Hausdorff and complete. We say that anorm on a vector space E (over K) is hilbertian 
if it is prehilbertian, and if the normed space E is complete. 

If E is a hilbertian space and M a closed vector subspace of E, the prehilbertian 
space structure induced on M is in fact a hilbertian space structure. In this case 
we Say that M, with the induced structure is a hilbertian subspace of E. 


Examples. — 1) The prehilbertian spaces defined in examples 1, 3, 4 of V, p. 4, are 
hilbertian spaces. On the other hand, the prehilbertian space defined in example 2 
is neither Hausdorff, nor complete. The complexification of a hilbertian space is a hil- 
bertian space. 

* 2) Let X be a Hausdorff topological space and let u be a positive measure on X. 
Let L?(X, p) be the space consisting of equivalence classes, for p, of all square p-inte- 
grable functions on X with values in C. This is a complex hilbertian space, whose scalar 
product is given by 


ie ( TO glx) dul). , 
xX 


* 3) Let n > 1 be an integer and let U be an open set in R”. Let pp be the measure 
on U induced by the Lebesgue measure on R", and put W#° = L?(U, yp). Let #! denote 
the space of all functions f ¢ #° with the following property; for 1 < i <n, there 
exists a function g, € #° such that 


| gd) HC) dul) = — i. F(x) D,A(x) d(x) 
U 


for every function A of class C! with compact support in U. The function g, is defined 
uniquely up to equivalence with respect to 1), and is denoted by D,f or df/éx, (ith 
partial derivative). By induction on the integer s > 1, we define H* as the set of all 
functions fe #' such that D,fe #%~1 for 1 <i<n. We define a scalar product 
on #* by the formula 


ei Dy y [Ba= D,,f-D,, ... D,gdu. 


k=0 15115... SikS 


Then #°* is a complex hilbertian space, called Sobolev space of index s. 
* 4) Let X be a differential variety of class C’ (with r > 1) pure of finite dimension n. 
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In the vector fibre space A”T(X), let L be the complement of the zero section. For every 
real number i # 0, the mapping u+> Au from A"T(X) into itself leaves L stable. 

Let « be a complex number. A complex valued function @ on L such that 
@ (Au) = |A|* w(u) for we L and any non-zero real number A is called a density of 
order a on X. We say that a density w of order 1 is /ocally integrable if there exists an 
open cover (U,),-; of X, and for every ie I a system of coordinates &, = (E},..., 67) 
on U, and a complex valued function f; on &;(U;) satisfying the following conditions : 

a) The function f; is locally integrable on the open set €,(U;) of R” with respect 
to the Lebesgue measure iL; 

b) Let xe U;; if (0, ;,,-- Onj,,) iS the basis of T,X associated to the system of 
coordinates (&;,..., 7) in U; we have 


OO; 5 Nu A Onin) = FAELO0, eis ER(x)) = 


Then, there exists one and only one measure @ on X such that for every i € I, the image 
under &, of the restriction of @ to U; is equal to the measure f;.1 (cf VAR, R, 10.4.3). 
Let Y (resp. ) be the vector space of measurable densities m of order 1/2 such 
that the measure associated with the density |w|? of order 1 is bounded (resp. null). 
Let m, and w, be in W; then @ = @,@, is a density of order 1, and the measure 6 


associated with m is bounded; the number | 6 depends only on the classes o, and 
>< 
@, of @, and @, modulo -¥ and is denoted by ¢@,|@,> or < @, |, >. Then the mapping 
(@,, @) + <@,|@,> assigns a complex hilbertian space structure to the vector space 
Q(X) = VM ot nine 
5) Let D be the open disc with centre 0 and radius 1 in C. The Hardy space H>(D) 
consists of all holomorphic functions f:D — C for which 


1 
sue, { | f(R.e(8))|? d8< + «. 


i) 


If f, and f, belong to H?(D), the limit 


1 
<filf2> = lim | F,(R-e()). f,(R.e(@)) 40 
(0) 


exists; the mapping (f,, 4) < f,|f,> assigns a complex hilbertian space structure 
to the vector space H?(D). 


For a function f:D —> C to belong to H?(D), it is necessary and sufficient that there 


exists a sequence (4,),-~j Of complex numbers such that >) |a,|? < + co and that 


n=0 
f= os a,Z" 
n=0 
for all ze D. Then we have || f||? = >) |a,|? which gives an isomorphism from H?(D) 
n=0 
onto the hilbertian space (7 (V, p. 4). , 


Every Hausdorff prehilbertian space is isomorphic to an everywhere dense sub- 
space of a hilbertian space determined up to an isomorphism. Precisely : 


PROPOSITION 4, — Let E be a Hausdorff prehilbertian space, E the normed space 
completion of E(GT, IX, § 3, No. 3). The scalar product (x, y) + ¢x|y > extends by conti- 
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nuity to a positive and separating hermitian form on E, and defines a hilbertian space 
structure on E. 

The existence of the extension of (x, y) He <x|y> to E x E follows from the conti- 
nuity of this sesquilinear form an E x E (GT, III, § 6, No. 5, th. 1). Moreover, this 
extension, which will also be denoted by (x, y) > <x|y> is a hermitian form and satis- 
fies the relation <x|x)> = ||x||?, by virtue of the principle of extension of identities 
(|x|| being the norm on E obtained by extending the norm on E by continuity) ; 
this proves that the relation <x|x> = 0 implies x = 0 in E, hence that the form 
(x, y) t+» <x|y> is positive and separating, and consequently defines a hilbertian 
space structure on E. Q.E.D. 

This hilbertian space is said to be the completion of the Hausdorff prehilbertian 
space E. 


* Example 6. — Let U be an open subset of R" (n > 1). Let @4(U) be the vector space 
of all functions of class C’ with compact support in U. We define a Hausdorff prehil- 
bertian space structure on @{(U) whose scalar product is given by 


éflg = % | BFC.D,gw dv. 


a1 Jy 


This prehilbertian space is not complete. Its completion is called the Dirichlet space 
associated with U. , 


CoROLLARY. — Let V be a vector space over K and f a positive hermitian form on V. 

a) There exists a Hilbert space E and a linear mapping u:V — E such that 
f(x y) = (u(x)|u(y) > for x, y in V, and such that u(V) is dense in E. 

b) If two pairs (E;, u;) satisfy the conditions analogous to a), then there exists a 
unique isomorphism o from the Hilbert space E, onto the Hilbert space E, such that 
U, = Pou, 

Let N be the set of all x e V such that f(x, x) = 0. We define a positive and sepa- 
rating hermitian form on the space V/N by <x|p> = f(x, y) for xe X and ye j. Let 
E be the hilbertian space completion of V/N and uw the mapping x +> x + N from 
V into E. Then the conditions of a) are satisfied. 

Under the hypotheses of 5), N is equal to the kernel of u, and to that of u,. Hence 
there exists a bijective linear mapping $, from u,(V) onto u,(V) such that 
u(x) = (u,(x)) for all xe V. We verify immediately that ,) is an isomorphism 
of prehilbertian spaces, hence an isometry. Since u,(V) is dense in E, for i = 1, 2, bo 
extends uniquely to an isometry from E, onto E,, and 8) follows. 

We say that the hilbertian space E is the separated completion of V (for the form f). 


Example 7, — Let G be a group (with unit element 1) and « a homomorphism from 
G into the group of automorphisms of a complex hilbertian space E; we say that 1 
is a unitary representation of G in E. Let aé E; we put 


(x) = <aln(x).a> 


for all xe G. Then >:G = C is positive definite, in other words satisfies the relation : 
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(PD) For every A,4,...,4, in C and x,,...,X, in G, we have 
(11) oy AA;O(x; *x;) SO. 
i,j= 


In fact, the first member of (11) is precisely || 5° A,n(x,).al?. 
i=l 


Conversely, let b be a positive definite function on G. Let C© be the vector space 
of all functions with finite support on G. We define a hermitian form ® on G by 


(12) (u,v) = Yo ux) oy) ox *y) 


x,yeG 


and the relation (PD) expresses the fact that ® is positive. By the corollary of prop. 4, 
there exists a hilbertian space E and a linear mapping p:C® — E, with a dense image, 
such that 


(13) Ou, v) = <p@W|p(v)> for uo in CO. 


For every x € G, let y,, be the left translation by x in C© defined by y,u(y) = u(x7 +y) 
for ue CS and yeG. We have Oy,u, y,v) = Ou, v). Now apply assertion 6) of the 
corollary of prop. 4 to p and poy, : there exists a unique automorphism n(x) of the 
hilbertian space E such that poy, = n(x)op. We see immediately that m is a homo- 
morphism from G into the group of automorphisms of E. 

Let 5 be the element of C©) defined by &(1) = 1, &(x) = 0 for x # 1 in G. We have 


u= ¥ ux).7,6 for all ue C©, and so p(w) = > u(x) n(x).a by putting a = (8). 
xeG xe 


G 
Formulas (12) and (13) imply that d(x) = <a|n(x).a> for all x eG. We remark that 
the set of vectors n(x).a for all x € G, is total in E. 


5. Convex subsets of a prehilbertian space 


If we calculate ||x — yl]? = <x — y|lx — y> and |x + yl? = <x + y|x + y> for 
any two points x, y of a prehilbertian space E, we immediately get the « identity of 
the median » 


(14) ae + I]? + [EG — DI? = HlxI? + W917). 
From this identity we deduce the following proposition : 


(x + y) 


ARS) 


B’ 
Fic. 1. 


PROPOSITION 5. — Let E be a prehilbertian space. Let d be a real number > 0, 5 a 
real number such that0 < 5 < d. Let B and B’ be subsets of E defined by ||x\| < d, 
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|x|| < d + 8 respectively, and let A be a convex set contained in B'—B. Then for 


every pair of points x, y of A, we have ||x — yl| < a/12d8 (fig. 1). 
In fact, we have 4(x + y)e€A, hence ||4(x + y)|| > d; hence from (14) we get 
the inequality 


[3 — »)|? = All? + [y?) — 2G + I? < + 8? — @? < 308 
from which the proposition follows. 


THEOREM |. — Let E be a prehilbertian space, and H a non-empty convex subset of E 

such that H is a Hausdorff and complete uniform subspace of E. For every x € E, there 

exists a unique point p,(x) in H such that ||x — py(x)|| = inf ||x — yl]. The element 
yeH 


Py(x) of H is also the unique element a of H satisfying the relation ' 
(15) Ax —aly—ay <0 


for all ye H. 


x 


Fic. 2. 


Put d = inf ||x — y||, and for every integer n > 0, let H, be the set of points y 
yeH 


of H such that ||x — y|| < d+ n7'. The set H, is closed in H, is convex and non- 

empty, and its diameter is bounded by ./12 d/n for all large enough n, by prop. 5. 

The sequence (H,),,> , being decreasing, and the set H being Hausdorff and complete 

it follows that the base of the Cauchy filter (H,,),, converges to a point p,,(x) of H; 

we have {p,(x)} = M H,, hence p,(x) is the unique point a of H such that 
n21 


Ix —al =4 


1 We recall (GT, VII, § 1, No. 1) that @(z) denotes the real part of the complex number z; 
we have &(z) = z if z is real. 


No. 5 PREHILBERTIAN SPACES AND HILBERTIAN SPACES TVS V.11 


Let ye H;; since H is convex, the point z(A) = py(x) + A(y — py(x)) of E belongs 
to H for every real number 4 such that 0 < > < 1. Hence we have 
|x — 2(A)||* = |x — py@d||? for 0O<A <1, 


which gives 


BCX = Py) |¥ — Pa)> = lim 5 {lx — Py() ||? — Ix — 2A)||?7} <0. 


Conversely, let a be a point of H such that <x — a|y — a> < 0 for all yeH. 
For every ye H, we have 


|x — yl? = |x — all? + lly — all? — 2&<¢x — aly — a) B |x — all’, 


and so ||x — a|| = d and finally that a = p,,(x) follows from the first part of the 
proof. Q.E.D. 

In what follows the mapping p,, of E in H will be called the projection from E 
onto H. We remark that p,(x) = x for all xeH. 


The first part of th. 1 is valid under more general hypotheses on the space E (V, p. 67, 
exerc. 31). 


The proof of th. 1 establishes, among others, the following property : 


Corotiary |. — Let I be a set directed by a filter & and let (y;) 
of H. Let x EE. Suppose that we have 


be a family of points 


iel 


lim ||x — y;|| = inf ||x — 2]. 
id zeH 


Then y, tends to py(x) with respect to the filter §. 
CoROLLARY 2. — For every x, y in E, we have 

|| Pu) — Pauly) || < lle — yl. 
In particular, the mapping p, from E into H is continuous. 


Let x, y be two points of E. Put a = p,(x) — x, b = py(y) — py), ¢ = y — Py). 
By formula (15) (V, p. 10) we have @<a|b> > 0 and #<c\b> > 0. We also have 
a+b+c=y-— x, which gives, 


lx — yl? = la +b + ell? = | b|l? + la + cll? + 2B alb> + 2B <clb> 
> [16 1? = ||pad — pa)? - 
This proves corollary 2. 


PROPOSITION 6. — Let E be a prehilbertian space and let ® be a non-empty, directed 
decreasing set of non-empty Hausdorff and complete convex subsets of E. For every 


xe€E and every subset H of E, put d(x, H) = inf ||x — z||. In order that the inter- 
zeH 
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section M of the sets H belonging to ® be non-empty, it is necessary and sufficient 


that there exists X9 in E such that sup d(Xxo, H) is finite. For every x € E we then have 
He® 
Py(x) = lim py(x) (limit with respect to the directed set ®). 
He® 


If M is non-empty, d(x, H) < d(x, M) for all He@® and all xeE. 
Conversely, suppose that there exists a point x) in E and a real number C > 0 
such that d(x,, H) < C for all He®. Let xeE; then 


d(x, H) < ||lx — x9|| +C forall He®, 


hence the number d = sup d(x, H) is finite. Let B be the set of all ze E such that 


He® 
|x — z|| < d@ Since B is convex and closed in E, the sets H 4 B, for H ranging 


over ®, are convex, Hausdorff and complete. Let ¢ > 0; there exists a set He ® 
such that d(x, H) > d — «, and if ¢ < d/2, the diameter of H ~ B is bounded by 
./12 e(d — &) by prop. 5 (V, p. 9). In other words, for all Hy €®, the closed sets 
Ho B, for He @® and H c Hg, form a base of the Cauchy filter on the Hausdorff 
and complete space H,. Hence the intersection of the sets H ~ B (for H € ®) reduces 
to a point y. We get yeM and ||x — y|| = d = d(x, M). Since M is closed in Ho, 
it is a Hausdorff, convex and complete set in E, and so y = p,,(x). For every He ®, 
we have p,,(x)¢H - B, from which we get that py(x) = lim p,(x). 
He® 


ProposiTION 7, — Let E be a Hausdorff prehilbertian space and let ‘¥ be a non-empty 


directed increasing set of non-empty, convex, complete subsets of E. Put A = U H 
Hev 
and suppose that the closure N of A is complete. Then N is convex and we have 


Py(x) = lim py(x) for all xe E. 
Hev 


It is clear that A is convex, hence its closure N is convex (II, p. 13). With the nota- 
tions of prop. 6, d(x, N) = inf d(x, H), and consequently d(x, N) is the limit of 


He? 
d(x, H) with respect to the section filter of ‘¥. Since p,(x) ¢ H and 


lim || x — py(x)|| = lim d(x, H) = d(x, N), 
He He 


it follows from cor. 1 of V, p. 11 that p(x) tends to the projection pyx(x) of x onto 
N with respect to the section filter of . 
6. Vector subspaces and orthoprojectors 


Let E be a prehilbertian space. Recall that two vectors x and y of E are said to 
be orthogonal if <x|y> = 0; then 


(16) x + yl]? = ll? + ly? 


(« Pythagoras’ theorem »). 
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Let A be a subset of E. We say that a vector x in E is orthogonal to A if it is ortho- 
gonal to every vector of A. The set of all vectors orthogonal to A is a closed vector 
subspace of A, denoted by A° and called (by abuse of language) the orthogonal of A. 

Let A and B be two subsets of E. We say that A and B are orthogonal if every 
vector of A is orthogonal to every vector of B. This is equivalent to saying that A < B®, 
or that B < A°. IfE is Hausdorff and if A and B are orthogonal then A 7 B is empty 
or reduces to 0 since 0 is the only vector of E orthogonal to itself. 


THEOREM 2. — Let E be a prehilbertian space and M a vector subspace of E, which 
is Hausdorff and complete. Then E is the topological direct sum of M and of M° the 
subspace orthogonal to M. The projector from E onto M associated with the decom- 
position E = M @ M° is the projection p,, from E onto M defined in th. 1(V, p. 10). 

We first show that x — p(x) belongs to M° for all xe E. Let ye M. For every 
scalar XE K, the vector py(x) + Ay belongs to M; hence by formula 15 (V, p. 10) 
we have, 


BKC X — PyOX|y>) < 0 


for all AcK. If, in particular we take 4 = <x — p,(x)|y> we conclude that 
«xX — Py(x)|y> = 0, hence our assertion. 

Since M is Hausdorff, 0 is the only vector of M, orthogonal to itself, hence 
Mo M°={0}. For every xe E, we have p,,(x)eM and x—p,,(x) e M°. Conse- 
quently, E is the direct sum of M and M®, and p,, is the projector from E onto M 
with kernel M°. Since py is a continuous mapping from E into M (V, p. 11, cor. 2), 
if follows from GT, HI, § 6, No. 2 that E is the topological direct sum of M and M°. 


Corot_ary. — Let E be a Hausdorff prehilbertian space and M a finite dimensional 
vector subspace of E. Then E is the direct sum of M and M°. 

Since E is Hausdorff, so is M; since M is finite dimensional, it is complete (I, 
p. 13). It is therefore enough to apply th. 2. 


With the notations of th. 2, we say that M° is the orthogonal complement of M 
and that p,, is the orthoprojector (or the orthogonal projector, or by abuse of language, 
the projector) from E onto M;; if x is a vector of E, the vector p,(x) of M is also 
called the orthogonal projection of x on M. Note that p,, is a continuous linear map- 
ping from E onto M and that we have ||py|| = 1 by cor. 2 of V, p. 11, except in the 
case when M = {0} in which case py = 0. 

It follows immediately from Pythagoras theorem that the canonical mapping wy 
from E/M onto M° deduced from the direct sum decomposition E = M @® M° is iso- 
metric if E/M is assigned the quotient semi-norm from that of E (II, p. 4). We shall 
always assign that prehilbertian structure to E/M for which is an isomorphism 
of prehilbertian spaces ; the quotient semi-norm on E/M is then deduced from this 
prehilbertian structure. 

We shall often use the preceding results when E is a hilbertian space and M a 
closed vector subspace of E. In this case, M° is a closed vector subspace of E, and 
Pm: = 1 — Py, and (M°)°? = M. 
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PROPOSITION 8. — Let E be a hilbertian space, M a closed vector subspace of E, 
I anon-empty ordered directed set and(M,);< 4 family of closed vector subspaces of E. 
We assume that either the mapping it> M, is increasing and that M is the closure 
of UM; or that the mapping it+M, is decreasing and that M =()M,. Then 


iel iel 


Py(x) = lim py,(x) for all xe E. 
iel 
Prop. 8 follows immediately from props. 6 (V, p. 11) and 7 (V, p. 12). 


Proposition 9. — Let E be a hilbertian space and M, N two closed vector subspaces 
of E. 

a) The following conditions are equivalent : 

(i) PuPN = PNPu 

(ii) if x eM is orthogonal to M A N and if ye N is orthogonal to M ON, then 
x and y are orthogonal; 

(iii) every vector of M orthogonal to! MN is orthogonal to N; 

(iv) M = (MON) +(MONY). 

b) If the equivalent conditions of a) are satisfied, we have py.~ = PyPn, the vector 
subspace M + N of E is closed and we have Pyin = Py + PN — PMPN: 

oC) We have pypy = 0 if and only if M is orthogonal to N. If this is so, then the 
vector subspace M + N of E is closed, and py = Py + Pn- 

Put lL =MoON, M, =MoL‘° and N, = No L’. Condition (ii) implies that 
M, and N, are orthogonal, and (iii) implies that M, and N are orthogonal. Since 
we have N = N, + L and M, is orthogonal to L, we have proved the equivalence 
of (ii) and (ii). If condition (iii) is satisfied, we have M, = Mo N° and since 
M = L + M,, condition (iv) is satisfied. Conversely, from (iv) we conclude that 
M, = MOONY since the subspaces Mm N and Mo N° of M are orthogonal, 
and so M, < NY, that is, the relation (iii). 

Assume that condition (iv) is satisfied. It is immediate that py(y) = p,(y) for all 
yeéM and hence pypy(x) = Py Py(x) for all xe E. But, for every x € E, the vector 
PiPw@) belongs to L, and the vector 


X = Py Py) = (X — Py) + (Pm) — PL(PM>))) 


belongs to M° + L° = L®; hence we have p, py(x) = p,(x). Finally, pyPy = PLPM = PL- 
Since condition (ii) is equivalent to (iv) and is symmetric in M and N, we also have 
PuPw = Py- Finally we get PyPN = PNPM = Puan Which gives (i). 

Conversely, suppose condition (i) is satisfied. Let xe M; we have 


Pu PN) = Pr(Pu)) = Pr) 


and so p(x) e M. We conclude that x — p(x) € M, hence x is the sum of an ele- 
ment p,(x) of Mo N and an element x — p,(x) of M 7 N°, which gives (iv). 

We have proved a) and the first part of b). Assume now that p,, and py commute 
and put q = Py + PN — PuPn; Since py and px are idempotents in the algebra 
L£(E), so is q; hence (GT, IIL, § 6, No. 2) the image of q is a closed vector subspace of E. 
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It is clear that the image of q is contained in M + N; however, we have py(x)=x, 
hence q(x) = x for all xe N; since we also have q = py + PN — PNP, We get 
qx) = x for all x e M. We conclude that the image of q is equal to M + N. The 
orthogonal of M + N is equal to M° 4 N’°, and the kernel of g obviously contains 
M° 7 N°, hence q = Pysn- This proves 5). 

We have py Pn = 0 if and only if the image N of py is contained in the kernel M° 
of py, that is, if and only if M is orthogonal to N. The rest of the assertion c) is then 
a particular case of 5). 


Remark. — Let E be a hilbertian space and M, N two closed vector subspaces of E. 
The relation M c N is equivalent to the orthogonality of M and NY’, that is to say, 
to the relation pypn- = 0 by prop. 9, c). Since we have py. = 1 — py, we conclude 
that the relations M < N and py = PyPy are equivalent (« the three perpendicular 
theorem », cf. fig. 3). 


Fic. 3. 
7. Dual of a hilbertian space 


THEOREM 3, — Let E be a hilbertian space. For every x € E, let x* be the continuous 
linear form y +> <x|y> on E; the mapping x > x* is a bijective, semi-linear (for the 
automorphism § > é) mapping from E onto its dual E’, and an isometry from the 
normed space E onto the normed space E’. 

The mapping x +> x* is semi-linear by (2) (V, p. 1) and by virtue of the Cauchy- 


Schwarz inequality, we have ||x*|| = sup |<x|y>| = ||x||, hence x++ x* is an 
Ilyl] <2 
isometry from E into E’, and in particular, is injective. To complete the proof, we 


need to prove that for all x’ 4 0 in E’, there exists x e E such that x’ = x*. But 
the hyperplane H = Ker x’ is closed in E; its orthogonal is a line D. Let b be a 
non-zero element of D; the kernel of the linear form b* is equal to H and hence 
there exists a scalar 1 4 0 such that x’ = 2.b* = (1.5)*. Q.E.D. 


The mapping x +> x* from E onto its dual E’ is said to be canonical. The inverse 
mapping from E’ onto E is also called canonical and is denoted by x’ +» x’*. We 
have 


(17) CAV? = WFD, CD = CX™ |X 


for x, yin E and x’ in E’. Also (x*)* = x for xe E. 
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When K is R, the mapping x +> x* is linear. We shall transfer the scalar product 
of E to E’ by this mapping. When K = C, we can consider the mapping x +> x* 
as an isomorphism from the vector space E, the conjugate of E onto E’ (V, p. 6). 
We shall transfer the scalar product of E to E’ by this mapping. 

In the two cases considered, E’ is a hilbertian space and we have the formulae 


Cx*|y*> = <xly>,  ¢x'|x'D = |x"? 
for x, yin E and x’ in E’. 


To say that the vector x € E is orthogonal to a vector y € E is equivalent to saying 
that the linear form x* € E’ is orthogonal to y in the sense defined in II, p. 41 (this 
justifies the use of the word « orthogonal » in the two cases). If M is a closed vector 
subspace of E, the subspace M° orthogonal to M in E’ (II, p. 44) is the image under 
xt» x* of the orthogonal of M in E, defined in V, p. 13 (this justifies the use of the 
notation M° in the two cases). 


CoROLLARY 1.— In order that the family (x,),., of points of a hilbertian space E 
be total, it is necessary and sufficient that the relations < x;|y> = 0 for y € E and for 
all indices ie 1 imply that y = 0. 

In fact, this says that 0 is the only vector of E’ which is orthogonal to all the x, 
(II, p. 43 and IV, p. 1). 


COROLLARY 2. — Let E and F be two hilbertian spaces. For ue Y(E; F), xEeE 
and yeF, put 


(18) ®,(y, x) = < ylx)>. 


The mapping ut ®, is an isomorphism from the Banach space &(E; F) onto the 
space of all continuous sesquilinear } forms on F x E, endowed with the norm 


(19) IF ll = sup | f(y, |. 


xeE, yeF 
lx] <1, |l yl] <2 


It is clear that ®, is sesquilinear and continuous for all ue Y(E; F). Conversely, 
let f be a continuous sesquilinear form on F x E. For every xe E, the mapping 
y +> f(y, x) is a continuous linear form on the hilbertian space F. By th. 3, for every 
x € E, there exists a unique element x) in F such that f(y, x) = <ux|y) for all 
yeéF. The mapping u:x +> u(x) from E into F is linear and we have 


|fll = sup sup |f(y,9| = sup sup |< ylux)>| 
IIxll<1 lyll<a iIxl/<1 [yl <1 
= sup |x|; 
IIxI| <1 


hence wu belongs to Y(E; F), f = ®, and ||u|| = || f||. This proves cor. 2. 


Recall (A, IX, § 1, No. 5) that a sesquilinear form (on the left) fon F x Eisa mapping 
from F x E into K which satisfies relations (1) and (2) of V, p. 1. 


4 
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The canonical mapping from E into its bidual E” (IV, p. 14) maps E onto E’, 
in other words (IV, p. 16), E is a reflexive Banach space. In fact, if E is a real (resp. 
complex) hilbertian space, the canonical mapping o from E’ onto E is an isomor- 
phism from the normed space E’ onto E (resp. onto the conjugate space E of E); 
applying th. 3 to E (resp. E), we see that every continuous linear form on the normed 
space E’ is of the form x’ b> ¢ (x’))|x> = <x, x'> with x ¢ E, hence our assertion 
follows. 

As a consequence (IV, p. 17, prop. 6) : 


THEOREM 4. — Jn a hilbertian space E, the unit ball is weakly compact. 


PROPOSITION 10. — Jf, in a hilbertian space E, a filter §& converges weakly to xo, 
and if moreover limg ||x|| = ||Xoll, then & converges to xq for the initial topology of E. 

In fact, ||x ~ xo||? = |x|? — 2B <x|xq> + ||xoll?. Since <x|xp> tends to |x|? 
with respect to & by hypothesis, and ||x|| tends to ||x9|| with respect to %, |x — xo]| 
tends to 0 with respect to %, hence the proposition. 


Remark. — If E is a Hausdorff prehilbertian space and E the hilbertian space comple- 
tion of E, we know (III, p. 16) that the dual E’ of E can be identified with the dual of E; 
it then follows from th. 3 (V, p. 15) that every continuous linear form on E can be written 
in a unique way as x <a|x>, where ac E. 


§ 2. ORTHOGONAL FAMILIES IN A HILBERTIAN SPACE 


1. External hilbertian sum of hilbertian spaces 


ProposiTION 1. — Let (E,),-, be a family of hilbertian spaces, P the product vector 
space || E, and E the subset of P consisting of all families x = (x,);., such that ¥° ||x;\|? 
iel iel 

is finite. 

a) E is a vector subspace of P. 

b) For every x = (Xe, and y = (Wie, in E, the family (<x;|y;>),- is summable, 
If we put <xly> = ). <x;,|y;>, we define a positive separating hermitian form on E. 


iel 
c) For the scalar product so defined, E is a hilbertian space; the direct sum § of the 
E, is dense in E. 
For x = (x); and y = (y;);., in E, we have 


IIx; + Yill? < ill? + lyl?), 


hence x + y = (x; + yj; belongs to E. This proves a). 
By the Cauchy-Schwarz inequality, we have 


<xile>| < eee all < Call? + Wall?) 
hence ¥* |< x;|y;>| < + 00. If x # 0, we have <x|x> = ¥ ||x, ||? > 0, hence asser- 
iel iel 


tion 5) follows. 
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We recall that S is the subspace of P consisting of all families x = (x;),., such 
that the set of all ie I for which x, ¥ 0 is finite. It follows immediately that S is 
dense in E; hence it remains to prove that E is complete for the topology 7, obtained 
by the norm ||x|| = <x|x>1/*. Let 7, be the topology induced on E by the product 
topology on [| E;. For every r > 0, let B, be the set of all x € E such that ||x|| <r. 


iel 


This relation implies that we have » \|x;||2_ < r? for every finite subset J of I, and so 
B, is a closed subset of I E;, Hhetice also complete. The fact that E is complete for 


7, now follows from GT, TH, § 3, No. 5, cor. 2 to prop. 10. 


DEFINITION 1. — Let (E;),-; be a family of hilbertian spaces. The hilbertian space E 
defined in prop. \ is called the external hilbertian sum of the family (E,);-, and written 


as (DE, or @ E,'. 

iel iel 

Let f,; be the mapping from E, into E which transforms ze E, into an element 
(x,) € Esuch that x, = Oforallk # iand x; = 2; itis clear that f, is an isomorphism 
from the hilbertian space E, onto a closed vector subspace of E. We say that f, is 
the canonical mapping from E, into E and we shall generally identify E, with its 
image in E by this isomorphism. With this convention, E, and E, are orthogonal 
in E for i 4 k, and E is the closed vector subspace generated by the union of the 
subspaces E,. 

When I is finite, E is the direct sum of the E,; since the canonical projector from 
E onto E; is continuous for all ie I, E is also the topological direct sum of the E, 
(GT, III, § 6, No. 2, prop. 2). If1 = (1, n), wealso writeE, @ E, ®... © E, instead of 
® E,. 


i=1 


iel 


Example. — Let E be a hilbertian space and I a set of indices. Let ?2(I) denote the 
external hilbertian sum of the family (E,),., where E,; = E for all ie I. In other words, 
(2(1) is the space of all families x = (x,),-; of elements of E such that »» \1x,|2 < +00, 


endowed with the scalar product <xly> = > <x;,|¥;> (space of squats summable 


families of elements of E indexed by I). We put e?(1) = e2(1). 


2. Hilbertian sum of orthogonal subspaces of a hilbertian space 


DEFINITION 2. — A hilbertian space E is said to be a hilbertian sum of a family (E,) 
of closed vector subspaces of E when : 


iel 


1) for two distinct indices i, k in I, the subspaces E, and E, are orthogonal in E; 
2) the closed vector subspace generated by the union of the E, is E. 


' Care must be taken not to confuse this notation with that of the « algebraic » direct 
sum of the spaces E; (A, IL § 1, No. 6). 
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THEOREM |. — Let E be a hilbertian space which is a hilbertian sum of a family (E,);<1 
of closed vector subspaces of E. There exists an isomorphism f and only one, from E 
onto the external hilbertian sum (DE, = F of the family (E,) such that, for allie I, 


iel 
the restriction of f to E is the canonical mapping f; from E, into F. 
Let S c F be the « algebraic » direct sum of the E,, and let g be the linear mapping 


(x,)iex > YX; from S into E. We shall show that g is an isomorphism from the pre- 
iel 

hilbertian space S onto the (prehilbertian) subspace g(S) of E, generated by the union 

of the E,; : for, for two elements x = (X;);4, Y = (ia. We have 


<g(x)|gly)> = 2 1% SS De, KE 


(i,Kel x1 
But if 7 4 k, <x,|y,> = 0 by hypothesis, hence 


< g(x)|g(y)> = 2 <%lvi? = <xly>; 


this proves our assertion. Since S is dense in F and g(S) dense in E, the isomorphism g 

extends to an isomorphism g from F onto E (V, p. 8, cor.). It is clear that the inverse 

isomorphism f of g is the required mapping; its uniqueness follows from the fact 
that the closed subspace of E generated by the union of the E, is E itself. 

When E is the hilbertian sum of a family (E,),., of subspaces, we shall often identify E 

with the external hilbertian sum F of the E, by means of the isomorphism f. If the set 

I is finite, saying that E is the hilbertian sum of the family (E,),., means that the E, are 


two by two orthogonal and that the vector space E is the direct sum of the family (E,) 
of subspaces. 


iel 
CorOLLaRy 1. — Let E be a hilbertian space, which is a hilbertian sum of a family 
(E;);< Of closed vector subspaces of E; for alli € I, let pg, be the orthoprojector (V, p. 13) 
from E onto E,. 

a) For all x EE, the family (|| pg()||*),.. is summable in R, the family (p_(2) 
is summable in E, and we have 


iel 
Ix]? = ¥ lpe,Qol?, x = Vi pe.. 
iel iel 


b) Conversely, if (x,)e 18 a family of elements of E such that x,¢ E, for all ie1 
and ¥° \\x;\|7 < + 0, this family is summable, and the sum x is the only point of E 


iel 
for which pg(x) = x, for all ie I. 
c) For every pair of points x, y of E, we have 


<xly> = » Pe OPE)> - 


These properties are in fact obvious for the external hilbertian sum of the E,, 
and can be transferred to E by isomorphism. 
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COROLLARY 2. — Let E be a Hausdorff prehilbertian space, (E,);-, a family of complete 
vector subspaces of E. such that, for every pair of distinct indices i, k in \, the subspaces 
E, and E, are orthogonal. Let V be the closed vector subspace of E generated by the 
union of the E,. For every ié I, let pg, be the orthoprojector from E onto E,. Let x € E. 

1) We have ¥ || pg) ||? < |x|? 

iel 
2) The following conditions are equivalent : a) xEV; b) ¥ | pe d||? = |xlI?; 
iel 
c) the family (pp{X));<1 is summable in E, and we have x = > pp). 
iel 


3) Suppose V is complete. Then the family (pg). is summable in E, and 


PAX) = Pe), | Pv? = YMC’. 


where p,, denotes the orthoprojector from E onto V. 

Let E be the hilbertian space completion of E; we identify E with a dense sub- 
space of E; the E,, being complete, are closed subspaces of E. The closure V of V 
in E is the closed vector subspace of E generated by the union of the E,, and V=V o E. 
The space E is the hilbertian sum of the E; and of the subspace W, the orthogonal 
complement of V in E; put x) = py(x) and x, = Py{x) for all ie L By cor. 1, we 
have ||x||?_ = ||xol/?_ + ¥ |x,?, and x = x) + ¥ x; in E. This implies assertion 1), 

iel tel 
and the fact that conditions 5) and c) of 2) are equivalent to the condition x) = 0, 
hence to the condition xe V. Finally, if V is complete, and if we put x’ = p,(x), 
we have x’ — x; = (x — x,) — (x — p,()), hence x’ — x; is orthogonal to E,, 
and so x, = pp {x’) for allie I; it is now enough to apply property 2) to the vector »’. 
Remark, — Let E be a Hausdorff prehilbertian space, (V;),-, a family of vector subspaces 
of E such that for every pair of distinct indices i, k, the subspaces V; and V, are ortho- 
gonal. Then, for every k € I, the intersection of V, and of the closed vector subspace W, 
generated by the union of the V, for all i # k reduces to 0 for, if x belongs to V, and 
also to W,, then it is orthogonal to all the V, for i 4 k, hence to W,. In particular, 
x is orthogonal to itself, hence is zero. 


PROPOSITION 2. — Let E be a hilbertian space and (V,),-;, a family of closed vector 
subspaces of E; for every KEL, let (Wy )yem, be a family of closed vector subspaces 
of V,, such that V, is the closed vector subspace generated by the union of this family. 
In order that E is the hilbertian sum of the family (Wy,)reryemy tt 18 necessary and 
sufficient that E is the hilbertian sum of the family (V,),., and that, for each NEL, 
V, is the hilbertian sum of the family (W,,) em, (« associativity of the hilbertian sum »). 

To show that the condition is necessary, it is enough to see that V, and V, are 
orthogonal if « # B. But, every element of W,,, (ue M,) is orthogonal to all the 
Wy, (v € Mg), hence to the closed vector subspace V, which they generate; the same 
argument then shows that every element of V, is orthogonal to V,, being ortho- 
gonal to all the W,, (ue M,). 

To show that the condition is sufficient, it is enough to verify that, if it is satisfied, 
E is equal to the closed vector subspace F generated by the union of the Wi, Ae L, 
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ueM,); but, for each A€L, F contains the closed vector subspace generated by 
the union of the W,,, such that 1 ¢ M,, that is, F contains V, ; hence F is the closed 
vector subspace generated by the union of the V,, which is E by hypothesis. 


3. Orthonormal families 


DEFINITION 3. — In a prehilbertian space, a family (e,),., of vectors is said to be ortho- 
gonal if e, and e, are orthogonals for all i # k, and is said to be orthonormal, if in 
addition |\e;|| = 1 for allie l. 

A subset S of E such that the family defined by the identity mapping from S onto 
itself is orthonormal is said to be an orthonormal set. If (e;),-; 1s an orthonormal 
family, the mapping it e, is injective; we can then talk indifferently of an ortho- 
normal family or an orthonormal set. 

If (e,),-3 is an orthonormal family, the complete one dimensional vector sub- 
spaces D, = Ke; are two by two orthogonal. For every x € E, the orthogonal pro- 
jection of x on D, is i,e; with <e,|x — A,e,> = 0, which gives ¢e,|x> =A,< ee, > =A,. 
The results of No. 2 applied to the subspaces D; imply the following propositions : 


PROPOSITION 3. — In a Hausdorff prehilbertian space E, every orthonormal family 
is topologically independent. 

We note that this property immediately follows from the characterization of topo- 

logically independent families (IV, p. 1 and II, p. 43, cor. 2), on account of the identifica- 


tion of the dual of E with the completion of E or with the space conjugate to E according 
as K is equal to R or C (V, p. 17, Remark). 


PROPOSITION 4. — Let E be a Hausdorff prehilbertian space, (e,),.. an orthonormal 
family in E, V the closed vector subspace of E generated by the e,. 
1) For every x € E, we have 


(1) » KK ebx>|? < lll? 


(Bessel’s inequality) ; here the set of allie 1 such that <e,|x> #4 0 is countable. More- 
over, the following conditions are equivalent : a) xEV; 5b) ||x\|? = ¥ |<e|x>|?; 


iel 
c) the family <e;|x>.e, is summable in E, and x = Y (e,|x).e;. 
iel 

2) If V is complete, then the family of all <e,|x>.e, is sammable in E for all x € E, 

and > Celx>.e; = Py), > KCAL = || py) |?. 
iel iel 
3) Suppose V is complete. For every family (i,);. of scalars such that ¥' |a,|? < +0, 
iel 
there exists a unique point x € V such that ¢e,\x> = i, for allie I. If(u,),< is a second 
family of scalars such that ¥ \p;|? < + 00, and if yeV is such that <e,|y> = yp, 
iel__ 

for alliel, then ¢x\y> = ¥ Aw;. 


iel 
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PROPOSITION 5. — Let (e;);-; be an orthonormal family in a Hausdorff prehilbertian 
space E. The following properties are equivalent : 

a) the family (e,) is total; 

b) for every x€E, the family <e,|x>.e, is summable in E, and we have 


Mary Oe se 
iel 
c) for every xe E, 


(2) I|x||? = » I< ele >|? 


(Parseval’s relation). 

When E is hilbertian these conditions are also equivalent to : 

d) the relations <e,|\x> = 0 for allie imply that x = 0. 

The equivalence of conditions a), 5), c) follows immediately from prop. 4. When 
E is hilbertian, the equivalence of conditions a) and d) follows from cor. 1 of V, 
p. 16. 


DEFINITION 4. — An orthonormal and total family in a Hausdorff prehilbertian space 
E is called an orthonormal basis of E. 

An orthonormal basis of a Hausdorff prehilbertian space E is also an orthonormal 
basis of the completion of E. 

Let (¢,),-; be an orthonormal basis of E; for every xe E, the numbers <e,|x)> 
are called, by abuse of language, the coordinates of x with respect to the basis (e,). 
For every x and y in E, we have 
(3) <xly> = 25 Cele? <ely> - 


An orthonormal basis of E is not, in general, a basis of E over the field K in the sense 
defined in A, II, p. 25; to avoid any confusion we shall always say that a basis of a 
prehilbertian space E in the sense of Joc. cit. is an algebraic basis of E over K. 


Let E and F be two Hausdorff prehilbertian spaces and u a continuous linear 
mapping from E into F. Let (¢;),_; (resp. (f;);-;) be an orthonormal basis of E (resp. F). 
Put 


uy = < f;|ue,) > 
forie I, je J. The family (44), <4 5 18 called the matrix of u with respect to the ortho- 
normal bases (e;) and (f;). Let xe E and y = u(x); if we write €; = <e,|x> and 
n; = <fjly> for the coordinates of x and y respectively, we get nj; = DY uj; for 
iel 
all j¢ J. When (e,) is an algebraic basis of E and (fj) an algebraic basis of F, our 
definition is consistent with that of A, II, § 10, No. 4. 


Example. — Let E be the space of all complex valued continuous functions on R, 
such that f(x + n) = f(x) for xe R and ne Z. We assign to E the scalar product 
defined by 


1 
<flg> -| FD) g(t) dt. 
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Then E is a Hausdorff prehilbertian space, but is not complete. For every integer 
ne Z, let e,(x) GE e(nx). It is immediate that the family (e,),.2 is orthonormal in E. 
Moreover, the topology of uniform convergence on E is finer than the topology deduced 
from the norm || f ||, = <f|f >+*/?. The family (e,),-z is total in E for the uniform con- 
vergence (GT, X, § 4, No. 4), and a fortiori in the prehilbertian space E. Hence (e,),,-7 is 
an orthonormal basis of E. 


4. Orthonormalisation 


THEOREM 2. — For every orthonormal set L in a hilbertian space E, there exists an 
orthonormal basis B of E containing L. 

In fact, let D be the family of all orthonormal subsets of E, linearly ordered by 
inclusion ; it is immediate that this family has finite character (S, III, § 4, No. 5). Hence 
there exists a maximal family B in D containing L, by th. 1 ofS, IIL, § 4, No. 5. Itremains 
to prove that B is a total set. If not, there will exist a vector y 4 0 which is orthogonal 
to all the vectors of B (V, p. 22, prop. 5), and multiplying y by a suitable scalar, we 
can assume that ||y|| = 1; then, BU {y} will be an orthonormal set distinct from 
B and containing B; this contradicts the definition of B; hence the theorem. 


CorROLLARY 1. — In every hilbertian space, there exists an orthonormal basis. 
It is enough to apply th. 2 to the case L = @. 


COROLLARY 2. — Every hilbertian space is isomorphic to a space ¢7(I). 
More precisely, let (e;),-, be an orthonormal basis of a hilbertian space E. By 
props. 4 (V, p. 21) and 5 (V, p. 22), the mapping o defined by 


(4) Hx) = (Ce|X>) ier 


is a hilbertian space isomorphism from E onto (?(I). The inverse isomorphism 
is defined by 


(5) Wie) = » Rie; - 

PROPOSITION 6. — Let E be a Hausdorff prehilbertian space, and let (a,),-, (I an 
interval of N with origin 1) be a countable (finite or not) independent family of vectors 
of E. There exists an orthonormal family (e,),-1, and only one, in E, with the following 
properties : 

1) for every integer pel, the vector subspace of E generated by e,, éy,..., &, is 
identical with the vector subspace of E generated by a,, ap, ..., ays 

2) for every integer p eI, the number <a,|e,> is real and > 0. 

In fact, let V,, be the subspace (of dimension n) generated by a,, a),...,a,. If 
n+leland 6,4, = 4,4, — Py,(4,41) (where py, is the orthoprojector onto the 
complete subspace V,), the line Kb,,, is the orthogonal of V,, in V,,,. If the e, 
satisfy condition 1) of the proposition, we must have e,,, = Ab,,,; the condition 
lé,+1] = 1 then implies |A|? |6,,,|/? = 1 and the condition <a,,,|e,.,> > 0 
implies 4 <a,.,|5,4,;> > 0; this completely determines A, and we have proved 


nel> 
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that we can determine, by induction, an orthonormal family (e,),,.;, and only one, 
so as to satisfy conditions 1) and 2) of the proposition. 

The sequence (e,),.; is said to be obtained by orthonormalisation from the inde- 
pendent family (a,),.;. It is clear that the vector subspace generated by the family 
(e,) is identical with the vector subspace generated by the family (a,). In particular, 
if (a,) is a total sequence, so is (e,), which is then an orthonormal basis of E; hence 
we get: 


CorOLLaRy. — In every Hausdorff prehilbertian space E satisfying the first axiom 
of countability, there exists a countable orthonormal basis. 
If E satisfies the first axiom of countability, then there exists a total sequence in E, 


and we can always extract an independent total family from such a sequence (A, II, 
§ 7, No. 1, th. 2). 


We can give examples of Hausdorff prehilbertian spaces not having any orthonormal 
basis (V, p. 70, exerc. 2). 
Example. — Let I be the interval (— 1, 1) of R and E the vector space of real valued 
continuous functions on I. Let x denote the canonical injection from I into R, consi- 
dered as an element of E. By the Stone-Weierstrass theorem the sequence (x") 
total in E for the topology of uniform convergence GT, X, § 4, No. 2). 

Consider E as a real Hausdorff prehilbertian space in which the scalar product is 
given by 


neN 1S 


1 
<flg) =| fOgo a. 
= 


The sequence (x"),,..y 1s then total in the prehilbertian space E. Let (I1,),,.n be the sequence 
obtained by the orthonormalisation of the sequence (x”),.,. We can show that 
Il, = (n + 4)'?P,, where the Legendre polynomial P, is defined by 


P,Q) = 3h (a) (Gt —1y. 
PROPOSITION 7. — In a hilbertian space E, two orthonormal bases are equipotent. 

Let B and C be two orthonormal bases of E. The case when one of the two sets 
B, C is finite is trivial, since a finite orthonormal basis is an algebraic basis of the 
space. Suppose therefore that B and C are infinite. For every x € B, let C, be the 
subset of C consisting of all yeC such that <x|y> # 0. The set C, is countable 
(V, p. 21, prop. 4). For every y eC, there exists x € B such that y e C,, since B is an 
orthonormal basis and y # 0; in other words C is the union of the countable sets 
C,, as x ranges over B. The cardinality of C is hence less than that of N x B, hence 
less than that of B (S, III, § 6, No. 3, cor. 4); similarly, the cardinality of B is less 
than that of C; this completes the proof. 

The cardinality of an arbitrary orthonormal basis of a hilbertian space E is called 
the hilbertian dimension of E. 


‘COROLLARY |. — Given two orthonormal bases in a hilbertian space E, there exists 
an automorphism of E transforming the first basis into the second. 
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Coro.iary 2. — In order that the hilbertian spaces €?(1) and ¢?(J) be isomorphic, 
it is necessary and sufficient that I and J are equipotent. 


§ 3. TENSOR PRODUCT OF HILBERTIAN SPACES 


1. Tensor product of prehilbertian spaces 


Let E, and E, be two prehilbertian spaces and let F = E, @ E, be the tensor 
product of the vector spaces E, and E,. Let x, e E, and x, € E,; since the mapping 
(14> V2) PH <4 |¥1> <x2|¥2> from E, x E, into K is bilinear, there exists a linear 
form on E, @ E, such that 


X1,X2 


(1) x eI 1 @ V2) = (X11 > (X2l¥o> 


for y, EE, and y, €E,. Let ze F. The mapping (x,, x,)- o,..(2 from E, xE, 


ae 


into K is bilinear ; this can be seen by writing z in the form z = x Vi. @ Vji,2 with 


Vi, € E, and y,, €E,forl < i < n. Then there exists a linear form as onF=E, @E, 
such that 
(2) VA%, @ X2) = Ox, 2A (%, € Ey, x, € E,). 


We put ®(z, 2) = W(t) for z, t in F. We see immediately that ® is a sesquilinear 
form on E, @ E, characterized by 


(3) O(x, © XV, @ V2) = (X11 > <2 12> 
(cf. A, IX, § 1, No. 11). 


PROPOSITION 1. — The sesquilinear form ® on E, ® E, is hermitian and positive, 
hence assigns the structure of a prehilbertian space toE, ® E,. This space is Hausdorff 
if E, and E, are Hausdorff. 

The formula ®(z, t) = ®(¢, z) follows from (3) when z = x, ® x, andt = y, @ yy. 
The general case is obtained by linearity, hence ® is hermitian. 

Suppose E, and E, are Hausdorff; we shall prove that the hermitian form © is 


positive and separating. Let z = 2X x; ® y;, be a non-zero element of F=E, @ E,. 


Let (e,, ..., e,) be an orthonormal basis of the subspace of E, generated by x,, ..., x 


n 


(V, Pp. 33, cor. 1). There exist elements /,,..., f, in E,, not all null, such that 
z= >) e,® f,, hence 


O(z, 2) 


Sy Oe, @ fe, @ Sf) 
ij=l 


2 < <eles> <filf> = Dy Ifill? > 0. 
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For the general case, we shall now prove that ® is positive. Let E, be the Hausdorff 
prehilbertian space associated with E, and let 1, be the canonical ee from E, 


onto E, (i = 1,2). Put m= 2, @ ny. Let © be the hermitian form on E, @ E, 
constructed in the same way as ®. We have 


O(z, 1) = O(n(z), n(t)) (Ze F,teF), 
and since ® is positive, so is ®. Q.E.D. 


The prehilbertian space defined in prop. 1 is called the tensor product of the pre- 
hilbertian spaces E, and E, and is written as E, ® E,. Henceforth we shall write 
<z|t> for D(z, 4), and therefore by definition 


(4) sat @ X2|¥1 © Va> = (Xy|V1> <X2|V2>; 


we shall also write ||z||, or ||z|| for <z|z>1/?. From (4), we get 
(5) IX, @ Xgllo = [ley ll-lell, 


then the bilinear mapping (x,,x,)»> x, © x, from E, x E, into E, @ E, is 
continuous. 

For i = 1, 2 let F, be a vector subspace of E,, endowed with the induced prehil- 
bertian structure. Then F, © F, can be identified with a vector subspace of E, © E, 
(A, I, § 7, No. 7). Formula (4) shows that F, ® F, with the prehilbertian space struc- 
ture induced by that of E, @, E,, is exactly F, ®, F,. We shall henceforth identify 
F, ®, F, with a prehilbertian subspace of E, @,E 


PROPOSITION 2. — For i = 1, 2, let E; and F, be two Hausdorff prehilbertian spaces 
and let u,e L(E;; F;). The linear mapping u, ®@ u, from E, @, E, into F, ®,F 
is continuous and we have 

le, @ mall = ley Helle 


Consider the positive hermitian form on E, given by 
F(X) = Well? <xl> - (U4 (X1)|4,(91)> - 


By prop. | (V, p. 25), there exists a positive hermitian form ® on E, @ E, such 
that 


Ox, © x2, ), @ yz) = f(x,, Vy) <X2|¥2> = 
= |luy ||? <x, ®@ X2/7) @ V2> — L(y, @ V(x, ® x,)(u, @ DO, @ y2)> 


for x,, y, in E, and x,, y, in E,. By linearity we have 
Dz, t) = lull? <zIt> — Ku, @ DAI, @ DO 
for z, t in E, © E,. Since ® is positive, we get ®(z, z) > 0, that is, ||(u, @ 1).z], 
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< |lu,||- |Z], for ze E, ©, E,, or |lu,; © 1]| < |lu,||. Similarly we prove the ine- 
quality ||1 ® u,|| < ||u,||, and since u, @ u, = (u, © 1)o(1 @ u,), we get 


I[@y @ yl] < [Jey |] [ee - 


On the other hand, 


I|e4y I] [lea | = sup |[¢,(2,)]]- || u(3)]| 
[eal] <1, |] x2] <4 
= sup I, @ 4) 2% ® Xa) < [ley @ wll 
Ileal] <1, []x2 |] <1 
This completes the proof of prop. 2. Q.ED. 


Let E,,....E, be prehilbertian spaces (m > 2). We define the tensor product 
E, ©,... ©, E, (also denoted by @, E,) by induction, by 
i=1 


E, @,...@,E, = (E, @,... @, E,_,) @, E,. 
Hence, by the definition of scalar product, we have 


n 


(6) <x, @...@ x,|y, ®... @y,> = T] <alyp, 


i=1 


and in particular ! 
(7) |X_ @ - @ Xplla = [eal]. all. 
for x,, y, in E,(1 <i < n). If the E,; are Hausdorff, then so is E, @, ... ®, E,. 
Let F,,....F, be prehilbertian spaces and u,e Y(E,;F,) for 1 <i<n. By 


induction on n, prop. 2 implies that u, © ... © u, is a continuous linear mapping 
from E, @,... ®, E, into F,; ®, ... ©; F,, and that 


(8) [uy @ -. @ ull = lull -- Mell - 


Let o€ GS, be a permutation of the set {1, 2,...,1}. Because of (6), the linear 
mapping p, from E, @,... @, E, onto E,-14, @ -.. @2 E,-1) characterized by 


(9) PAX, @ --- @ X,) = Xe- 144) @ «.. @ X5-1n) 


is a prehilbertian space isomorphism (« commutativity of tensor product »). 
Similarly, consider a partition of {1, 2, ..., 2} into m consecutive intervals I,, ..., I 
with I, = (Q, a4, — IJ forl <k <m. Put 


n 


a~+1—-1 
F,= @ —E; I<k<m. 


i=ax 


1 Here again we put ||z||, = <z|z>!/? for zin E, @,... @, E,. 
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The canonical isomorphism from F, ®... ® F,, onto E, ©... ® E, which trans- 
m ak+i-l 

forms @® ©® x; into x, ©... @ x, (A, IL § 3, No. 9) is a prehilbertian space iso- 
“kei i=ax 


morphism (« associativity of the tensor product »). 


2. Hilbertian tensor product of hilbertian spaces 


DEFINITION 1. — Let E,,..., E, be hilbertian spaces. The completion of the Hausdorff 
prehilbertian space E, ©, ... © E,, is called the hilbertian tensor product of the E, 
and is denoted by E, ®,... ®,E, (or @®, E,). 
1<i<n 
Let F,, ..., F,, be hilbertian spaces and u, e #(E;, F;)for 1 < i < n. Thecontinuous 
linear mapping uv, ©... @u, then extends to a continuous linear mapping 


U, ©7.. @, u, from E, ®,... ©, E, into F, @, ... ® F,. We have 
(10) lu, @y- By ull = lay ll. Pall 


by formula (8) of V, p. 27. Moreover, if 1, denotes the identity mapping of any hil- 
bertian space E, we have 


(11) 1p, @7+-@g 1g, ly with E= E, @y.: 63 E,« 
Finally, if G,,...,G, are hilbertian spaces and v,e Y(F;; G;) for 1 < i <n, we get 
(12) (v1 0 Uy) @z--. O72 (VY, oU,) = (Vy Wy. Oo V,) OCU, @y--. Oy Uy,)- 


We leave to the reader the task of formulating the « commutativity » and the 
« associativity » of the hilbertian tensor product, in analogy with what has been 
said above for prehilbertian spaces. 


Remark. — Let E,,...,E, be Hausdorff prehilbertian spaces, and Ey 35 E, their 
respective completions. Then E, @,...@,E, is a prehilbertian subspace of 
E, ©,... ©, E,. Since the mapping (x,,...,x,)-> x, @...@ x, from E, x-- x E, 
into E, @,...@,E, is continuous, E, @,...@,E, is dense in E, @,... @, E,. 
A fortiori_the completion of E, @,...@,E, is precisely the hilbertian space 
E, @,...@,E,. This completion is sometimes simply written as E, @,... @, E, 
(or @, E). 


1<i<n 

PROPOSITION 3. — Let E,,..., E, be hilbertian spaces. Suppose that for 1 <i<n 
the space E, is a hilbertian sum of a family (E;,.)sea) Of closed vector subspaces. 
ThenE, ©... @  E, isa hilbertian sum of the family of subspaces E, 4, ©2 ++. @, Bt 
with (01, .... %,) ranging over A(1) x -- x A(n). 

By formula (6) of V, p. 27, the subspaces E,,, @2--. @2 E,,, Of E; @... @2E, 
are mutually orthogonal. For every integer i between | and n, the set U E,, is 

aeA(i) 

total in E,, and the multilinear mapping (x,, ..., X,) > x, © ... ® x, is continuous. 


It follows that the union of the subspaces E, ,, ®2 ... ®,E, , 8 total, hence prop. 3. 


9%, 
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Coro.iary 1. — For 1 <i <a, let (€;, caw be an orthonormal basis of E;. Then 
the family of vectors e, ,, si + @ Cy gy, AS (Oy, ---, &,) ranges over A(1) x + x A(n) 
is an orthonormal basis of E, © ...®zE 


COROLLARY 2. — Let E, and E, be two hilbertian spaces, and (e,),., an orthonormal 
basis of E,. Let (y,)ie be a family of elements of E,, such that ¥° ||y;\? < + 00. 
iel 


Then the family (e,® yjier is summable in E, @,E,; moreover, every element of 
E, © E, can be written uniquely in the form y e; @ y; with » yi? < + . 


Let F, be the line in E, generated by the e, (i el). Then E, is the hilbertian sum 
of the family of subspaces (F;),.;. By prop. 3, the space E, @ E, is the hilbertian 
sum of the family of subspaces (F; ©, E,),<;, hence cor. 2 follows. 


Examples. — 1) By cor. 1, the space ¢7(I) @, (J) is canonically isomorphic to 
@d x J), the tensor product x @ y of x = (x,),., and y = ( Vj)jey Can be identified 
with the family (x,y;)ie1,je3- Similarly, by cor. 2, ¢?(I) ®@, E can be identified with 
(2(1, in such a way that we have (x,),-, ®@ » = (x;));- for every y in the hilbertian 
space E. 

* 2) Let X be a Hausdorff topological space, and 1 a positive measure on X. 
Let E be a hilbertian space. We can identify L7(X, ) ©, E with L(X, p)-in a cano- 
nical way : if f is the class of the square integrable scalar function f on X, and if 
a belongs to E, then f@ a is the class of the function x++f(x).a with values in E. 

Let Y be a Hausdorff topological space and v a positive measure on Y. In an 
analogous manner, we can identify the hilbertian spaces L?(X, p) @, L?(Y, v) 
and L?(X x Y, @ v); then f ® g can be identified with the class of the function 


(x, y) > f(x) g(y) on X x Y. , 


3. Symmetric hilbertian powers 


Let E bea hilbertian space, and let n be a positive integer. Let T(E) or E® denote 
the tensor product of n hilbertian spaces each equal to E. In other words, T"(E) 
is the completion of the space T"(E) = E @... @ E (n factors) for the Hausdorff 
prehilbertian space structure defined by 


RK Oia KA Orr OIF = [1 Koay 
i=1 


If (e,),-1 is an orthonormal basis of E, the family of vectors e,, @ ... @ é,, for ee sy Ey 
in I, is an orthonormal basis of T"(E) (V, p. 29, cor. 1). We get T(E) = 

Let oe GS, be a permutation of the set { 1, 2,...,}. By V, p. 27, ae exists an 
automorphism p, of T’(E) characterized by 


DAX, @ -.- © Xp) = Xy- 144) @ ++ @ X14 - 


IN 
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We es Pot = PoP, for o, t in S,, and consequently the endomorphism 
TI, = “ie P, of the vector space T(E) is the orthoprojector onto the subspace 


of all ee left invariant by ©,. However (A, III, § 6, No. 3), I, maps the « alge- 
braic » tensor product T(E) onto the subspace TS"(E) of all symmetric tensors of 
order n. In other words, the image of II, is the completion of the space TS"(E) endowed 
with a scalar product induced by that of T"(E); this completion will be denoted 
by TS"(E). 

Let S"(E) be the mth symmetric power of the vector space E (A, III, § 6, No. 1). The 
canonical mapping from T"(E) onto S"(E) defines by restriction an isomorphism 
i, from TS"(E) onto S"(E). We verify immediately that the inverse isomorphism 
is given by 


1 
(13) (x, aie X,) = TL, (9) ate (9) Xn) = a yy Xe- (1) (e9) .& Xo5-\ny 


for x,,..., x, in E. 
We define a Hausdorff prehilbertian space structure on S"(E) by putting 


(14) Culv> =n! Cp, |p, (e)> - 


We then have (compare with formula (29) of A, III, § 11, No. 5) 


(15) CX yl Vy» -Ya> = » i (Xl Vo > > 


oc, n i=1 
and in particular 


(16) Cx"|y"> = nicxlyy". 


Let S"(E) denote the completion of the pre-Hilbertian space $"(E) and S(E) 
the external hilbertian sum of the hilbertian spaces $"(E). We can show (V, p. 73, 
exerc. 1) that the multiplication in the algebra S(E) cannot be extended by conti- 
nuity to S(E), unless E is just 0. 


PROPOSITION 4. — Let (€;);-; be an orthonormal basis of the hilbertian space E. For 
every « in N®, put 


(17) 2, = TT eta!) 
iel 


Then (Z,)sen iS an orthonormal basis of S(E). 

Let E, be the vector subspace of E generated by the vectors e, for i ranging over I. 
Then the z, form a basis of the vector space S(E,) (A, III, § 6, No. 6). But E, is dense 
in E, and the multilinear mapping (x,, ..., x,)> x, ...x, from E x -- x E into 
S(E) is continuous for all n > 1; hence S(E,) is dense in S(E). It is now enough 
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to prove that the family of the z, is orthonormal. First observe that $"(E) and $"(E) 
are orthogonal for m 4 m. Hence it is enough to prove the formula 


1 if ao=8 


(alg = |) nee 


when |a| = » a, and |p| = > B, are equal to the same integer n. 


Consider a partition (P, ne ‘of the set { 1, 2,...,2} such that Card P, = a; for all 
iel. Put x, = e; ifk belongs to P,, then x, ... x, = [] ef. Similarly we define (Q,) 
iel 


Viel 

and y, in such a way that Card Q, = B; and y, ... y, = [] ef. Since the e, are mu- 
iel 
tually orthogonal, we have < x,|¥oq)> = 0 except if there exists an indice ie I such 
that ke P; and o(k)eQ,. By formula (15), we then have <x, ...x,|¥,...¥,> = 0 
unless there exists a permutation oe S, such that o(P,) = Q, for all ie J, which 
implies that « = B. Then <z,|z,> = 0 for « # 8B. The same argument proves that 
|| x, ... x, ||? is equal to the number of the oe S, such that o(P,) = P, for all ie], 
hence equal to [] «;!. We get ||z,|| = 1, and the proposition is proved. 
ie] 

CoROLLARY. — Suppose that the hilbertian space E is the direct sum of the ortho- 
gonal subspaces M and N. The canonical isomorphism g from S(M) @ S(N) onto 
S(E) (A, TI, § 6, No. 6) extends uniquely to a hilbertian space isomorphism h from 
S(M) ®, S(N) onto S(E). 

Let (e,)ic1 (resp. (fj) ;-3) be an orthonormal basis of the hilbertian space M (resp. N) 
and let M, (resp. Ng) be the vector subspace of E generated by the vectors e, (resp. 
f,). Put Ey = My + Ny and let gy be the canonical isomorphism from S(M)) ® S(No) 
onto S(E,). Put 


= eee th = TL APB; 11/2 
Jes 


iel 


for ae N® and B e N®. By prop. 4, we have thus defined the orthonormal bases 
(Za uen for S(M), (penn for S(N) and (Zul pucn, penn fOr S(E). Since we have 
Z4lg = Go(Z, ®@ tg), and since the elements z,@ ¢, form an orthonormal basis of 
S(M) & 3 S(N)_ (V, p. 29, cor. 1), we see that Jo extends to a hilbertian space iso- 
morphism fA : S(M) ®, S(N) — S(E). By the construction, we have 


W(X Xi @Q Vy Vy) = Ky ee MV Vn 


for all vectors x,, ..., X,, in My and y,,..., y, in No. By continuity, the same relation 
also holds for the vectors x,,..., x, in M and the vectors y,,..., y, in N; in other 
words, A extends g. The uniqueness of A is clear. 

Let E and F be two hilbertian spaces and ue Y(E; F). The linear mapping 
Tu) =u ®,... ®, u (@ factors) from T(E) into T"(F) is continuous with norm 
\|«\|" (V, p. 28, formula (10)). Moreover, formulas (13) and (14) of V, p. 30, show 
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that there exists an isomorphism 4, , from $"(E) onto the subspace TS"(E) of 
T’(E), and only one, such that 


1 4 
(18) Py E(Xy ++ X,) = PE 2 Meg) Dae B Reig | eps sane, at BY 


Hence there exists a continuous linear mapping $"(u) from §"(E) into $"(F) and 
only one which makes the following diagram commutative 

5 OnE A 

s"(E) ——————- T(E) 

sw | } tw 

s(F) —* > FF) 
We now prove the formula 
(19) |S"@o|| = Jul". 


We clearly have ||$"(w)|| < ||T"G@|| = ||u\|". Further, for all x¢E, we have 
$"(u) (x") = u(x)", ||x" |] = @ 1? |x|" and |lu(x)"|| = @2!)*/? || u(x) ||", which gives 


|S") || x" > fuco| ; 


it follows immediately that ||$"(u)|| > |u|", hence formula (19). 
It is clear that we have the formulas 


(20) $"(1,) = Ig, 
(21) S"(vou) = $"(v)o$"(u) for ve L(F;G). 


Finally, $"(u) coincides on $"(E) with the linear mapping $"(u) : S"(E) > S"(F) 
defined in A, III, § 6, No. 2 since it transforms x, ... x, into u(x,)... u(x,) for every 
X4,-.,X, in E. 


Examples. — * 1) Let d > 1 be an integer and @ a positive function on R%, locally 
integrable with respect to the Lebesgue measure p. Let E be the hilbertian space 
L7(R‘, w.y), and let S = S(E). Then S can be identified with the space of all sequences 
f = (K)nz0> Where each f, is a function on (R*)" which is measurable with respect to 
the Lebesgue measure p © ... © p (n factors) and invariant under the permutations 
of the factors in (R“)", and is such that 


(22) If? = ya! | “ | |FrlK 15 os Xp) |? O(K 1)... O(X,) AX, dX, 

n=0 Rd Rd 
is finite. The norm ||f|| in S is defined by formula (22). The hilbertian space S$ defined 
above is called the symmetric Fock space corresponding to the weight o , 

* 2) Let X be a Hausdorff topological space, , a positive measure of norm 1 on X 
and E a hilbertian subspace of the real hilbertian space L2(X, uw). We say that E is a 
gaussian space if the following equivalent conditions are satisfied : 


a) for all fe E, we have [ eSdu = exp(—|f||7/2); 


x 
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b) for all fe E with norm 1, the image of the measure p under f is the measure 
(2n)~ 1/2 e7 */2dx . 


on R. 

Suppose E is a gaussian space. Let f,, ..., f, be functions whose classes f, belong to E. 
We define a function : f, ... f,: on X (called « Wick’s product » of f;, ..., f,) by the for- 
mula 


n 


(23) fehl = YX (— 1p? ys I « foc2i- yl for2n > I] acy > 


O<2p<n gelp i= j=2pt+t 


where I, is the set of permutations o of {1, 2,..., 2} such that we have 


o(1) < 0(2), ..., o(2p — 1) < of(2p) 
o(1) < 0(3) < - < o(2p — 1) 
o(2p + 1) < o(2p + 2) < + < on). 


Then there exists an isomorphism from S(E) onto a hilbertian subspace of L2(X, p) 


which transforms the product Lie ae of is O45 aii calculated in S(E), into (: feed gD: 
Suppose that X is a Souslin space and that there exists a countable family (f, ) of func- 
tions whose classes belong to E and which separate the points of X. Then @ is an iso- 
morphism from S(E) onto L2(x, W- x 


4. Exterior hilbertian powers 


Let E be a hilbertian space and n a positive integer. For every permutation 


oe€G,, let s, denote its signature; put a, = _ YP, in £(T"(E)) (V, p. 29). 
* aeSn 

It is immediate that a, is an orthoprojector, whose image A‘(E) is the closure in 

T’"(E) of the space A/(E) ofall antisymmetric tensors of order n(A, III, § 7, No. 4). There 


exists an isomorphism x, from A”’(E) onto A/(E) which is characterized by 

(24) T(X_ A. A X,) = a,(X, @... @X,) = ae BaXat) Os? D Xen) 

for x,,...,x, in E. We can now define a Hausdorff prehilbertian space structure 
on A"(E) by putting 

(25) <ulv> = n!<1,(u)|1,(v)> . 

More explicitly, we have (compare with formula (30) of A, III, § 11, No. 5). 


(26) CX Nw A XIV, Ae A Va> = det(¢ x1¥5>) 


for all x,,..., x, and y,,..., y, in E. 
Let A"(E) denote the completion of the prehilbertian space A"(E), and A(E) 
the external hilbertian sum of the hilbertian spaces A"(E). 


Example. — * With the notations of example 1 of V, p. 32, we can identify the hilbertian 
space A(E) with the set of all sequences (f, ‘neo Of measurable functions for which the 
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number ||f|| defined in (22) is finite, and where each function f, is antisymmetric, that 
is, satisfies the relation 
Si ®erys 9 Xo) = Eo Si(Ky5 9 Xp) 


for every permutation o € S,. The hilbertian space A(E) is called the antisymmetric 
Fock space corresponding to the weight o. ,. 


PROPOSITION 5. — Let (e,),-; be an orthonormal basis of the hilbertian space E. 
Endow | with a totally ordered structure. Then the set of all elements e;, A ... A i, 
for i, < + <i, is an orthonormal basis of A"(E). 

We know (A, III, § 7, No. 8) that the elements in question form a basis of the vector 
space A"(E,) where E, is the vector subspace of E generated by the vectors e;. Further, 
fori, < - < i,, the matrix of scalar products ¢e, |e;, > is the unit matrix of order 7; 
by (26), we have |le,, A... A é;,|| = 1. Finally, if (i,, ..., i,) and (j,,...,j,) are two 
distinct, strictly increasing sequences of elements of I, then there exists an element j, 
distinct from i,,..., 7, and so we have <é,,|e,,> = 0 for 1 < k <n, and by (26), 
C€;, Avs A G,1@j), Ao A @;,> = 0. In other words, the family of elements 
ej, Nv A,» for iy < + < i,, is orthonormal. 

But E, is dense in E, and the mapping (x,,..., x,) > x, A... A x, from Ex: xE 
into A"(E) is continuous. Consequently, A”(E,) is dense in A"(E), and proposition 5 
follows. 


CoROLLARY. — Suppose that the hilbertian space E is the direct sum of two orthogonal 
subspaces M and N. The canonical isomorphism g from A(M) ® A(N) onto A(E) 
(A, III, § 7, No. 7) extends in a unique way to a hilbertian space isomorphism from 
A(M)®, A(N) onto A(E). 

The proof is analogous to that of the corollary of prop. 4 (V, p. 31). 

Let E and F be two hilbertian spaces and ue Y(E; F). We shall show, as in 
the case of symmetric powers $"(E) (V, p. 32) that the linear mapping A’(u) from 
A"(E) into A"(F)(A, III, § 7, No. 4) extends to a continuous linear mapping A"(u) from 
A"(E) into A"(F). We have the relations 


(27) A‘(1,) Pa Lane) > 
(28) A(vou) = Avo Aw if v belongs to Y(F;G), 
(29) JA" || < lle". 


In general we do not have equality in formula (29) (TS, IV, § 6). Finally, we have 
an isomorphism yy, = W,,¢ from A"(E) onto the subspace A‘(E) of T(E) defined by 


1 
(30) Wil%, Awe AX) = apie » EoXo(1) @ ++» @ Xoiny + 
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5. Exterior multiplication 


LetE bea hilbertian space. For every integern > 0, let 8, be the canonical mapping 
from T"(E) onto A"(E); then 


Gl) O(x, ©... @X,) = Xp Aw. AX, 


for x,,..., x, in E. Let p and q be two positive integers ; on account of formulas (30) 
and (31) we have 


1 1 
(32) uAUv= Ped Gn vw) © (qniz v0) 
for ue AXE) and ve AXE). Since ||6,|| < (1 !)'/7, we get the inequality 
+ @!\1? 
(33) Ju a vl < (Gre) ell. ol 


for ue A®(E) and ve AE). Consequently, the mapping (u, v) > u A v extends by 
continuity to a bilinear mapping from AE) x AXE) into A’*4E), with a norm 


(p+ q!\'? ; : 
at most equal to oc (cf. V, p. 73, exerc. 2). We again denote this by 


(uv) eu A Dv. 
Proposition 6. — Let E be a hilbertian space. We have 
(34) x A ull < ll]. [eel 


for x €E and ue A). 

It is clearly enough to consider the case ||x|| = 1. 

Let F be the hilbertian subspace of E consisting of all vectors orthogonal to x. 
Since E is the hilbertian sum of F and the line K.x, it follows from the corollary 
of V, p. 34 that the mapping (v, w)} v + x A wis a hilbertian space isomorphism 
from A(F) @ A(F) onto A(E). If u =v +x A w with v,w in A(F), we have 
x Au =x Av, hence ||x A ull = loll < (iol? + Iwil?)/? = [lull 


COROLLARY 1. — a) Let x,,..., x, be elements of the hilbertian space E. We have 


(35) Xp Awe A Xqll S [yl lal, 
where equality holds only if one of the x; is null, or if the sequence (X,, ..., X,) is ortho- 
gonal. 


b) Let X41, 05 Xqs V5 VY, De elements of the hilbertian space E. We have 


(36) \det(<x;,¥)>)| < Wall reall lyall --- Ural s 
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if the vectors x, and y, are non-null; equality holds in (36) if and only if (x,, ..., X,) 
and (y,,+--. ¥,) are each an orthogonal basis of the same vector subspace of E. 
The inequality (35) follows from prop. 6 by induction on n; the inequality (36) 
can be deduced by applying the Cauchy-Schwarz inequality in A’(E) and the for- 
mula (26) of V, p. 33. 
Suppose that the sequence (x,,..., x,) is orthogonal. Then 


ee ae era Tl II? 


since ¢x,|x,;> = 0 for i # j. 

Now, suppose that the vectors x,, ..., x,, are not null and do not form an orthogonal 
sequence. Since ||x, A... A x,|| depends symmetrically on the vectors x,, ....X,, 
we can assume that x, is not orthogonal to the subspace F of E generated by xy, ..., x, 
and that F is not simply 0. We can decompose x, in the form x, + y with y 4 0 
in F and x, orthogonal to F; then. ||x4|| < ||x,||. But 

Xp AXp Nw AX, =X, NX Nw NX 


and so 


|X Aw A Xpll < [eel lleall -- reall 


< [lal all -- lea - 


Suppose that the vectors x; and the vectors y,; are not null. The equality in relation 
(36) is equivalent to the conjunction of the equalities 


GD. 1 Kee ADAIYE Bie WI Sy, Ate A Meloy Acc B295| 


(38) JX, A oe A Kall = Weel Meal, Wr A A Vall = WH ell WHall - 


By the first part of the proof, the equalities (38) imply that each of the sequences 
(x,,..., X,) and (y,, ..., y,) is orthogonal, which in turn implies that x, A... A x, 40 
and that y, A... A y, # 0. Under these conditions, relation (37) implies that there 
exists a scalar A 4 0 such that y, A... A y, = AX, A... AX, (V, p. 3, Remark 1); 
in other words, that (x,, ..., x,) and (y,, ..., y,) are bases of the same vector subspace 
of E (A, III,§ 11, No. 13). 


CorOLLary 2. — Let (4;;); <ij<, be a hermitian matrix, with complex elements, and 
with determinant D. Suppose that the inequality 


(39) Y 47,2; > 0 
j= 


J 


holds for all complex numbers 2z,,...,Z,. Then 


(40) 0<D<ay,..a 


nn * 
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Suppose D is non-null; the equality D = ay, ... a,, holds if and only if a,; = 0 for 
alli # j. 
Let ® be the hermitian form on the vector space C” given by 


n 
Dz, 2') = )) 4,52,2; 
i,j= 1 


for z = (Z,,...,Z,) and z’ = (z,..., Z,) in C"”. By hypothesis, ® is positive. 

First assume that ® is separating, that is, that D is non-null. If (e,, ..., e,) is the 
canonical basis of C", we have ®(e,, e;) = a,;, and cor. 2 follows immediately from 
cor. 1, a) by putting x; = e,. 

Since a, = (e;, e) => 0, we also have inequality (40) if D = 0. 


CoROLLaRyY 3 (« Hadamard’s inequalities »). — Let (@;,), <;j<n, be @ matrix with 
complex elements, and with determinant D. Put 


n 
G = (o la)? for 1<ign, 
ic 


and m = sup |a,;|. Then we have 
i,j 
(41) [DI < c, 2, < mn"? 
If D # 0, in order that |D| = c, ...c, it is necessary and sufficient that the rows 


Vi = Gir <jen Of the matrix (4;;), <ij<, we two by two orthogonal vectors. 
Let the space C” be assigned a scalar product defined by 


n 
(z\z> = py Bee. 
iz 


Let (x,, ..., X,) be the canonical basis of C" and y, the vector with components a,, 
for 1 <j <n. We have ||x,|| = 1 and |ly,|| = ¢, for 1 < i <n; also ¢x;ly;> = aj. 
The inequality |D| < c,...c, and the condition of equality are then particular 
cases of V, p. 35, cor. 1. Obviously we have c, < m.n'/?, hence c, ... ¢, < m".n"?, 


§ 4. SOME CLASSES OF OPERATORS 
IN HILBERTIAN SPACES 


Throughout this paragraph, 1,, denotes the identity mapping ofa hilbertian space E. 
The composition vou of two linear mappings will usually be denoted by vu or v.u. 
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1. Adjoint 


PROPOSITION 1. — Let E and F be two hilbertian spaces. For every mapping 
ue L(E; FP), there exists a unique mapping u* ¢ L(F;E) such that 


(1) Cu(x)|Y>p = <xlU*(y) De 
for all x € E and ally e F. The mapping ur> u* from £(E, F) into £(F; E) is bijec- 
tive, isometric and semi-linear (with respect to the automorphism &+> € of K). 


Let S(E, F) be the space of all continuous sesquilinear forms on E x F, endowed 
with the norm 


(2) ||| = sup —_ |@(x, ») |. 


lx} <1, [yl] <1 


We define the space “(F, E) similarly. We defined (V, p. 16, cor. 2) a Banach space 
isomorphism from #(E; F) onto S(F, E), denoted by uwt++ ®, and characterized by 


(3) ®,(y, X) = (ylu(x)>p (we E, ye F). 


In an analogous way we define an isomorphism from #(F, E) onto “(E, F). Finally 
we define a mapping + ®* from S(F, E) onto S(E, F) by 


(4) O*(x, y) = O(y, x) (xe E, yeF). 


This mapping is bijective, semi-linear and isometric. But formula (1) translates as 
®,. = (®,)*, hence the proposition. 


DEFINITION 1. — Let E and F be two hilbertian spaces. For every continuous linear 
mapping u:E — F, the continuous linear mapping from F into E defined by formula (1) 
is called the adjoint of u and is denoted by u*. 


We have 
(5) (u + v)* = u* + v* 
(6) (Au)* = Au* 
(7) (u*)* = u 
(8) (ip)* = Ip 
(9) (wu)* = u*w* ; 


in all these formulas, u and v belong to # (E; F), 0 is in K, and w in Y(F; G) where 
G is a hilbertian space. Formulas (5) and (6) mean that uw+> u* is semi-linear. For- 
mula (8) is obvious. To prove (7), we take the conjugate of the two members of (1), 
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which gives <u*(y)|x> = < y|u(x)>, and this proves that w is the adjoint of u*. Finally, 
with the notations of (9), we have, for all zeG 


CWux))|Z> = Cuxy|w*(Z)> = <xlu*(w*(Z) > 


hence u*w* is the adjoint of wu. 

Let u:E > F bea bijective and continuous linear mapping; then it is also bicon- 
tinuous (I, p. 19, cor. 1). From (8) and (9) we immediately deduce that u* is bijective 
and bicontinuous and that 


(10) (u“*)* = (u*)"*. 
PROPOSITION 2. — For every ue L(E; F), we have 
a) \|u*eal] = |lue*|| = |leel|? = |e? . 
By prop. 1, |ju*|| = ||ul], hence |ju*ul| < |jw*||.||ul] < ||u\|?. On the other hand, 


Ja sp Ten up ok OPK = aun: Cal = Neus 
x|P<1 x|| <1 x|| <1 
hence ||u*u|| = |lul|?. Replacing u by u*, we get ||uu*|| = ||u*||?, hence (11) follows 
since ||u|| = ||u*|]. 
Let E,,..., E, and F,,..., F,, be hilbertian spaces, and for every integer i between 1 
and n, let u, be a continuous linear mapping from E, into F,. Then 


(12) (u, @,... ©, u,)* = uk @,... @, u*. 
Let v be the continuous linear mapping u, ©, ... ©, u, from 
E=E, ®,...@,E, into F=F, @,...@,F, 


and w the continuous linear mapping u* ©, ... @, u* from F into E. It is enough 
to prove the equality <ylu(x)> = <w(y)|x> for xe E and ye F. By linearity and 
continuity, we reduce to the case when x and y have the following form 


X= X,@..@xXx,, VHy, @... Oy, 


with x,¢E, and y,eF; for 1 < i <n. From the definition of scalar product in a 
tensor product (V, p. 27, formula (6)), we then get 


<yleo)> = I] < y,ludx) > = II CuF(y) > = <wO)|x>. 
i=1 i=1 
This proves our assertion. 
Let E and F be two hilbertian spaces, ue #(E; F) and n a positive integer. If 
we put u, =... = u, = u in formula (12) we obtain the result that the continuous 
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linear mapping T’(u*) from T’(F) into T’(E) is the adjoint of the continuous linear 
mapping T’(u) from T(E) into TF). The formulas 


(13) S(w* = S'u*), A(W* = Au") 


can be established in the same way as formula (12), on account of the definition of 
the scalar product in $"(E) (V, p. 30, formula (1 5)) and in AE) (V, p. 33, formula (26)). 


Remark 1. — Suppose the hilbertian space E does not reduce to 0. We identify #(K ; E) 
with E by the mapping w+ (1); in other words, the vector x of E is identified with the 
mapping A +> .x from K into E. Then the adjoint of x is the mapping x*:E > K 
given by x*(y) = <x|y>. In other words, x +> x* is the canonical semi-linear mapping 
from E onto its dual (V, p. 15). 

Similarly, we identify the number 4 € K with the endomorphism 1.1, of E. Then ’* 
is precisely the conjugate of i. 

With these identifications, we can define a product ft, ... 4, where each /,; is, either 
a number in K, or a vector in E, or a linear form belonging to E’, or an element of 
Y(E), provided that there are never two consecutive factors 7; and ¢,,, of one of the 
following types : 

e@ xy where x, y are both in E, or both in E’; 

e xA or Ax’ with Ac Y(E), xcE and x’ cE’. 

We have the following rules of composition : 
a) associativity ; 
b) every element of K commutes with all the other factors; 
c) we have (¢, ... t,)* = ¢* ...¢f; in other words, the adjoint of a product is the product 
of the adjoints taken in the reverse order. Also ¢** = ¢. 

For example, let x, y be in E and let A be in #(E). Then x*y represents the scalar 
product <x|y> and x*Ay represents the scalar product <x|Ay>. We also have 
(A*x)* = x*A** = x*A, hence (A*x)*y = x*Ay, which can be interpreted as 


<A*xly> = ¢xlAy> 


in conformity with the definition of the adjoint. We observe that yx* is the endo- 
morphism z+> y <x|z> of E, since yx*z can be interpreted as (x*z) by associativity, 
or as y.<x|z>. 

Following Dirac‘, in most works of Mathematical Physics, the elements of E 
are represented by the symbol |x), those of E’ by <¢|. The scalar product is written as 
<x|y> = <x|.|y> and the first rule of interdiction in the products excludes the combi- 
nations of the signs >| and |<, for example |x>|y>. 


PROPOSITION 3. — Let E and F be two hilbertian spaces and ue £(E; F). The fol- 
lowing conditions are equivalent : 

(i) u is a topological vector space isomorphism, with an inverse equal to u*; 

(ii) u is surjective and u*u = 1,; 

(iii) u is injective and uu* = 1,; 

(iv) u is an isomorphism of normed spaces; 

(v) u is a hilbertian space isomorphism. 

Condition (1) means that we have u*u = 1, and wu* = 1,. Hence the equivalence 
of(i), Gi) and (iii) follows from E, II, § 3, No. 8, prop. 8. We have already seen the equiva- 
lence of (iv) and (v) (V, p. 5). Finally, the relation u*u = 1, is equivalent to 


1 See P. A. M. Dirac, Quantum Mechanics, Oxford University Press, New York, 1935. 
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<x|u*u(y)> = <x|y>, that is, toc u(x)|u(y)> = <x|y> for all x, y in E, and evidently 
implies that w is injective; this proves the equivalence of (ii) and (v). 
An automorphism of the hilbertian space E is also called a unitary operator, 
that is, an operator we #(E) satisfying uu* = u*u = ly. 
Remark 2. — The relation u*u = 1, does not characterize all the automorphisms of 
the hilbertian space E. For example, let E = ¢?(N) and let u be defined by u(x,) = x,—1 
forn > 1 and u(x)y = 0. We have ||u(x)|| = ||| for all x € E, that is, u*u = 1,, but u 


is not surjective. 
Remark 3. — The definition (1) of the adjoint u* can also be written as 


<ylux)> = Cu*(y)Ix>, 


or, by V, p. 15, as 
<u(x), Y¥> = (x, (U*(y))*> . 


But we also have (u(x), y*> = (x, ‘u(y*)>, hence we can express the adjoint in terms 
of the transpose, 


(u*(y))* ='u(y”) - 


2. Partially isometric linear mappings 


DEFINITION 2. — Let E and F be two hilbertian spaces and ue £(E; F). The ortho- 
gonal of the kernel of u in E is said to be the initial subspace of u and the closure of 
the image of u in F is called the final subspace of u. The orthoprojector from E (resp. F) 
onto the initial (resp. final) subspace of u is called the initial (resp. final) orthoprojector 
of u. 

Let P be the initial subspace of u. Since E is the direct sum of P and of the kernel 
of u, we have u(P) = u(E). 


PROPOSITION 4. — (i) The initial (resp. final) subspace of u* is equal to the final 
(resp. initial) subspace of u. 

(ii) Suppose that E = F. Let M be a closed vector subspace of E and M° its ortho- 
gonal. The relations uM) < M and u*(M°) < M° are equivalent. 

Let Q = u(E) be the final subspace of uv. The orthogonal Q° of Q in F consists 
of all vectors y such that< u(x)|y > =0 for all x € E; this is equivalent to : < x|u*(y)> =0 
for all xe E, or to u*(y) = 0. Hence we have Q° = Ker u*, and Q is the initial 
subspace of u*. Since uw is the adjoint of u*, the final subspace of u* is also the initial 
subspace of u. This proves (i). 

The relation u(M) < M implies that u(M) is orthogonal to M°, and the rela- 
tion u*(M°) c M®° implies that u*(M°) is orthogonal to M. But we have 
<u(x)|y> = <u*(y)|x> for all xe M and ye M°; hence (ii) follows. 


We remark that prop. 4 can be deduced from the general properties of the transpose 
(II, p. 51, cor. 2) in view of remark 3, V, p. 41. 


DEFINITION 3. — Let E and F be two hilbertian spaces. A mapping ue L(E: F) is 
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said to be partially isometric if ||u(x)|| = || x|| for all x belonging to the initial subspace 
of u. 

Let ue #(E; F) and let N be its kernel and I its image. To say that w is partially 
isometric is the same as saying that the linear mapping #:E/N — I deduced from u 
is isometric (V, p. 13). Then the subspace I of F is complete, hence closed, and is 
the final subspace of u. Consequently, u induces a hilbertian space isomorphism 
from the initial subspace of u onto its final subspace. 


PROPOSITION 5. — Let ue L(E; F), let P be its initial subspace and Q be the final 
subspace. Let p (resp. q) denote the initial (resp. final) orthoprojector of u. Assume that 
u is partially isometric. 

(i) The mapping u* ¢ #(F; E) is partially isometric, with initial subspace Q and 
final subspace P. The isomorphism from P onto Q induced by u is then the inverse of 
the isomorphism from Q onto P induced by u*. 

(ii) We have u*u = p and uu* = q. 

On account of prop. 4 (i), assertion (1) is a consequence of (ii). 

We now prove (ii). Since P contains the image of u*, the mapping u*u maps E 
into P. Let xe E and ye P, then 


Cu*u(x)|y> = Culx)|uly)> - 


If x belongs to P, then <u(x)|u(y)> = <x\|y> by the definition of a partially isometric 
mapping; if x belongs to the kernel N of u, then u(x) = 0, hence <u(x)|u(y)> = 0 
and <x|y> = 0 since N and P are orthogonal. Since E = P @N, we have 
<u*u(x) — x|y> = 0 in all the cases, and so u*u is the orthoprojector p from E 
onto P. That uu* = q follows by interchanging u and u* in the above. 


PROPOSITION 6. — For every ue Y(E; F), the following conditions are equivalent : 


(i) u is partially isometric ; 
(ii) u* is partially isometric ; 
(iii) u*u is an orthoprojector ; 
(iv) uu* is an orthoprojector ; 
(v) uu*u = u; 

(vi) u*uu* = u*, 

By prop. 5, (i) is equivalent to (ii). 

(i) = (v) : Suppose u is partially isometric. Then u*u is the initial orthoprojector 
of u by prop. 5. Hence for every x € E, u*u(x) — x belongs to the kernel of u, that is, 
uu*ux) = u(x). 

(v) = (iii) : Suppose that uu*u = u and let p = u*u; then p = p* and p” = p. 
Let M (resp. N) be the image (resp. the kernel) of p. For x e M and ye N, we have 
<xly> = <pOoly> = <x|p*(.)> = <xlp(y)> =0. Since M and N are orthogonal, 
p is the orthoprojector from E onto M. 

(iii) = (i) : Suppose p = u*u is an orthoprojector with image M and kernel N. 
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For all x € E, we have 
||u(x) ||? = <utu(x)Ix> = < p(x)[x>. 


Hence u(x) = 0 for x € N and ||u(x)|| = ||x|| for x e M, and so wis partially isometric 
with kernel N and initial subspace M. 

We have proved the equivalence of (i), (iii) and (v). Replacing u by u*, we can 
deduce the equivalence of (ii), (iv) and (vi). This proves prop. 6. 


3. Normal endomorphisms 


DEFINITION 4. — Let E be a hilbertian space andue L(E). We say that u is normal 
if it commutes with its adjoint u*. 

For example, every automorphism wu of the hilbertian space E is normal since 
we have uu* = u*u = ly. 


PROPOSITION 7. — For ue £(E) to be normal, it is necessary and sufficient that 
||ex)|| = |lw*(x)|| for all xe E. 
We define a hermitian form ® on E by 


D(x, y) = Cuu*(X)|y> — Cu*u(x)|y> 


For u to be normal, it is necessary and sufficient that ® = 0. By the polarization 
formulas (V, p. 2), this is equivalent to ®(x, x) = 0 for all x e E. The proposition 
now follows since 


O(x, x) = |u|? — [acl 


PROPOSITION 8. — Suppose that ue L(E) is normal, Let N be the kernel of u and M 
the orthogonal of N in E; let m and n be two positive integers such thatm +n > 1. 
Then N is the kernel of u™(u*)" and M is both the initial and the final subspace of 
u"(u*)". In particular, M is both the initial and the final subspace of u and of u*, and 
is stable under u and u*. 

Prop. 7 shows that u and u* have the same kernel N. By prop. 4, (ii) of V, p. 41, 
the subspace M of E is stable under u and u* since this is so for N = M°, since 
Mo N = {0}, the endomorphisms of M induced by u and u* are injective. Let 
v = u™(u*)"; the preceding argument shows that the restriction of v to M (resp. N) 
is injective (resp. null), hence N is the kernel of v. Consequently, M = N° is the 
initial subspace of v. By prop. 4, (i) of V, p. 41, the final subspace of v is equal to 
the initial subspace of v*. But v* = u"(u*)” and so the initial subspace of v* is equal 
to M by the preceding. 


CorOLLaRy. — Let } € K. The following subspaces of E are equal : 
a) the eigen subspace of u relative to }; 


b) the eigen subspace of u* relative to i; 


TVS V.44 HILBERTIAN SPACES § 4 


c) the primary subspace of u relative to i (in other words, by LIE, VII, § 1, No. 1, 
the set of all vectors x of E for which there exists an integer » > 0 such that 
(u — A.1,)" (x) = 0); 7 

d) the primary subspace of u* relative to i. 

It is clear that w = u — 4.1, is a normal endomorphism of E, hence the endo- 
morphisms w, w* = u* — de 1,, w" and (w*)" of E have the same kernel by prop. 8. 


4. Hermitian endomorphisms 


DEFINITION 5. — Let E be a hilbertian space and letue &(E). We say that u is her- 
mitian if u* = u. 

Let #(E) denote the set of all hermitian elements of #(E); this is a vector sub- 
space of the vector space #(E),, over R which is deduced from #(E) by restricting 
the scalars. 

To each ue Y(E), we associated (V, p. 16, cor. 2) a sesquilinear form 
®,,:(%, vy) ¢xlu(y)> on E x E. We have 


(14) Ax, y) = Oy, x) (x, y in E); 


consequently, u is hermitian if and only if the form ®, is hermitian. When K is C, 
it is enough to assume that ®,(x, x) = <x|«x)> is real for all x e E(V, p. 2, Remark). 

Let ue L(E). We have seen (V, p. 16, cor. 2) that the norm of u can be calculated 
by the formula 


(15) \|u\| = sup |®,(x, »)| . 


Nell Sa, ll yl] <1 


When uw is hermitian, we have the following result : 
PROPOSITION 9. — For every hermitian endomorphism u of E, we have 


(16) [ze] = |< xlu(x) >| - 


Put ® = ®, and c = sup |®(x, x)|, then evidently c < ||u\|. Let x, y be in E 
|x|] <4 


such that ||x|| < 1, ||yl| < 1. Then 
D(x + y, x + y) = Ox, x) + O(y, y) + 2AD(x, y), 


hence 
4AV(x, y) = W(x + yx + y) — OX —y,x — y); 


but |@(z, | < cllt||? for all te E, thus 
4|RD(x, Y)| < ofl + yl? + lle — vl?) =2c(Ilxll? + Ill?) < 4c. 


Let a = (x, y); there exists a complex number ) with absolute value 1 such that 
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Aa = |a|. Replacing y by Ay in the preceding inequality, we get |®(x,y)| < c. By 
(15), ||u\| < ¢ and the proposition follows. Q.E.D. 
Evidently every hermitian endomorphism is normal. Conversely : 


PROPOSITION 10. — Suppose K is C. Let ue L(E). Then there exists a unique pair 
(h,, h,) of hermitian endomorphisms of E, such that u = h, + ih,. In order that u 
is normal, it is necessary and sufficient that h, and h, commute. 

For, the relation «u = h, + ih,, h* = h,, hk = h,» is equivalent to 


(u* — u)». 


«h, = Fu tut) and h, =5 


In addition, we have h,h, — h,h, = 5 (uu — u*u). This proves prop. 10. 


PROPOSITION 11. — Let pe L(E). In order that p is the orthoprojector from E onto 
a closed vector subspace of E, it is necessary and sufficient that p? = p = p*. 

Suppose p? = p. Let M be the image of p and N its kernel. E is the topological 
direct sum of M and N. In order thap p is an orthoprojector, it is necessary and 
sufficient that M is orthogonal to N, that is to say that we have ¢ p(x)|y — p(yv)> = 0 
for all x, y in E. This latter relation is equivalent to p = p*p, and implies that 
p* = (p*p)* = p*p = p; conversely if p* = p, we have p = p” = p*p. 


5. Positive endomorphisms 


DEFINITION 6. — Let E be a hilbertian space andue £(E). We say that u is positive, 
and write u > 0, if u is hermitian and if <x\u(x)> > 0 for all x € E. 
When K is equal to C, the relation 


<xlu(x)> > 0 forall xeE 


implies that uv is hermitian (V, p. 2, Remark), hence positive. 

Let # ,(E) denote the set of all positive elements of “(E); this is a proper pointed 
convex cone in the real vector space #(E),,_, underlying & (E). In order that u is 
positive, it is necessary and sufficient that the sesquilinear form ®, on E x E asso- 
ciated with wu is positive hermitian. Given u and v in #(B), the relation u — v > 0 
can also be written as u > v or v < u; this is an order relation on #(E),_, compa- 
tible with its real vector space structure. 


PROPOSITION 12. — Let u be a hermitian (resp. positive) element of Z(E) and let v 
be a continuous linear mapping from E into a hilbertian space F. Then vuv* is a her- 
mitian (resp. positive) element of &(F). 

For, we have (vuv*)* = v**u*p* = vuv*. On the other hand, if vu > 0, we have 


Cy|vuv*(y)> = <v*(y)luQv*(y))> > 0 


for all ye F, hence vuv* > 0. 
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Prop. 12 shows, in particular, that vv* is positive for all ve Y(E; F). Since, in 
particular, an orthoprojector p satisfies p = p? = pp*, it is positive. 


Remarks. — 1) For every hermitian uw in Y(E), put mu) = i Hs <x|u(x)>, 
x|l=1 
M(u) = sup <x|u(x)>. If E is not just 0, mu) and M(w) are finite; moreover, M(u) 
x= 
is the smallest real number ) such that u < 2.1, and m(u) the largest real number 
such that u > p.1,. Clearly we have m(— u) = — M(u) and M(— uv) = — m(u). It 
is clear that 


sup (|m(u)|, |M(@|) = sup |< x|u(x) >| 


ix] =4 
and prop. 9 (V, p. 44) implies (for E # {0}) that 
(17) ||| = sup (|m(u)|, |M(w))) . 


* For another proof of this formula when K is C, see prop. 14 of TS, I, § 6, No. 8. , 

2) Let M and N be two closed vector subspaces of E, and py (resp. px) the ortho- 
projector from E onto M (resp. N). Then M  N if and only if py < py. For, we have 
PXPm = Py, hence 


|| Puc) |? = PaO) |PMOD> = <x 1PH PMO) > = <x1P mC) > 


for all xe E. The relation py < py is therefore equivalent to « || py(x)|| < || px(x)|| for 
allxeE». If M CN, we have py = pyPn, hence || py(x) || < || Px(x)|| since || py || < 1. 
Conversely, if || py(x) || < |] puix)! for all xe E, the kernel of py, contains the kernel 
of py, that is, that M° > N°, which implies that M c N. 


PROPOSITION 13. — Let #(E) be the set of all continuous hermitian endomorphisms 
of the hilbertian space E. Let ¥ be a non-empty, directed increasing and bounded 
subset of # (E). 

(i) The set ¥ has an upper bound u, in H#(E); we have 


(18) <x|ug(x)> = sup <xlu(x)> forall xeE. 


ucF 


(ii) The filter of sections of ¥ converges to ug in the space Y(E) endowed with the 
topology of simple convergence. 

Let & be the filter of sections of ¥ ; for every ue #(E), let ®, be the continuous 
hermitian form on E defined by 


Ox, y) =<x|u(y)>. 
Let 
Yo) = Ox, x) 


for ue #(E) and x € E. By the polarization formulas (V, p. 2), we have 


(19) 40x, y) = Pxrt+y)—P(x—y) if K=R 
(20) 40/(x, y) = Pi(x+y)—P(x—y)—iP (x +i) +i (x iy) if K=C. 
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For every xe E, the mapping u+> P(x) from into R is increasing and bound- 
ed, hence has a limit with respect to 2. By the preceding formulas, the limit 


lim (x, y) = B(x, y) 
uid 


exists for every pair (x, y) of elements of E. It is clear that ® is a hermitian form on E. 
Ifv, ¢ F and v, isa bound of F, the hermitianforms f, = ® — ®, and f, = ®,,—@® 
are positive; there exists a real number M > 0 such that 
AG x) + SL x) = ®, 0% x) < M {| ||? ? 
hence 
Ai, x) < MIlxil?, AG, x) < MI[xl|? (xe EB); 


consequently the semi-norms x+>/f,(x,x)!/? are continuous on E. Since 


th —fi = ®,,, am ®,, — 20, 


we conclude that x +> (x, x) is a continuous function on E, and by formulas (19) 
and (20), that ® is continuous on E x E. Therefore there exists (V, p. 16, cor. 2) an 
element uy of #(E) such that D = ®,.. Formula (18) is evidently satisfied, hence 
Ug is the upper bound of ¥ in #(E). This proves (i). 

We have, by construction 


(21) lim <x\(u — wW(x)> =0 forall xeE. 


Letv, ¢ F; givenaue F such that u > v,, letv = uy — u. If we apply the Cauchy- 
Schwarz inequality to the positive hermitian form ®, on E, we get 
|e) |* = ©), )? < (000, 000). ®,(, x) 
= (v(x)|v?(x)> <xlv(x)> < llull? llell? <xlv@)> 
< |luo — vy 1? lll? <xlo)>, 
since ||v|| < ||v9 — v,|| by V, p. 44, prop. 9. Then by (21) we get lim \|(uo —u) (x)|| =0 


for all xe E; which proves assertion (ii). Q.E.D. 

In particular, prop. 13 can be applied to the case of an increasing and bounded 
sequence (u,),<~ of elements of #(E). Then there exists an element v of #(E) cha- 
racterized by 


Cxlox)> = Him <xla(o9> = sup Cxlu)> Cre BD, 


and we have v(x) = lim u,(x) for all x e E. Moreover, v is the upper bound of the 
set of the u, in #(E). 
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6. Trace of an endomorphism 


Let E and F be two hilbertian spaces. Conforming to the conventions of V, p. 40, 
we let ba*, for ain E and b in F, denote the continuous linear mapping x > b <a|x> 
from E into F. 


Lemma 1. — There exists an isomorphism ® from the vector space F @ E’ onto the 
space & AE; F) of all finite rank continuous linear mappings from E into F, charac- 
terized by 0(b @ a*) = ba* for ack, beF. 

By A, IL, § 4, No. 2, there exists an injective linear mapping 0 from F @ E’ into 
L(E; F) and only one such, which transforms b @ a’ into the linear mapping 
x t+ ba'(x) fora’ € E’,b € F. Evidently 0(6 © a*) = ba*, and the image of 0 is contain- 
ed in #,(E; F). However, let ue &,(E; F) and let (e,, ..., ¢,) be an orthonormal basis 
of the image of u in F. Let f, = u*(e,) for 1 < i < n. For every x EE, we have 


n 


ux) = YY elas)>.e, = F< fede, 


i=1 


henceu = ¥ e,f* = 0()° e; @ f;*). Therefore the image of 0 is equal to Y {E; F). 
i=1 i=1 

We shall henceforth assume that E = F, and we set #A{E) = “AE; E). By 

lemma 1, there exists a unique linear form t on ¥ {E), such that t(0(a © a’))=a'(a) 


for ac E, a’ cE’; in other words, we have 
(22) uba*) = <alb> fora,binE. 


When E is finite dimensional, we have Y (E) = £(E) and xu) is the trace of the 
endomorphism wu of E (A, HU, § 4, No. 3). 


Lemma 2. — Let (e;),-, be an orthonormal basis of E. Then 


tu) = 2, <eileee,)> 


iel 


for all ue £ AE). 
It is enough to consider the case when u = ba* with a, bin E. Then 


<elule;)> = efb.a*e, = Ce,|a> ¢e,|b> 
and lemma 2 follows from formula (22) and formula (3) of V, p. 22. 


Lemma 3. — Let u be a continuous and positive endomorphism of E, and ¥ the set 
of all finite rank orthoprojectors on E, Then for every orthonormal basis (é;)i-1 of E, 
we have (in R.,,) the equality 


> <e;lu(e,)> = sup (pup) . 
iel peF 
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For every finite subset J of I, put p, = > e,e*; this is the orthoprojector from E 


onto the vector subspace generated by the wealons e,, Where i ranges over J. We have 


Pyup; = » <ejlu(e;) > eeF , 


ieJ, je] 


hence t(p,up;) = >. <e;|u(e;)>. Since p, e F, 
ieJ 
> <eluce)> < sup (pup); 
ieJ peF 


and so we conclude that 


d <elule)> = auP > <ejlu(e,) > < sup t(pup) . 


iel peF 


Let v be a finite rank continuous and positive endomorphism of E and let pe F. 
By th. 2 of V, p. 23 there exists an orthonormal basis (f,),.4 of E and a finite subset 
B of A such that (f,),-3 is an orthonormal basis of the image of p. Then we have 
p= 2 tf, and so, as above, the relation t(pup) = »y <f,lvG) >. By lemma 2 


(V, Pa 48) we have tv) = x <f,|v,)>, which gives ie formula 
2 « falva) > < tv). 


Applying this inequality to the case where v = p,.up, and where J is a finite subset 
of I, we get 


(23) oy (Pi SIMPL ha) > < > <elule;) > - 


For every x € E, we have p(x) = » <e|x>e, and so x = lim Px) with respect 


to the ordered directed set of finite subsets J of I. Passing to the limit over J in (23), 
we get 


(pup) = yi «flu > < 2, <eilule,)> » 


and this completes the proof of lemma 3. 


DEFINITION 7. — Let u be a continuous and positive endomorphism of the hilbertian 
space E. Let 


(24) Tr(w) = sup (pup) 


peF 


(upper bound in R,), where F is the set of all finite rank orthoprojectors on E. We 
say that Tr(u) is the trace of u. 
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Let p be the orthoprojector from E onto a finite dimensional vector subspace of E, 
and let (x,, ..., X,,) be an orthonormal basis of F. We have established the relation 


upup) = « x;|u(x,)>. Consequently, we can define the trace by the formula 
i=1 
(24) Tru) = sup YY <xlu(x,)>, 
Miveces Xm i=1 


where (x,, ..., X,,) ranges over the set of all finite orthonormal sequences of vectors 
of E. 
By lemma 3 (V, p. 48), we have 


(25) Tr(u) = D <ejlute;) > 


iel 
for every orthonormal basis (e,),., of E. From this, we deduce 


(26) Tr(u + v) = Tr(u) + Tr(v) 
(27) Tr(Au) = A.Tr(u) 


for all continuous and positive endomorphisms wu and v of E and for every real 
number 1 > 0 (we make the convention 0.(+ oo) = 0 in (27)). Let be an isomor- 
phism from E onto a hilbertian space F; since transforms every orthonormal 
basis of E into an orthonormal basis of F, we get from (25) that 


(28) Tr(gub~!) = Tr(u). 


Let (u,),<4 be a non-empty directed increasing and bounded family of continuous 
and positive endomorphisms of E; let vu = sup u,, then <x|u(x)> = sup <¢ x[u,(%)> 
for all x € E(V, p. 46, prop. 13). We have Tr(u) = sup s <e,lu(e,)>, where J ranges 


JcI ieJ 
over all finite subsets of I, hence 


(29) Tr(u) = sup Tr(u,) for wu = supyu,. 


Let pp be the orthoprojector from E onto the hilbertian subspace F ; there exists 
an orthonormal basis (e;);.; of E and a subset J of I, such that (e,),-; is an orthonor- 
mal basis of F. We have Tr(ppupr) = >. <e;|u(e,)>. This formula has two conse- 

ieJ 


quences : firstly, we have Tr(ppupr) < Tr(u); secondly, taking u = 1,, we get 


dim F if F is finite dimensional 


G9) TeBe l= ! +oo ifnot. 
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DEFINITION 8. — Let E be a complex hilbertian space. We write &\(E) for the vector 
subspace of &(E) generated by all continuous, positive endomorphisms of E with 
finite trace. 
By formula (25) of V, p. 50, the trace extends to a linear form on #'(E), again 
denoted by Tr, and satisfying the relation Tr(u) = >) <e;|u(e,)> for all win (EB) 
iel 


and for every orthonormal basis (e,);-) of E. For every we # '(E), we have u* ¢ #'!(E) 
and Tr(u*) = Tr(u). Formula (28) of V, p. 50 extends to the case where u belongs 
to £1(E). Let F be a hilbertian subspace of E; by formula (30), the orthoprojector 
Pr belongs to #'(E) if and only if F is finite dimensional. For every a and b in E, 
we have 4ab* = )° e(a + &b)(a + &b)* and cc* is a positive operator with finite 
e4=1 

trace for all ce E; consequently, if u is a finite rank, continuous endomorphism of E, 
then ue #1(E) and Tr(u) = rw). 

Let E be a real hilbertian space, and let E,,) be its complexification (V, p. 5). We 
identify E with a subset of E,.. Then #(E) can be identified with a real vector sub- 
space of #(E,)) consisting of all continuous linear mappings u from Ej, into E« 
such that u(E) c E. In this case we write f'(E) = LY(E)N £ (Ew): For every 
ue £(E), the trace Tr(u) is real and is equal to Tr(u*). Formulas (25) and (28) 
are again valid, Y,(E) c #'(E) and Tr(u) = t(w) for all ue £,(E). Finally, a closed 
vector subspace F of E is finite dimensional if and only if pp belongs to #1(E). 


* Remark 1. — We shall later define the notion of a nuclear mapping from a Banach 
space E into a Banach space F. We shall show that when # '(B) consists of all nuclear 
mappings from E into E, then E is a real or complex hilbertian space. , 


PRoposiTION 14. — Let E,,..., E, be hilbertian spaces, E = E, @> . @ 2, E,, and 
u; a continuous endomorphism of E; for 1 <i <n. If u,,...,u, are positive, then so 
is u=U, @,...@2u,, and 


B)) Tr) = [| Tru). 
i=1 


Ifu,e £(E,) for all 1 <i <n, then ue £*(E) and formula (31) is again valid in 
this case. 

Proceeding by induction on n, we immediately reduce to the case n = 2. 

For i=1, 2, we define a sesquilinear form ®, on E, by the formula M(x, y) =< x|u,(y) > 
for x, y in E,. If u, and u, are positive, the forms ®, and ®, are hermitian and posi- 
tive. By prop. 1 of V, p. 25 there exists a positive hermitian form ® on the vector 
space E, @ E, such that 


D(X, © X2,V, © Yq) = O,(%,, y1)-Oy(X, 2) 


for x,, y, n E, and x,, y, in E,. We verify immediately the relation @(z, 1) =< z|u(1)> 
for zand tin E, @ E,. Since ® is positive, we have <z|u(z)> > O forall zinE, @ E,. 
Since u is continuous and E, @ E, is dense in the hilbertian space E = E, @, E,, 
we conclude that u is a continuous and positive endomorphism of E. 
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Let (¢;),-; be an orthonormal basis of E, and (f,),.; an orthonormal basis of E, ; 
then the family (e; ® f,);<1,j.3 is an orthonormal basis of E and we have 


Tru) => 2 <4 @ filule; ® f;)> 


ie] jeJ 


=) % <el(e) >: < flu S)> 


iel jeJ 


= Tr(u,).Tr(u,) . 


In particular, if uw, and wu, are positive endomorphisms with finite trace, then so 
is u. By linearity, we deduce that u belongs to #1(E) when K = C and that the 
u, belong to #‘(E,) for i = 1,2; formula (31) extends to this case by linearity. 
Finally, the case when K = R and the u, e &'(E,) reduces to the complex case by 
extension of the scalars. 


Remark 2. — Let E be a hilbertian space, which is the hilbertian sum of a family (E,)jc1 
of hilbertian subspaces. Let u be an element of (E) such that u(E;) c E, for allie; 
let u, be the element of Y(E;) which coincides with u on E,. Then Tr(u) = z Tr(u,) 


iel 
when u is positive, or belongs to #1(E); this relation follows from formula (25) of V, 
p. 50 applied to an orthonormal basis of E which is the union of orthonormal bases 
of each of the E,. 


7. Hilbert-Schmidt mappings 


DEFINITION 9. — Let E and F be two hilbertian spaces. A continuous linear mapping 
u from E into F is called a Hilbert-Schmidt mapping if the trace of the positive endo- 
morphism u*u of E is finite. The set of all Hilbert-Schmidt mappings from E into F 
is denoted by LE, F). 

When E = F, we write #7(E) for YE; E). 

For every ue L(E, F), let ||u||, = Tr(u*u)'/?, so that u belongs to Y?7(E; F) 
if and only if ||u||, is finite. By the definition of the trace, we get 


(32) ull = Ra > || (x,) |? 


where (x,, ..., X,,) range over the set of finite orthonormal sequences in E. In parti- 
cular, taking m = 1 in formula (32), we have 


(33) ull < ull, (we PE;F). 


Let (e;);,; be an orthonormal basis of E and (f;),-) an orthonormal basis of F. 
By formula (25) of V, p. 50 and the Parseval’s relation (V, p. 22), we have 


(34) ell = 2 lulenll? = 2 i Glule)>/? 
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Since |< flu(e)>| = |<e,lu*(45)>|, formula (34) implies that 
(35) lu* 2 = lull 


hence, the adjoint of a Hilbert-Schmidt mapping is a Hilbert-Schmidt mapping. 
Let E,, F, be hilbertian spaces and v:E, > E, w:F ~> F, continuous linear map- 
pings. From (32), we deduce immediately that 


(36) |wells < |wi}-iall. - 


By (35), (36) and the relation wv = (v*u*)*, we get 
(37) |uvll2 < lull. fel. 
In particular, if u belongs to #?(E, F) then wuv belongs to #7(E,, F,). 


THEOREM 1. — Let E and F be two hilbertian spaces. 

(i) The set ¥(E, F) is a vector subspace of £(E; F) and ut |\ul|, is a hilbertian 
norm (V, p. 6) on £7(E; F). 

(ii) The isomorphism 8 from F @ E' onto 2,(E; F) characterized by 0(y @ x*)=yx* 
extends to an isomorphism 6 from F ®, E’ onto £?(E; F). In particular, L£,(E; F) 
is dense in £7(E; F). 


Let (é;);<1 (resp. (f;) ;-y) be an orthonormal basis of E (resp. F). For every ue £(E; F), 
let A(u) be the matrix of u with respect to chosen orthonormal bases for E and F 
(V, p. 22). Let |ja||, denote the norm of an element a of the hilbertian space ¢?(J x I). 
By formula (34), A is a mapping from ¥ *(E ; F) into (?(J x I) such that ||A(u)||, = |u|] ; 
it is clear that A is injective. To prove (i), it is enough to prove that A is surjective. 
Let a = (a,,) be an element of £?(J x I); by Cauchy-Schwarz inequality, we have 


> Masi S = |a;;| s In&:l? = jlallz VE? Ini? 

Jot Jot Jet 
for every & = (E,) in (7(I) and y = (n jin ?(J). Then there exists a continuous ses- 
quilinear form ® on F x E such that ®(y, x) = uA N45: for x = »» &e, in E and 
y= mh} in F. Let ue Y(E; F) be such that O(y, x) = <yplu(x)> (V, p. 16, cor. 2). 
We Bet 

a; = O(f;,¢) = (filu(e)> for iel,jeJ, 
hence a = A(uw). 
Since A is a hilbertian space isomorphism from ¥ 2(E; F) onto ¢?(J x I) and 


since (f; ® e*) is an orthonormal basis of F ® 2 E’, there exists an isomorphism 6 
from F ®, E’ onto Y?(E; F) such that 


< F100) e,> = <f, @ eFItD 
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for every iel, jel and teF @, E’ In particular, for t = y @ x*, we find 
<fl8(y ® x*) e,> = <f, @ ely @ x*> = Fly) <xler> = <filyx*e) 
hence 6(y @ x*) = yx*. This proves (ii). Q.E.D. 


Examples. — 1) Let I and J be two sets. By the proof given above, in order that a 

mapping u from f?(I) into ¢?(J) be a Hilbert-Schmidt mapping, it is necessary and 

sufficient that there exists a matrix (a,;) in ?(J x I) such that u(&); = >) 4,6; for 
iel 


all & = (&,) in (7(D. 

*2) Let X and Y be two Hausdorff topological spaces, endowed respectively 
with positive measures » and v. We can show that the Hilbert-Schmidt mappings 
from £7(X) into Y7(Y) correspond bijectively to classes of square integrable 
functions on Y x X; to the class of a function Ne ¥7(Y x X, v @ p) corresponds 
the mapping uw, given by 


(38) (uO) = | NO. 9/E) dues) 
xX 
for v-almost all ye Y and f ¢ #7(X, p). We have 
(39) | Mell = | | IN(y, x) |? du(x) dv(y) - 
X JY 


Remarks. — 1) Suppose K = C. Let u and v be in Y7(E; F). We have the relation 
4u*v = > E(u + €v)*(u + ev), hence u*v belongs to #'(E). The scalar product 


4=14 


in the hilbertian space #7(E; F) is given by 
(40) <ulv> = Tr(u*v) 
since this formula defines a hermitian form on # *(E; F) and we get <u|u> = ||u|[3. 


If ue Y*(E; F) and ve Y7(F; EB), then vu belongs to 1(E) and w to 1(F) 
by the preceding; moreover, we have 


(41) Tr(w) = Tr(vu). 


By linearity and continuity, it is enough to verify this formula when u = y,x7 
and v = x,y* (with x,, x, in E, y,, y, in F); but then wv is the mapping 
Yr, 6X4/X2> <V2|y> and vu the mapping x+> x, ¢y,|¥1> <xX,|x>, and (41) 
follows from formula (22) of V, p. 48. 

Consequently, if u,, vu, are two elements of Y 7(E; F), we have, in the hilbertian 
space #*(F; E), 


(42) Cut |uy> = Truyus) = Trvgu,) = Cu,|u,> = <u, |u2> ; 


in other words, w+ u* is an isomorphism from the hilbertian space 7(E; F) 
onto the conjugate (V, p. 6) of the hilbertian space Y?(F; E). If we identify this 
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conjugate with the dual of Y?(F; E) (V, p. 15), we see that #?(E; F) can be iden- 
tified with the dual of Y?(F; E), the canonical bilinear form (v, u) +> <v, u> being 
identified with (v, uv) > Tr(vw). 

2) Suppose K = R. We leave it to the reader to verify that formulas (40) and 
(41) are again valid, and to show that #?(E; F) can be identified with the dual of 
L*(F;E) by means of the bilinear form (u, v) > Tr(wv). 


8. Diagonalization of Hilbert-Schmidt mappings 


THEOREM 2. — Let E and F be two hilbertian spaces and u a Hilbert-Schmidt map- 
ping from E into F. There exists an orthonormal basis (e;),-, of E which is transformed 
by u into an orthogonal family in F. 

Let B denote the (closed) unit ball of E, with the weakened topology assigned 
to it; this is a compact space (V, p. 17). We put Q(x) = || u(x)||* for all x eB. Finally 
let P denote the set of all vectors x in E satisfying the following property ; 

(H) For every ye E orthogonal to x, the element u(y) of E is orthogonal to u(x). 


iel 


Lemma 4. — The function Q:B —> R is continuous. 
Let (f;);.) be an orthonormal basis of F. Put A, = ||u*(f)||? for all je J. Since 
u belongs to ¥7(E; F) we have u*e Y*(F; E), hence ))A, < + oo. Further, we 
Fi 


have 


(43) QW) = Juco? =F [Cue P 

J 
by Parseval’s formula (V, p. 22) and the definition of the adjoint (V, p. 38). For 
every xe B, |<u*(f)|x>|? <A, by Cauchy-Schwarz inequality; consequently, the 
convergence of the sum in formula (43) is uniform on B, hence lemma 4 (GT, X, 
§ 1, No. 6). 


Lemma 5. — Let E, be a closed vector subspace of E, stable under u*u. If E, # {0}, 
then there exists a vector of norm 1 in E, OP. 

Since B is weakly compact, so is the weakly closed subspace B 7 E, of B. Hence 
there exists (GT, IV, § 6, No. 1, th. 1) a point x, in Bm E, such that Q(x, > Q(x) forall 
xEBrE,. If Q(xo) = 0, we have Q(x) = 0 and so u(x) = 0 for all xe BN E,. 
Thus E, < P and lemma 5 follows in this case. 

Suppose now that Q(x) > 0, then x, # 0. Since the vector ||X9||~'.x9 belongs 
to Bn E,, we have 


Q(X) > QAI Xoll ~*+%o) = Q%o)/Il Xo ll? 


i.e. ||X || = 1. We shall prove that x, belongs to P; let ye E be orthogonal to Xp. 
It is enough to prove that u(y) is orthogonal to u(x,). But since y is the sum of a 
vector of E, and a vector orthogonal to E,, and both orthogonal to x, (since x, € E,), 
it is enough to consider the following two cases : 
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a) y is orthogonal to E, : since E, is stable under u*u, u*u(x))e€E,, hence 
0 = <ylutulxy)> = Cu(y)|ul%o)>. 

b) y belongs to E, : for all te R, the vector x(t) = (xp + ty)/||Xo + ty|| belongs 
to BO E,. We have Q(xt) = f(t)/g(t) with 


F(t) = |\u(Xo) ||? + 2B Culxo)|u(y)> + t? u(y) ||? 
g(t) = 1+ t? yl’. 


In view of the definition of xy, we have Q(x(0)) > Q(x(t)) for all real t, hence 
£ Ax(0) is zero for t = 0. But f(0) = ||u(x9)||?, g(0) = 1, f’O) = 28 <u(x,)|u(y)d, 
g'(0) = 0. Since 


d fOgt) —fMO gO 

GT QO) = eae (5 ea 

we conclude that f’(0) = 0, that is, 2 (u(x,)|u(y)> = 0. When K = R, u(x,) is 
orthogonal to u(y), when K = C, the vector iy belongs to E, and is orthogonal 
to X9, hence ¥ (u(xy)|u(y)> = — #Cu(xy)|u(iy)> = 0, and finally u(x,) is ortho- 
gonal to u(y). This proves lemma 5. 

Nowwe prove th. 2. Applying th. 1 of S, III, § 4, No. 5 we see, as in V, p. 23, that there 
exists a set S which is maximal among the orthonormal subsets of E contained 
in P. Let E, be the set of all vectors orthogonal to S. Let ye E, ; if x eS, the vectors 
x and y are orthogonal, and since S c P, we conclude that u(x) and u(y) are ortho- 
gonal ; then 


(x|u*uly)> = Cu(x)|u(y)> = 0 


and u*u(y) is orthogonal to S. Hence E, is stable under u*u. If we had E, 4 {0}, 
there would exist a vector x of norm 1 in E, ~ P (lemma 5) and S u {x} would 
be an orthonormal subset of E contained in P. This would contradict the maximal 
character of S. Hence E, = {0} and S is an orthonormal basis of E. Q.E.D. 


COROLLARY 1. — Let v be a continuous, positive endomorphism with finite trace of 
the hilbertian space E. There exists an orthonormal basis (e,),, of E and a summable 
family of positive real numbers (i,);-1 such that v(e,) = r,e, for all ie I. 

Let ®(x, y) = <x|v(y)> for x, y in E. Then © is a positive hermitian form on E. 
There exists (V, p. 8, corollary) a hilbertian space F and a continuous linear mapping 
u from E into F such that ®(x, y) = <u(x)|u(y)> for x, y in E. In other words, we 
have v = u*u. By virtue of def. 9 (V, p. 52), u is a Hilbert-Schmidt mapping from E 
into F. By th. 2, there exists an orthonormal basis (e,),., of E such that the vectors 
u(e;) are two by two orthogonal. Let ie1; for every j # i in I, we have 


<e,|v(e)> = <u(e,)|u(e,)> = 0 
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hence v(e;) is proportional to e; and is of the form Ae; 


i@;, where A; = <e,|v(e,)>; 
then 


4,20 and YA, =Tr(v) < +o. 
iel 

CoROLLARY 2. — Let E be a hilbertian space. Then £1(E) < L7(E). 

The real case reduces to the complex case by the extension of scalars; we can 
therefore assume that K = C. 

Since #?(E) is a vector subspace of (E), it is enough to prove that every conti- 
nuous and positive endomorphism v of E with finite trace belongs to Y7(E). With 
the notations of cor. 1, we have 


deed? = Var <Q < +o. 

iel iel i 
COROLLARY 3. — Let v be a continuous positive endomorphism of the hilbertian space 
E with a finite trace. There exists a positive Hilbert-Schmidt endomorphism w of E 
such that v = w? and such that v commutes with w. 

With the notations of cor. 1, it is enough to consider the endomorphism w which 

transforms the vector )° &e, into the vector ) A}/E,e;. 

iel i 


Remark. — With the notations of th. 2, let J be the set of all ie 1 such that u(e,) ¥ 0. 
ForallieJ,leta, = ||u(e) |] and f, = A; ‘u(e). Then (e,),-; (resp. (f),.)) is an orthonormal 
basis of the initial (resp. final) subspace of u, we have u(e,) = A,f; for all ie J and 
YA? = |lulld is finite. 


ieJ 


9. Trace of a quadratic form with respect to another 


In this section, E will denote a real vector space and Q, H two positive quadratic 
forms on E. There exist two symmetric bilinear forms (x, y)> <x|y>g and 
(x, y) > <x|y>y on E x E, characterized by 


Q(x) = ¢x1%>Qq, HO) = ¢x1x)>y 


for all xe E. 
We call the trace of Q with respect to H, and write Tr(Q/H), a real positive num- 
ber, finite or not, defined as follows : 
a) If there exists xe E with H(x) = 0 and Q(x) # 0, we put Tr(Q/H) = + o. 
b) Otherwise, Tr(Q/H) is the upper bound of the set of all numbers of the form 


m 
>) Q(x;) where (x,, ..., X,,) range over the set of finite sequences of elements of E 
i=1 


such that <x;,|x;>y = 6,; (Kronecker’s symbol). 


Remarks. — 1) For every subspace F of E, let Q, denote the restriction of Q to F 
and H, that of H. We have Tr(Q,/H,;) < Tr(Q/H) and Tr(Q/H) is the upper bound 
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of the set of all numbers Tr(Q,/H,) where F ranges over the family of all finite dimen- 
sional vector subspaces of E. 

2) Let E, be a real vector space, Q, and H, two positive quadratic forms on E, 
and n:E— E, a surjective linear mapping. If Q = Q,o7n and H = H, og, then 
Tr(Q/H) = Tr(Q,/H)). 


PROPOSITION 15. — Suppose that there exists a real hilbertian space structure on E 
such that H(x) = ||x\||? for all xe E. For Tr(Q/H) to be finite, it is necessary and 
sufficient that there exists a continuous and positive endomorphism u of E with finite 
trace, such that Q(x) = <x|u(x)> for all x EE; this endomorphism u is unique, and 
we have 


(44) Tr(u) = Tr(Q/H) = > Qe) 


for every orthonormal bases (e;);-; of E. 
Suppose that Tr(Q/H) is finite. For every x ¢ E of norm 1, we have H(x) = 
hence Q(x) < Tr(Q/H). Therefore, Q(x) < Tr(Q/H).||x||? for all xe E, and 


KK xIy>e] < Q0)*7QU)*?_ < TrQ/H)- Ill {ly 


by the Cauchy-Schwarz inequality. Consequently, the bilinear form (x, y)t> (x|y)a 
on E x E is continuous. There exists (V, p. 16, cor. 2) a mapping ue #(E) such 
that <x|y>q = <x|u(y)>. We have ¢x|y>Q = <y1X)Q for x, yin E, hence wu is hermi- 
tian; and <x|u(x)> = Q(x) = 0, hence u is positive. 

Conversely, let u be a continuous and positive endomorphism of E such that 
Q(x) = <x|u(x)> for all x e E. Then 


€xlu(y)> = Qe + ¥) — Q(X) — QV) = <xXIYDQ- 
which gives the uniqueness of u. By formula (24’) (V, p. 50), we get 


Tr(u) = sup y ¢x;|ux)> = oe y Q(x;) , 


where (X,, ..., X,,) range over the set of all finite orthonormal sequences of elements 

of E. By the definition of Tr(Q/H), we get Tr(u) = Tr(Q/H). Finally, for every ortho- 

normal basis (e;),., of E, we have Tr(u) = ¥° <e;,|u(e,)> by formula (25) of V, p. 50, 
iel 

hence Tr(w) = )° Q(e,). Q.E.D. 


iel 


iel 


Remarks. — 3) Let E and F be two hilbertian spaces and v a linear, not necessarily 
continuous mapping from E into F. Let H(x) = |x|? and Q(x) = ||v(x)||? for all 
x € E. It follows from prop. 15 that v is a Hilbert-Schmidt mapping if and only if Tr(Q/H) 
is finite, and then Tr(Q/H) = ||v|[3. 

4) Suppose E is finite dimensional. When the quadratic form H is invertible, prop. 15 
applies. Let (¢,, ..., n) be a basis of E. Put g,, = (e;|e;>q and A,; = <e;|e; >y and intro- 
duce the matrices. q = (q,;) and h = (h,;). Let u be an endomorphism of E such that 
Q(x) = <x|u(x)>y for all xe E. We have 


Cx1Y9Q = <xlUO) un VEE), 
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and hence the matrix of u with respect to the basis (e,, ..., e,) of E is equal to A7 +g. 
By prop. 15, we have 

(45) Tr(Q/H) = Tr(h~'q) = Tr(gh"*). 

If the basis (e,, ..., e,) is orthonormal for H, then A is the unit matrix of order n, and 
we get 


Tr(Q/H) = Tr(q) = ¥) Qe); 
i=1 
so that we get formula (44) in this case. 
Now suppose that the quadratic form H is not invertible. Let N be the kernel of H, 
and let m be the canonical mapping from E onto E/N. There exists an invertible qua- 


dratic form H, on E/N such that H = H, o7. Let (e;, ..., e,) be a sequence of elements 
of E such that the sequence (n(e,), ..., m(e,,)) is a basis of E/N, which is orthonormal 
for H,. Let (e,, ..., e,) be a basis of N. Then (e,, ..., e,) is a basis of E and we have 
(46) H(Gie, + + Ge.) = 6 + + GS 


for all real numbers &,, ..., &,. 

Suppose that for all x e E, the relation H(x) = 0 implies Q(x) = 0; in other words, 
suppose that there exists a quadratic form Q, on E/N such that Q = Q, on. By 
remark 2 and prop. 15, we have, 


(47) Tr(Q/H) = Qle,) + + QE) - 


Exercises 


§ 1 


1) Let E be a complex normed space and f a symmetric bilinear form on the underlying 
real vector space Ey, such that f(x, x) = ||x{|? for all xe E. Show that there exists one and 
only one hermitian sesquilinear form g on E such that f(x, y) = @g(x, y) (prove that 


I(x, iv) = — f(ix, y) by using formula (5) of V, p. 2), hence g(x, x) = ||x|[?. 


2) Let E be a real or complex normed space. Suppose that for every 2-dimensional vector 
subspace P (over R) in E, there exists a symmetric bilinear form f, defined on P x P, such 
that f(x, x) = ||x||? for all xe P. Show that f, is defined unambiguously and that there 
exists a hermitian sesquilinear form g on E x E such that, for every real plane P c E, we 
have f(x, y) = Bg(x, vy), hence g(x, x) = ||x||?. (If E is a real vector space, observe that we 
have ||x — yl? + |x + yl]? = 2x]? + || y{]*) for every pair of points of E, and deduce the 
identity 


|x + y + 2)? — lx + yl? — dy + 21? — Wz + xi? + Well? + Ill? + zi? =0; 
if E is a complex vector space, apply exerc. 1.) 


7 3) Let E bea real finite dimensional vector space with dimension n, f a positive and sepa- 
rating symmetric bilinear form on E, and B, the bounded convex set defined by the relation 
T(x, x) < 1. Ifa = (a,, ..., a,) is a basis of E and A the discriminant of f with respect to this 
basis, we call the volume of B, with respect to a the number v,(f) = y,|A|~/?, where 


w= a ie 1) If b = (b,,..., 5,) isa second basis of E, and if 


a, Na, A... A 4, = 6b, Nb, n.. A |,, 


we have v,(f) = [8] v,(/). 

a) Show that, if f and g are two positive, separating symmetric bilinear forms such that 
B, < B, (which is equivalent to g < f), then v,(f) < v,(g) (consider a basis for E which is 
orthogonal for both f and for g). 

b) Let A be a symmetric compact convex set in E, with 0 as an interior point. Show that 
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among all positive, separating symmetric bilinear forms f on E such that A c B,, there 
exists one and only one for which the volume of B,; (with respect to the given basis of E) is 
the smallest possible. (To show uniqueness obsetve- that if A is contained in B, and B,, it is 
in Bip+gy2 and that we have v,((f + g)/2) < 3(v,(f) + v,(g)) for every basis a ‘of E which is 
orthogonal for both f and g.) 
c) Let A be a symmetric compact convex set in E, with 0 as an interior point, and let f be 
the positive, separating, symmetric bilinear form such that A c By and that B, has the 
smallest possible volume with respect to a given basis of E. Show that there exist points 
X1, 5 Xp Uy, U, in E with the following properties : 

a) For every k, we have x,eA and f(x,, x,) = 1. 

B) The sequence (uy, .., ¥,) is an orthonormal basis of E for f- 


y) If we put x, = > a,ju;for 1 <k <n, wehave a,, = O fork <jand Gp, = (n—k + 1)/n. 


1= 
(Argue by induction a k. Suppose X,, ..., X,, Uy, -.., uy, have been constructed, let P, be the 
orthoprojector (for f) from E onto the subspace generated by u,,...,u,; for every ¢ > 0, 
consider the bilinear form f, defined by 


f(x vy) = (1 + eh "f(P,X, Pyy) + (L + efx — Pix, » — P.y) 


and prove thatA ¢ B,,. using }). For every integer p > 1 choose a point y, in A not belonging 
to By,,,; take for x,,, a limit point of the sequence (y,) such that 


K (X44 = Pais Xea1 — PP eXea 1) Sn — KE) PaXna ss Presa) 5 


next choose u, , .) 

d) Prove the analogues of 5) and c) for the positive separating symmetric bilinear forms such 
that B, < A and for which the volume of B, (with respect to a given bases of E) is the largest 
possible. 


47 4) a) Let E be a real or complex normed space, of dimension > 2, having the following 
property : the relation ||x|| = |||| implies the inequality 


Ix + yl? + x — vil? < Axil? + Iyll?). 


Show that the norm on E is prehilbertian. (Reduce to the case when E is real and of dimension 2, 
by means of exerc. 1 and 2 of V, p. 60. In this case, let A be the unit ball of E, and let f be 
the positive, separating, symmetric bilinear form such that A c B, and such that the volume 
of B, with respect to a given basis is the smallest possible. Let X,,X, be the two points 
constructed i in exerc. 3, c). Show that the points of intersection of the circle f(z, z) = 1 and 
the bisectors of the two vectors x,, x, also belong to A, and conclude, by iteration, that 
A =B,. 

b) Let E be a real or complex normed space, of dimension > 2, having the following property : 


the relation ||x + y|| = ||x — y|] implies ||x + y]? = xl? + ||y|?. Show that the norm on 
E is prehilbertian (reduce to a)). 
c) Prove the analogue of a) when we assume that the relation || x|| = || y|| implies the inequality 


|x + yl]? + Ix — yl]? > 2A x? + I yll?) 
(use exerc. 3, d)). 
5) Let E be a real or complex vector space, of dimension > 2. Suppose a mapping x +> || x|| 
from E into R, is given, satisfying : ||Ax|| = |A|.||x|| for every scalar A, that ||x|| = 0 implies 
x = 0 and that we have the « ptolemaic inequality » 


la — e||.||6 — d|| < la — d]].|/e — dl] + 6 —el.|a—d| 


for every a, b, c, din E. 
a) Show that ||x|| is a norm on E (replace d by 0 and 6 by — a). 
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b) Show that the norm on E is prehilbertian. (From the ptolemaic inequality deduce the 
inequality ||x + y|/? + |x — yl? > 4]|x|]. lvl] and use exerc. 4, c).) Prove the converse 
(show that in a hilbertian space, if we put a’ = a/||a||?, b' = b/||b||?, we have the equality 
la’ — b'|| = la — d||/|al]. Oy). Tf al] = S|] = lel] = |/4@|| and if the four vectors a, b, c, d 
are in the same plane, the two members of the ptolemaic inequality are equal. 


4 6) a) Let E bea real or complex normed space, of dimension > 2. Show that for every 
x #0 in E and every real number « > 0, there exists an element y in E such that || y|| = « 
and ||x + yl? = xi? + yl? 

b) Suppose that if the vectors x, y in E satisfy the relation ||x + y||? = ||x||? + |ly||?, then 


we also have ||x — y||? = ||x||? + ||,y||?. Show that the norm on E is prehilbertian. (Using a), 
reduce to the case in exerc. 4 : restricting to the case where E is 2-bidimensional, we prove 
that if |x, || = ||x.|| = 1.y = 4(x, — x2) andif ze Eis such that || y||? + ||z|? = ||y +2//7=1, 
then z = $(x, + x.) or z = — 3(x, + x,).) 


c) Suppose that, for every vector x #0 in E, the set H of all vectors y satisfying 
|x — yl]? = |x|]? + ||v||? is stable under addition. Show that the conclusion of 4) holds. 
(Reduce to the case where E is real and of dimension 2. Using a) and the compactness of the 
unit ball in E, show that H is a closed set containing at least two distinct half-lines with ori- 
gin 0; prove that these two half lines are opposite to each other by observing that, if not, 
the convex set which they generate would be contained in H and will contain either x or 
— x.) 


7) Let E be a real or complex normed space, with dimension > 2, having the following pro- 
perty : there exists a real number y distinct from 0 and from + 1, such that the relation 
|x + yl] = |x — yl| implies ||x + yyll = |x — yyl- 

a) Show that if ||x + y|| = ||x — yl], the convex mapping 6:& + ||x + Ey|| from R into R 
is not constant on any interval. (Argue by reductio ad absurdum; let (a. BJ be the largest inter- 
val on which ® is constant, show that there exists 6 > B close enough to B and such that 


(5) = (8), by observing that if |jw + v|| = |lu — vil, then lw + y"ol| = lw — y"vl| for 
every rational integer n.) 
5) Show that if |x + y|| = ||x — yl, then ||x + Ey|| = ||x — Ey|| for every real number €. 


(With the notations of a), observe that has a relative minimum at the point € = 0, using 
the fact that o(y") = (— y") for every rational integer n; deduce that we have o(&) = o(— &) 
identically, for, otherwise, we get (A) = (u) for two numbers A, w such that A + p 4 0 
and that in this case ¢} has a relative minimum at the point 4(A + w).) 


c) Deduce from 4) that the norm on E is prehilbertian (show first that if ||x|| = ||y||, we have 
lax + By|| = ||Bx +2y|| for every pair of real numbers «, B and that the equality ||x + y|| = ||x—yj] 
implies jax + Byl|| = lax — Byl| for every pair of real numbers «, B. Next, show that if 
(||| = [lyl| = 1 and ||x + yl] = |x — yl], we have the relation ||(«?— B*) x + 20By|| =a? + B? 


by using the preceding results, and deduce the conclusion). 


8) Let E be a real or complex normed space, having the following property : if x, y, x’, y’ 
are four vectors in E such that 


el = We. yl = el We + vl = [x + yd, 
then |x — y|| = ||x’ — y’||. Show that the norm on E is prehilbertian (use exerc. 7). 


9) Let E bea real hilbertian space, f a continuous linear form on E. Show that on every closed 
convex subset A of E, the function x + ||x||? — f(x) is bounded below and attains its minimum 
at a unique point of A. 


10) Let E bea real hilbertian space, B a bilinear form on E x E, c,, c, two numbers > 0 such 
that 


|B(x, y) 


| < ¢,||x|-|[yl] for every x, y in E; 
|B(x, x)| > 


C5 |||? for every xe E. 
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Show that for every continuous linear form f on E, there exists a unique element x, € E (resp. 
y¥,€E) such that f(x) = Bix,, x) (resp. f(x) = B(x, y,)) for every x cE. 


11) Let E bea hilbertian space, and (x,) be a sequence of points of E which converges weakly 
to a point a. For every y € E, we put 


d(y) = lim.inf ||x, — yi) and D(y) = lim.sup ||x, — yl . 


Show that d(y)? = d(a)? + ||y — ajj? and DQ)? = D(@? + |ly — all?. If a and B are two 
real numbers such that 0 < « < B, give examples where d(a) = a and D(@) = B. 


| 12) a) Show that there exists a number cy > 0 such that, for every real normed vector 
space E of dimension n and every integer k < con, there exists a hilbertian norm x +> ||x||, 
on E such that ||x||, < ||x|| for all x e E, as well as an orthonormal system (x,), <;<, ofk ele- 
ments of E (for the hilbertian structure) with norms ||x,|| < 2. (Use exerc. 3 of V, p. 60.) 

b) Let n, m be two integers > 0 such that n < com. Let E be a real normed vector space of 
dimension m. Show that there exists a vector subspace F of E, of dimension n, a positive and 
separating symmetric bilinear form (x, y)'> <¢x|y> on F and an orthonormal basis 
{a,, a,...,4,} of F such that 


2 sup |Cajlx> < [|x|] < [Ix]. 
J 


(where ||x!|3 = <x|x)) for all x e F. (Apply a) to the dual E’ of E,) 


13) a) Let (x,),cn be an infinite sequence in a Banach space E. Show that, in order that the 
family (x,) be summable, it is necessary and sufficient that, for every sequence (¢,,) of numbers 
equal to 1 or to — 1, the series with the general term (e,x,) is convergent (use GT, III, § 5, 
exerc. 4). 

b) Let (xj); <j<, be a finite sequence of points in a hilbertian space E show that 


2" LX el?) = 2X beg? 
() j=l j= 

where (¢,) ranges over the set of 2" sequences of numbers equal to 1 or to — 1 (use the identity 

of the median, cf. V, p. 9, formula (14)). 

c) Deduce from 4) that if (x;),-; is a summable family in a hilbertian space E, the family (|| x; ||*) 

is summable in R. 


ie 


“1 14) Let E be an infinite dimensional Banach space. 
a) Show that for every integer N, there exists a sequence (5,), <;<y) Of N vectors in E, of norm 1, 
such that, for every sequence (&;), <j<n Of N scalars, we have 


N N 
| dX §l1? <4 ¥ 18? 
jal j=l 


(use exerc. 12, b)). 
b) For every sequence (A,,),>, of numbers > 0 such that )) A? < + oo, show that there exists 


a sequence (x,),>, of points of E such that ||x,|| = 4, for all n, and that the series (x,) is sum- 
mable. (Use a) of exerc. 13, a).) 

c) Deduce from 5) that in every infinite dimensional Banach space, there exists a commuta- 
tively convergent series, that is not absolutely convergent (Dvoretzky-Rogers th.). 


15) Let E be a complex hilbertian space, E,, E, two closed vector subspaces of E, P,, P, 
the orthoprojectors from E onto E,, E, respectively. 

a) Show that, in order that P, and P, commute, it is necessary and sufficient that E is the 
hilbertian sum of the four subspaces E, m E,, EY 4 E3, EY 9 E,, E, 7 E5 (where M° denotes 
the orthogonal complement of a vector subspace M of E). 
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b) Show that if E, is finite dimensional and ||P, — P,|| < 1, then E, has the same dimension 
as E, (consider the intersection E} 7 E,). 

©) Show that the endomorphism T = (P, — P,)*? of E commutes with P, and P,, and that 
the eigen subspace of T corresponding to the eigenvalue 0 (resp. 1) is the direct sum of the 
orthogonal subspaces E, 4 E, and E{ 4 E> (resp. E{] 0 E, and E, 4 E}). 

d) Suppose E is finite dimensional and that T = AJ with 4 # 0. Then A > 0 and E is the 
hilbertian sum of subspaces of dimension < 2, each of which is stable under P, and P, (observe 
that P, — P, is hermitian and deduce that E is the hilbertian sum of two subspaces E*, E~ 


such that P,.x — P,.x = J hx in E* and P,.x — P,.x = — J dx in E” ; then show that 
1+ /r 1—/2 
— — 


* e) Suppose that E, and E, are finite dimensional. Show that there exists a family (F,),ca 
of subspaces of E of dimension < 2 such that E, E, and E, are respectively the hilbertian 
sums of the families (F.sea> (Fa O E,)yeq and (F, 1 E2),<4 (use ©) to reduce to the case when E 
is finite dimensional, then apply @)). , 


for xe E*, we have P,.x = x +zand P,.x = x + 2, with ze E>). 


16) Let E be a hilbertian space, and P be a continuous projector on E, i.e. a continuous endo- 
morphism of E such that P? = P. Show that for P to be an orthoprojector, it is necessary 
and sufficient that ||P|| < 1. (To see that the condition is sufficient, consider a vector x ortho- 
gonal to the kernel of I — P.) 

If P has finite rank, show that there exists a closed subspace F of E, with finite codimension, 
containing P(E) and such that the restriction of P to F is an orthoprojector. 


17) a) Let E be a real hilbertian space of dimension 2, P,, P, two orthoprojectors from E 
onto the lines D,, D, respectively, assumed distinct. Show that for every x € E such that 
\|x|| = 1, we have ||(P, — P,).x|| = sin ®, where @ is the angle between D, and D, lying 
between 0 and 1/2, and that for every y 4 0 in E, there exists x # 0 such that (P, — P,).x 
is collinear with y. 

5) Let E be a real hilbertian space, P,, P, two orthoprojectors on E, with respective images 
E,, E,. Show that ||P, — P,|| is the lower bound of the numbers sin 6, where 6 is the angle, 
between 0 and 7/2 of the two lines D,, D, such that D, < E,, D, c E,, D, and D, being 
orthogonal to E, oE,. 

c) Let Q,, Q, be two continuous projectors on E, with images E,, E,, and let P,, P, be the 
orthoprojectors onto E, and E, respectively. Show that ||P, — P,|| < ||Q, — Q,||. (Observe 
that (Q, — Q,) P, = UI — Q,)(P, — P,) and use a) and ).) 


41 18) Let E bea real normed space of dimension > 3. Suppose that there exists a decreasing 
bijective mapping w from the set Mt of closed vector subspaces of E onto itself, such that 
w(a(M)) = M and Mm o(M) = {0} for every Me M. 

a) Show that there exists a linear mapping u from E onto its dual E’ defined upto a scalar 
factor and such that uM) = (@(M))° for all M € M. (Considering the case where M is 1 dimen- 
sional, apply the fundamental th. of projective geometry (A, II, § 9, exerc. 16) by observing 
that the only automorphism of the field R is the identity mapping (GT, IV, § 3, exerc. 3). 

b) If we put <x|y> = <x, u(y)>, show that <x|x> # 0 for all x 4 O and that the relations 
<xly> = 0 and <y|x> = 0 are equivalent. Deduce that <y|x> = <x|y> for every pair of 
points x, y of E (consider a number 4 € R such that <Ax + y|x> = 0). 

co) Show that ¢ x|x) has the same sign on the set of all x 4 0; replacing u by — uw if necessary, 
we can then assume that <x|y> is a positive, separating symmetric bilinear form on E x E. 
d) Let 7, be the initial topology of E. Show that the topology 7 on E, defined by the norm 
<x|x>1/? is finer than the topology 7, (observe that the dual of E for 7 contains the dual E’ 
of E for 7,4). 

e) Show that uw is a continuous mapping from E onto its dual EF’, for the topologies o(E, E’) 
and o(E’, E). Deduce that if E is complete for the initial topology 7, then u is continuous 
for 7, and for the strong topology P(E’, E) (observe that u transforms every set bounded 
for o(E, E’) into a bounded set for o(E’, E)). Deduce that then the topologies F and 7, are 
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identical, and @(M) is the orthogonal complement of M for the hilbertian space structure 
defined on E by the form ¢<x|y)> (cf. I, p. 17, th. 1). 

J) Show that in the space ?'(N), with the norm induced by that of ¢@(N) assigned to it, there 
exists a bijective mapping M+> @(M) from Yt onto itself, having the properties mentioned 
above (IV, p. 47, exerc. 1). 


“| 19) Let E be an infinite dimensional complex normed space. Suppose that there exists a 
bijective mapping @ from the set I of closed vector subspaces of E onto itself, having the 
properties listed in exerc. 18. 

a) Show that there exists a semi-linear mapping u from E onto its dual E’ (for the automor- 
phism & + & of C) defined up to a scalar factor and such that u(M) =(m(M))° for every M € Mt. 
(Proceed as in exerc. 18 ; using IV, p. 65, exerc. 16, show that uw is a semi-linear mapping relative 
to the identity automorphism of C or to the automorphism €+> €; finally prove that the 
first case cannot occur since <x, u(x)> # 0 for x # 0.) 

b) If we put <y|x> = <x, u(y)>, show that <x|y> = <y|x> and that <x|x> has the same 
sign on the set of all x 4 0 (same method as in exerc. 18). 

c) Finally show that the topology defined by the norm < x|x >'/? is finer than the initial topo- 
logy 7, on E, and that these two topologies are identical when E is complete for 7 ; in the 
latter case, w(M) is the orthogonal complement of M in the hilbertian space E. 


20) Let E bea real finite dimensional vector space, and be a bijective linear mapping from E 
onto its dual E*. Let A be a symmetric compact convex set in E, with 0 as an interior point ; 
assume that for every x in the boundary of A, the hyperplane with equation < y— x, (x) >=0 
is a support hyperplane for A. 

a) Let f(x) = |< x, 6(x)>|, and let a be a boundary point of A where f(x) attains its minimum. 
Show that for every point 5 such that <4, o(a)> = 0, we also have <a, o(b)> = 0. (Observe 
that <x, d(x)> 4 0 for x 4 0, and so we can assume that f(x) = <x, b(x)> > 0; use the 
fact that every support hyperplane of A at the point a is also a support hyperplane of the set 
defined by f(x) < f(a).) 

b) Show that (x, y) > <x, b(y)> is a symmetric bilinear form, and that A is identical with the 
set of all points x such that f(x) < y for a suitable constant y. (Argue by induction on the 
dimension of E; with the notations of a), consider the hyperplane with the equation 


<x, o(@)> = 0.) 


21) Let E be a finite dimensional complex vector space, and let @ be a bijective semi-linear 
(relative to the automorphism € +> € of C) mapping from E onto its dual E*. Let ||x|| be a 
norm on E such that, for all xeE, we have |x, o(x)>| = |x|. |||. Show that 
(y, x) <x, b(y)> is, up to a constant factor, a positive separating hermitian form and that 
<x, O(x)> = y||x||? (y constant). (Argue as in exerc. 20.) 


41 22) Let E be a real normed space of dimension > 3, such that, for every homogeneous 
plane P in E, there exists a continuous projector from E onto P, of norm 1. Show that the 
norm on E is prehilbertian. With the help of V, p. 60, exerc. 2, reduce to the case where E 
is of dimension 3, and establish successively the following propositions. 

a) For every homogeneous plane P in E, there exists a unique continuous projector from E 
onto P, with norm 1, and the kernel of this projection is a homogeneous line D(P) such that 
P+> D(P) is a continuous bijection from the space of homogeneous planes of E into the 
space of homogeneous lines of E (GT, VI, § 3, No. 5). 

b) Every point of the sphere D:||x|| = 1 in E is extremal in the ball B of E defined by ||x|| < 1. 
(First show that if x € S is not extremal, its section F, in B (II, p. 87, exerc. 3) will be 2-dimen- 
sional, by considering all the homogeneous planes P passing through x, next prove that this 
hypothesis is contradictory, by proceeding similarly at a point in F,, where there exists only 
one support line of F, in the plane generated by F,,; the existence of such a point can be esta- 
blished by using II, p. 88, exerc. 7 and p. 88, exerc. 8). 

c) Every point of the sphere S’ with equation ||x’|| = 1 in the dual E’ of E is extremal in the 
ball B’ of E’ defined by ||x’|| < 1. (First observe that for every homogeneous line D’ of EF’, 
there exists a unique homogeneous plane P’(D’) in E’ such that for every point in S’ q P’(D’), 
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the support plane of B’ at this point (unique by a)) is parallel to D’; moreover, the mapping 
D’+> PD’) is continuous. Deduce that if x’ e S’ were not an extremal point in B’, its section 
F,. in B’ would be of dimension at least 2; for this consider all the homogeneous lines D’ 
parallel to the support plane of B’ at the point x’. Next show that this hypothesis implies a 
contradiction, by considering a point of strict convexity y’ of F,. (II, p. 88, exerc. 8), and the 
unique homogeneous line Do parallel to the support line of F,, at the point y’ in the plane 
generated by F,,, and prove that the function D’ +> P'(D’) would not be continuous for D’=Dg.) 
d) Show that, if three homogeneous planes P,, P,, P; in E contain the same line A, then 
the three lines D(P,), D(P,), D(P3) are in the same homogeneous plane n(A) (consider the 
unique support plane of B at a point of intersection of A and of S). Applying the fundamental 
theorem of projective geometry (A, II, § 9, exerc. 16) deduce that there exists a bijective linear 
mapping ¢ from E’ onto E such that, for all x’ € E’, the point o(x’) belongs to the line D(P), 
where P is the plane with the equation < y, x’> = 0. Show that for every point x’ € S’, the 
plane with the equation <¢ $(x’), y’ — x’> = 0 is the support plane of B’ at this point, and 
conclude by applying V, p. 65, exerc. 20. 


“1 23) Let E be a complex normed vector space of dimension > 3, such that for every (com- 
plex) homogeneous plane P in E, there exists a continuous projector from E onto P with 
norm 1. Show that the norm on E is prehilbertian. Using V, p. 60, exerc. 2 reduce to the case 
where E is of dimension 3 over C, and proceed as in exerc. 22. (For part 5) of the proof, consider, 
for every x’ € E’ such that ||x’|| = 1, the convex set G,, of all x eS such that <x, x’> = 1, 
show that if G,, is not simply 0, it would have dimension at least 3 over R; then in the real 
affine linear variety generated by G,,, consider a boundary point of G,., where there exists 
only one support hyperplane (real) of G,.. Similarly, for part c) of the proof, consider, for 
all x € S, the set G‘, of all x’ € S’ such that ¢ x, x’) = 1 and show that G‘, reduces to a point ; 
for this, prove that, if not, the real affine linear variety generated by G‘, will have dimension 
at least 2 over R, and will contain two linearly independent vectors over C. Conclude using V, 
p. 65, exerc. 21.) 


“1 24) In a real normed space E of dimension > 3, we say that a vector y is quasi-normal 
to a vector x, if for every scalar A, we have ||x + Ay|| > ||x||. 

a) Show that, if the relation « y is quasi-normal to x » is symmetric in x, y, then the norm 
on E is prehilbertian (show that the condition of V, p. 65, exerc. 22 is satisfied). 

b) Show that the same conclusion holds, if for every closed homogeneous hyperplane H 
in E, there exists a vector 4 0 which is quasi-normal to all the vectors of H. (Same method, 
apply th. 2 of E, III, § 2, No. 4 to the continuous projectors of norm | from the vector subspaces 
containing P onto a homogeneous plane P, these projections being linearly ordered by the 
relation of extension.) 

c) Show that the same conclusion holds if for every vector x # 0 in E, there exists a closed 
hyperplane H such that x is quasi-normal to all the vectors of H. (Reduce to the case where E 
is of dimension 3, and apply V, p. 65, exerc. 22 to the dual of E). 

d) Show that the same conclusion holds if, when z is quasi-normal to x and y, then z is quasi- 
normal to x + y (apply V, p. 65, exerc. 22). 


25) a) Let E be a real normed space and x’ ¥ 0 a vector in the dual E’ of E. Show that for 
every vector y in the hyperplane x’~ ‘(0) to be quasi-normal to x (exerc. 24), it is necessary 
and sufficient that <x, x’> = ||x||.||x’|. 

b) Deduce from a) that for all x 4 0 in E, there exists a closed homogeneous hyperplane H 
of E such that every vector ye H is quasi-normal to x. 

co) If x, y are two points in E and x ¥ 0, then there exists a scalar « such that ax + y is quasi- 
normal to x. 


26) A real normed space E is said to be smooth if all the points of the unit sphere in E are 
points of smoothness (II, p. 87, exerc. 6) of the unit ball. For this to be so, it is necessary and 
sufficient that there exists a unique positively homogeneous mapping f from E — {0} into 
E’ — {0}, such that || f()|| = 1 for ||x|| = 1, and that <x, f(x)> = ||x\|-||_f(d]||. Show that 
the following properties are equivalent : 

a) E is smooth. 
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B) For all x # 0in Eandall ye E, there exists a unique scalar « such that ax + y is quasi- 
normal to x. 

y) For every x € E, if y and z are quasi-normal to x, y + zis quasi-normal to x. 
(To see that y) implies B), observe that if ax + y and Bx + y are quasi-normal to x, then 
(a — B) x is quasi-normal to x.) 


27) A real normed space E is said to be strictly convex if all the points of the unit sphere are 
points of strict convexity (II, p. 87, exerc. 6) of the unit ball. Show that, for E to be strictly 
convex, it is necessary and sufficient that for all x # 0 in E and for all ye E, there exists a 
unique scalar « such that x is quasi-normal to x + y. (Observe that the mapping t+ ||tx + || 
is convex in R.) 


28) Let E be a normed space, E’ its dual. 
a) Show that if E’ is smooth (V, p. 66, exerc. 26), E is strictly convex (if x and y are such that 
x #y, |x| = yl = 14 + Il = 1, consider an x’ ce E’ such that |x’) = 1 and 


Kae + y), x'> = 1). 
b) Show that if E’ is strictly convex, E is smooth. 


47 29) Let E be a normed space, E’ its dual. A mapping f from E — {0} into E’ — {0} is 
said to be a support mapping if it is positively homogeneous, and if for every x € E such that 
|x|| = 1, we have || f(x)|] = 1 and <x, f(x)> = 1. For E to be smooth (V, p. 66, exerc. 26), 
it is necessary and sufficient that there exists a unique support mapping from E — {0} into 
E’ — {0}. 

Let S be the unit sphere in E, S’ the unit sphere in E’, and let x) e S. The following con- 
ditions are equivalent : 

a) X»9 is a point of smoothness of the unit ball in E, 

B) There exists a support mapping f whose restriction to S is continuous at the point x, 
when S is assigned the norm topology, and S’ the weak topology o(E’, E). 

y) For every ye E, the mapping t +> ||x9 + ty|| has a derivative at the point ¢ = 0. 
(To see that «) implies B), argue by reductio ad absurdum, using the weak compactness of the 
unit ball in E’. To see that B) implies y), reduce to the case where E is 2-dimensional and use 
the fact that tt> ||x9 + ty|| is convex.) 

Then every support mapping is continuous at the point x,. 


30) Let E be a Banach space, E’ its strong dual, E” the strong dual of E’, E” the strong dual 
of E”, E'Y the strong dual of E”. 


a) Suppose that E is non-reflexive ; then there exists x’ < E’ such that ||x’|| = 1, but that we 
do not have <x, x’> = 1 for any x € E with ||x|| = 1 (IV, p. 57, exerc. 25). On the other hand, 
there exists a sequence (x;,) of points of E’ such that ||x/|| = 1, tending strongly to x’, and 


a sequence (x,) of points of E such that ||x,|| = 1 and ¢x,, x,> = 1 for all n (II, p.77, exerc. 4). 
Show that in E”, the sequence (x,) does not converge to any point for the topology o(E”, E”) 
(observe that otherwise it would converge to a point x e E for which <x, x’) = 1). 

b) Show that it is not possible that x’ and x;, are points of smoothness of the unit sphere in E” 
(observe that x,, considered as an element of E'Y will be the unique element x!¥ e EY such 
that |[xt¥|| = 1 and <x/, xI¥> = 1 and use exerc. 29). 

c) Conclude that if E” is smooth, or if E'Y is strictly convex, then E is necessarily reflexive. 


31) A normed space E (real or complex) is said to be uniformly convex if, for every & such 
that 0 < € < 2, there exists 6 > O such that the relations ||x|| < 1, |lyll < 1, |x — yl] > 
in E imply ||4(x + y)|| < 1 — 8. A uniformly convex space is strictly convex (V, p. 67, exerc. 27). 
We say that E is uniformly smooth if, for every & > 0, there exists n > 0 such that the rela- 
tions ||x|| > 1, |v] > 1, lx — yl < n imply the inequality ||x+ || > {|x| +|lyll—ellx—yll. 
This is equivalent to : for every ¢ > 0, there exists p > 0 such that the relations ||x|| = 1, 
yl] < p imply the inequality 


lx + yl + lx — yl <2 4+ elly|- 
A uniformly smooth space is smooth (V, p. 66, exerc. 26). 
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a) Show that if E is uniformly convex, its strong dual E’ is uniformly smooth, and that if E 
is uniformly smooth, then E’ is uniformly convex ; the restriction of the unique support mapping 
(V, p. 67, exerc. 29) to the unit sphere S of E is a mapping from S into the unit sphere S’ of E’, 
which is continuous for the norm topologies of E and E’. 

b) Show that if E is uniformly convex, and, if a filter § on E converges to x, for the topology 
o(E, E’) and is such that limg ||x|| = |x|], then § converges to xX, for the initial topology 
of E. 

c) Show that a Banach space which is uniformly convex or uniformly smooth is reflexive 
(use 5) and o) and also IV, p. 60, exerc. 12). (cf. V, p. 72, exerc. 14.) 

d) Generalize the first part of th. 1 of V, p. 10, and also cor. 1 and 2 of V, p. 11 to uniformly 
convex Banach spaces. 


32) Let E be a normed space (real or complex) of dimension > 2, such that, for every & such 
that 0 < « < 2, the relations ||x|| = 1, |ly|| = 1, |x — yl| > ¢ in E imply the inequality 


2\1/2 
|F0 + I < (1 - *) . Show that the norm on E is prehilbertian. (Reduce to the case 


when E is real and 2-dimensional, and argue as in V, p. 61; exerc. 4, a).) 


“7 33) Let E bea uniformly convex Banach space (V, p. 67, exerc. 31). Then there exists a 
number 0 such that 3 aS < 0 < 1 and such that the relation ||x—y|| > $ sup (||x|), |||) in E 
implies |5(x + y)|| < 6 sup ((|x||, |lyll). 

a) Let (x,) be a sequence of points of E such that ||x,|| < M and such that the sequence tends 
to 0 for o(E, E’). Show that, if for an index p, ||x,|| > 3M, then there exists g > p such that 
|x, — Xq|| > 4M, and consequently a(x, < 0M (argue by reductio ad absurdum, 
by “observing that for all x’ E’ such that Ix! | = le we have ¢x,, x'> = lim <x, — x,, x’). 
Deduce that there exists a strictly increasing mapping ? from N into itself such that 
|5(% = 2X2) + Xy2n+1)), the sequence (x{!’) 
tends to 0 for o(E, EF) and that |x| < MO for all n. 

b) Show that there exists a sequence (x,,) extracted from (x,) such that, if we put y(k) = x,,, 
we have the following property : for every integer p > 1, every integer gq < p and every inte- 
ger i such that 1 <i < 2?°4% 


y(@ — 1)24 + 2D + pi — 1) 24 + 2) + + y(i2]| < MO*. 


(Iterate the procedure of a) by constructing a sequence (x**) from the sequence (x) in the 
same way as (x‘) is constructed from (x,) ; then use a suitable « method of diagonalization » .) 
c) Let r and q be two integers > 1. Deduce from 6) that if r24 <k < (r + 1) 2%, then 


Xn, + Xng Fv +X, || << (24 — 1) M + 24M + (7 — 1) 27M 62 


(decompose the sum on the left into several subsets, by varying h from 1 to 2%, then from 
G — 1) 24 + 1 to j24 for 2 <j <r, then from r2% + 1 to k). 

d) Show that for every bounded sequence On di in E, there exists an extracted sequence (x,,) 
such that the sequence of the averages (x, "+ x,,)/k converges for the initial topology 
of E (the Banach-Saks-Kakutani theorem). (Using the fact that E is reflexive, reduce to the 
case when the sequence (x,) converges to 0 for o(E, E’), and use c) for q and r large enough.) 


34) Let E be a Banach space and K be a convex, bounded subset that is closed for o(E, E’). 

Suppose that for every od et O ) in K, there exists an extracted sequence (x,,) such that 

the sequence of averages (Xn, * + x,,)/k is convergent for o(E, E’). Show that for every 

continuous linear form x’ on E, aide exists an element x of K such that COX Koy sup <y, x’> 
yel 


(apply the hypothesis to a sequence (x,) of points of K such that <x, x’> tends to sup < y, x’). 
yeK 


Deduce that if E has the property of exerc. 33, d), then E is a reflexive space (cf: IV, p. 57, 
exerc. 25). 


* 35) Let E denote a real, finite dimensional hilbertian space of dimension n, S the unit sphere 
of E and m the unique positive measure of norm 1 on S which is invariant under the group 
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of automorphisms of E. Consider S as a metric space in which the distance is defined by 
d(x, y) = Arc cos <x|y>. For every x eS and r > 0, let B(x, 7) denote the set of all points » 
in S such that d(x, y) < r; for every subset A of S and every real number r > 0, let A, be the 
set of all points x in S such that d(x, A) < r. 

a) Given two closed subsets A and B of S, let 5(A, B) be the lower bound of the set of all real 
numbers r > 0 such that A c B, and B c A,. Show that 6 is a distance on the set F of all 
closed subsets of S, and that ¥ is a compact metric space for this distance. Show that the 
mapping At>m(A) from ¥ into R is upper semi-continuous. 

b) Let x, be a point in S, let H be the hyperplane in E orthogonal to xy, x, a point in H and 
y the arc of the circle joining x) to — X 9, passing through x,, i.e. the set of all points in S of 
the form x, sin @ + x, cos @ with |@| < 7/2. Forevery yey, let H, = H + yandS,=SoH,; 
let m, denote the unique positive measure of norm 1 on S, which is invariant under the group 
of all automorphisms of E which leave x, fixed. 

Let A be a closed subset of S and y’ the set of all points in y such that A 1 S, is non-empty. 

For every y € y’, there exists a unique real number r(y) such that 0 < r(y) < nm and such that 
mi (AO S,) = m(B(y r(¥)) 0 S,); let s(A) be the union of the sets B(y, r(y)) 7 S, as y ranges 
over y'. Prove that s,(A) is closed and that m(A) = m(s,(A)). 
c) For every closed subset A of S, the infimum 7(A) of the set of all real numbers r > 0 for 
which there exists an x € S with A < B(x, r) is called the radius of A. Let M(A) denote the 
set of all closed subsets C of S such that m(C) = m(A) and m(C,) < m(A,) for every & > 0. 
Show that the following conditions are equivalent for every pair (A, B) of closed subsets 
of S: 

(i) m(A) = m(B) and B is of the form B(x, r) with xe S and r > 0; 

(ii) Be M(A) and r(B) < r(C) for every subset C of A belonging to M(A). (Arguing by 
induction on n, we deduce from 6) that s,(A) belongs to M(A) for every closed subset A of S; 
ifr > Ois such that A < B(x,, r) show that every point of the boundary of B(x,, 7) in S which 
belongs to s,(A) also belongs to A.) , 


* 36) The notations are the same as in exerc. 35. 

a) Let a be a vector of norm 1 in E, K, the set of all x eS such that |(x|a>| < sins and L, 
the set ofall x e S such that d(x, S,) > e (where S, is the set of all points of S orthogonal to a). 
Show that fore > 0 small enough, we have m(K,) > 4e~"”/? and m(L,) < 4e~"™*/? (we observe 
that the image of the measure m under the mapping x +> < x|a)> from S into the interval (— 1, 1) 
of R is of the form c,(1 — t?)~3”?dt with a suitable constant c, > 0). 

b) Let f be a continuous mapping from S into R and M(f) a real number such that the set 
of all x eS for which f(x) < M(f) (resp. f(x) > M(f)) has a measure > 4 for m. Let B be 
the set of all x e S such that f(x) = M(f). Deduce from a) that, for every ¢ > 0 small enough, 
the set of all x eS such that d(x, B) > e, has a measure for m at most equal to 4e7"*"/?, 


c) Foreverye > 0, let h(n, e) be the smallest integer h > 1 for which there exist points x,, ..., x, 
h 
in S such that S = U B(x,, €) show that lim (log A(n, e))/\log e| = n. 
erO 


da) Recall that E is a real hilbertian space of dimension n. Let k be a positive integer and g, ¢’ 
two strictly positive numbers such that 4h(k, ) < e™’’/*. Let f be a mapping from S into R 
such that | f(x) — f(y)| < |lx — y|| for all x, y in S, and M(f) a real number satisfying the 
relation stated in 5). Show that there exists a vector subspace F of E, of dimension k, satisfying 
the following condition : for every x € F 7 S, there exists a point yin FO S such that ||x—y]| < € 
and |f() — M())| < 


* 37) Let E be a real hilbertian space of dimension n and let y be a positive measure on E 


such that | el dy(y) = exp(— 1||x||?/2) for all x € E (INT, IX, § 6, No.5). Let m be the 


E 
unique positive measure of norm 1 on the unit sphere S of E which is invariant under the 


group of automorphisms of E. 
a) Let p be a continuous function on E, satisfying p(t.x) = t.p(x) for all x eS and all real 


positive t. Show that | pay = ¢, | pdm with c, = m/?T(n/2)/T((n + 1)/2). 


E Ss 
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b) Show that there exists a constant C > 0, independent of n, such that 
| sup |< xle,>|dy0) > C.(log 0)? 
1S<i<n 
E 


for every orthonormal basis (e,,..., @,) of E. 

c) Let « > 0 and let k be a positive integer. Deduce from 5) and exercises 12 (V, p. 63) and 
36, d) that if n is large enough, then for even real normed space V of dimension n, there exists 
a vector subspace W of V, of dimension k, satisfying the following property : there exists a 
real hilbertian space Wi; of dimension k, and a bijective linear mapping u from W onto W, 
such that sup (|||, jw * ||) < 1 +. 


§ 2 


1) Let B be an orthonormal basis in an infinite dimensional hilbertian space E. 

a) Show that every everywhere dense subset in E has a cardinality at least equal to that of B, 
and that there exists an everywhere dense set in E which is equipotent to B. 

b) Show that Card(E) = Card(B) (to see that Card(E) < Card(BN) use a)). 

c) Show that if Card(B) < Card(R), then the cardinality of every algebraic basis of E is equal 
to Card(R) = 2° (use IL, p. 80, exerc. 24, c)); however, if Card(B) > Card(R), then every 
algebraic basis of E is equipotent to BN (use b) and A, II, § 7, exerc. 3, d)). 


“| 2) a) Let E,, E, be two hilbertian spaces whose respective hilbertian dimensions are 
two cardinals m and n such that m < n < m&o. Let E = E, @ E, be the hilbertian sum 
of E,, E, and let (b,),., be an orthonormal basis of E,. Show that there exists an algebraically 
independent system (a,),-, in E, (cf: exerc. 1, c)); let H be the subspace of E generated (alge- 
braically) by the family (a, + 65,),.,. Show that the hilbertian dimension of H is equal to H 
(observe that the orthogonal projection from H onto E, is everywhere dense, and use exerc. 1, 
a)). IfS is an orthonormal subset of H, show that S a E, = © ; and deduce that Card(S) < m 
(observe that every element of an orthonormal basis of E, is orthogonal to every element of 
S except at most to a countably infinite subset). 

b) Let E, be a hilbertian space with hilbertian dimension p > n, and let F be the hilbertian 
sum E @ E;. Let G be the subspace H + E; of F. Show that the hilbertian dimension of 
G is p. If T is an orthonormal subset of G, show that T ™ (E, + E;) < E;; deduce that 
the cardinality of the orthogonal projection from T onto E, is at most m (argue as in 4@)). 
Conclude from this that G does not have an orthonormal basis, by observing that the ortho- 
gonal projection from G onto E, is everywhere dense in E,. 


3) Show that, in every Hausdorff and non complete prehilbertian space E, there exists a 
closed hyperplane whose orthogonal subspace in E reduces to 0. Deduce that if E satisfies 
the first axiom of countability, then there exists a non total orthonormal family in E which 
is not contained in any orthonormal basis. 


4) Let E be a Hausdorff prehilbertian space, (E,),., a family of complete vector subspaces 
of E, well-ordered by inclusion, such that the union of all E, is everywhere dense in E. Show 
that there exists an orthonormal basis (e,),., in E with the following property : for-every 
ie I, the set of all e, belonging to E, is an orthonormal basis of E,. (Consider the set of all 
orthonormal subsets S in E such that, for every ie I, every vector of S not belonging to E,, 
is orthogonal to E,, and take a maximal element of this set.) From this, deduce a new proof 
of the corollary of V, p. 24. 


5) Show that for a hilbertian space E with an infinite hilbertian dimension, there exists an 
isomorphism from E onto a closed vector subspace of E which is distinct from E. 
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6) Let E be a hilbertian space and (e;),., an orthonormal basis of E. Show that if (a;),., is a 

topologically independent family in E such that ) |le, — a,||? < + oo, then the family (a;) 
iel 

is total. (Let J be a finite subset of I; show that there is a continuous linear mapping wu from E 

into itself such that u(e,) = e, for ie J, u(e,) = a, for i¢ J, and that the norm of u — 1, can 

be made arbitrarily small by a suitable choice of J; then use IV, p. 65, exerc. 17.) 


7) Given n points x; (1 <i <n) ina Hausdorff prehilbertian space E, we mean by the Gram’s 
determinant of these n ele the determinant 


G(X,, ++) X,) = det(<x,|x,>) - 


a) Show that G(x,,..., x,) 2 0 and that for x,,..., x, to form an independent system, it is 
necessary and sufficient that G(x,, ..., x,) # 0 (assuming that dim(E) > n, consider an ortho- 
normal basis of an n-dimensional subspace containing x,, ..., X,)- 

b) Show that if x,,..., x, is an independent system in E, the distance from a point x € E to 
the vector subspace Vv generated by X,,..., x, iS equal to (G(x, x,,..., x,)/G(x,, ..., x,))1/? 
(find the expression for the orthogonal projection of x on V). 

c) Let (x,,) be an infinite sequence of points in E. For the family (x,) to be topologically inde- 
pendent, it is necessary and sufficient that, for every integer p > 0, 


SUP(G(Xy, 5 Xp gs Xpp ps cor Xp)/G(Xy, «15 X,)) < + 


(use b)). 


8) Let E be a hilbertian space which has a countably infinite orthonormal basis (e,),,5,- 
Let A be the closed convex envelope in E of the set consisting of the points (1 - e, for 


alln > 1. Show that there does not exist any pair of points x, y in A whose distance is equal 
to the diameter of A (compare with IV, p. 54, exerc. 12). 


9) a) Let E be an infinite dimensional real hilbertian space satisfying the first axiom of counta- 
bility. Let (a,), 9 be a free family of points in E, such that each of the two families (a,,,) and 
(a,,,4 1) is total in E (IL, p. 80, exerc. 26, a)). Let F and G be two vector subspaces of E for which 
(a,,,) and (a,,,, ,) are respectively (algebraic) bases. The spaces F and G are put in separating 
duality by the bilinear form < y|z>. Show that if B denotes the unit ball in E, then in the space F, 
endowed with the topology o(F, G), the convex set F 4 B is closed, but does not have any 
closed support hyperplane. 

b) Let (6,),>, be an everywhere dense set in B, and for every x € E, let u(x) be the sequence 
(<b, |x >/k)e> ,- Show that u is an injective, continuous linear mapping from E into the hilbertian 
space ?2(N) and that u(B) is compact. Show that, in the normed subspace L = u(F) of 03 (N). 
the set u(B 7 F) is closed, convex and precompact, but does not have any closed support 
hyperplane (observe that if f is a continuous linear form on L, then f ou is a continuous 
linear form on F for the topology o(F, G)). 


10) Let E be an infinite dimensional real hilbertian space satisfying the first axiom of counta- 
bility, and (e,),,, an orthonormal basis of E. 

a) Let A be the closed convex balanced envelope of the set of all points e,/n in E. Show that 
A is compact and that there does not exist any closed supporting hyperplane of A at the point 0, 
but that there exist lines D passing through 0 such that DN A = {0 

b) Let F be the hilbertian sum E @ R, e, a vector which, with the e, (for n > 1) forms an 
orthonormal basis of F. If B is the closed convex envelope of {e)} U A. show that there exists 
a closed segment L with mid-point 0 in F, such that LA B = {0}, but there does not exist 
any closed hyperplane passing through 0 which separates L and B (even though there exists 
a closed supporting hyperplane of B at 0). 


11) Let E,, E, be two infinite dimensional real hilbertian spaces satisfying the first axiom 
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of countability, and E the hilbertian sum E, ® E, (which we shall identify with the product 
E, x E,). Let (e,),,, be an orthonormal basis of E, ; in E,, let A be a compact convex set 
containing 0, and D a line passing through 0, such that DM A = {0} and suppose there 
exists no closed supporting hyperplane of A at the point 0 (exerc. 10). Let («,), (B,) be two 
sequences of numbers > 0 such that lim B, = Oand )’a,;! < 1. Let P be the set of all points 


n> n 


> &,e, Of E, such thatO < &, < a, foreveryn > 1. Finally, let Q be the closed convex envelope 


in E of the set of all points (a,e,, x + B,a), where n > 1, a 4 0 is a fixed point in D and x 
ranges over A. 

a) Show that P> Q = © and that there exists no closed hyperplane in E separating P 
and Q. 

b) Let F be the hilbertian sum E @ R, and let c be an arbitrary point of F not contained 
in E. Show that the pointed convex cones P,, Q, with vertex c, generated by P and Q respec- 
tively, are closed in F and that there exists no closed hyperplane in F separating P, and Q, 
(to see that P, and Q, are closed, prove that neither P nor Q contain the half-line). 


12) Let E be an infinite dimensional real hilbertian space. Show that there exist infinitely 
many complex hilbertian space structures on E for which E is the real locally convex space 
underlying these complex hilbertian spaces (II, p. 61). (To prove the existence of the auto- 
morphisms wu of the topological vector space structure of E, such that u?(x) = — x, use an 
orthonormal basis of E; then apply V, p. 60, exerc. 1.) Give an example to show that the pro- 
position does not extend to Hausdorff non complete prehilbertian spaces (consider an every- 
where dense hyperplane in such a space). 


13) Let E be an infinite dimensional hilbertian space satisfying the first axiom of counta- 
bility and (e,),-z an orthonormal basis of E whose set of indices is the set of rational integers. 
Let u denote the isometry from E onto itself such that u(e,) = e,,, for all ne Z, and put 


F(x) = AL = [lx ll) eo + u(x). 


a) Let B be the unit ball and S the unit sphere in E. Show that the restriction of f to B isa 
homeomorphism from B onto itself (observe that the restriction of u to S is a homeomorphism 
from S onto itself), and that there does not exist any point x, € Bsuch that f(x 9) = x, (express 
Xo in terms of its coordinates with respect to (e,)). 

b) For every x € B, let g(x) be the point of intersection of S with the half-line with origin f(x) 
passing through x. Show that g is a continuous mapping from B onto S, such that g(x) = x 
for all x eS (compare with GT, VI. § 2, exerc. 8). Deduce that there exists x» € S and a 
continuous mapping h from § x (0, 1) onto S such that A(x, 0) = x and A(x, 1) = x for 
allxeS. 


14) a) Let (E,),5 9 be an infinite sequence of real Banach spaces, E the vector subspace of 


the product F = [] E, consisting of all sequences x = (x,) such that > ||x,|/?7 < + 0c. 
n=0 n 

Show that the function ||x|| = (© ||x,||?)‘/? on E, is a norm, and that E is complete for this 
norm : we say that E is the hilbertian sum of the Banach spaces E,,. 

b) Show that the strong dual E’ of E can be identified with the hilbertian sum of the strong 
duals E}, of the spaces E,, and that if x’ = (x/) e E’, then <x, x) = } ¢x,, x, (if wis a conti- 
nuous linear form on E, u, its restriction to E, considered as a subspace of E, and a, a point 
of E, such that ||a,|| = 1, show that, for every sequence (A,) of real numbers such that 
yi AZ < + co the series with the general term 4,u,(a,) is convergent, and deduce that 


n 


> (u,(a,))? < + 00, using Banach-Steinhaus theorem for ¢?(N), for example). 


c) Deduce from 5) that when each of the E, is reflexive, then E is reflexive. In particular, if 
for E, we take the space R” endowed with the norm ||x|| = sup |&,| for x = (6), <;<,, Show 
1<i<n 
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that E is reflexive, but there does not exist any norm compatible with the topology of E and 
for which E is uniformly convex (V, p. 67, exerc. 31). 


“| 15) a) For every integer n > 0, let a be the double sequence defined in IV, p. 63, exerc. 8. 
Let E be the vector space of double sequences x = (x;,,) of real numbers such that, for every 
integern > 0, we have p,(x) = ( af [x,,|7)"/? < + 0. “Show that the P, are semi-norms on E, 


and that E endowed with the jepolasy defined by these semi-norms is a Fréchet space and a 
Montel space (argue as in IV, p. 60, exerc. 11). 
6) Show that the dual of E can be identified with the space E’ of all double sequences x’ = (x;,) 
such that, for at least one index n, we have )' (af?)~? |x}? < + 0. 

i,j 


c) For every x = (x,;) € E, show that 3 (> |x;|7) < + 00 (use Cauchy-Schwarz inequa- 
j=l i= 


lity) ; for every j > 1, put y,; = s x,;; the sequence u(x) = (y,) then belongs to the hilbertian 
=1 


space (?7(N). Show that uw is a tee surjective morphism from E onto ¢?(N); deduce that 
there exists weakly compact sets in ??(N) which are not the images under u of a bounded set 
in E (argue as in IV, p. 63, exerc. 8). 


9 16) a) Let A be the set of increasing mappings 4:N — R%* ; for every integer n > 0, and 

every XE A, let >,(A) = A(n). Let E be the set of all mappings x: A — C such that, for every 

neéN, we have p,(x) = (>) |x(A)I?o, (A) < + oo. Show that E is a vector space on which 
eA 


the p, are the semi-norms defining a reflexive Fréchet space structure. 
b) Let B be a bounded set in E, and let «, = sup p,(x); let A, be an element of A such that 


xeB 

lim 4,(n)~ 1a? = 0. Show that x(A,)) = 0 for all x e B, and hence that the set B is not total 
in E. 

c) Let (U,) be a countable fundamental system of convex and balanced neighbourhoods 
of 0 in E; if U; is metrizable for the strong topology on E’, then there exists a sequence (B,,,,)m>o 
of bounded sets in E such that the sets B?,, © U? form a fundamental system of neighbourhoods 
of 0 in U; for the strong topology. Deduce from 5b) that there exists an integer n such that 
U; is not metrizable for the strong topology (use exerc. 5 of III, p. 38). 


§ 3 


1) Let E bea hilbertian space. Show that the bilinear mapping (u, v) + uv from $"(E) x $"(E) 


2 1\ 1/2 
into $”'"(E) is continuous and that its norm is equal to (Sant) . (To see that this norm 


(m + n)!\1/? : : 
is bounded by —alnl) > argue as in the case of the exterior algebra (V, p. 35). Deduce 


that the multiplication in S(E) cannot be extended to S(E) by continuity when E is not simply 0. 


2) Let E be an infinite dimensional hilbertian space, and let p, q be two integers > 1; let 


p= [5 gq = [3 (integral parts). Show that the norm of the bilinear mapping (u, v) Hu A v 


“ " x 1\ 1/2 
from A®(E) x A4%(E) into A’*4(E) is at least equal to Gazi . (When p = 2p’ and 


q = 2q' are even, consider a 2n-dimensional subspace E, in E, with an orthonormal basis 
(€))1 <j<an3 let e) = @2;-; A €; for 1 <j < n; consider the product uw a v, where u = eH 
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v = > ex where H (resp. K) range over the set ofall subsets of p’ (resp. q’) elements of { 1, 2, ..., n} 
K 

and @ = @;, A... Ae, (resp. & =e, A... Ae) if iy < s+ <i, (resp. jp < + < jg) 

is the increasing sequence of elements of H (resp. K): Deduce that the multiplication in A(E) 

cannot be extended to A(E) by continuity.) 


§4 


1) Let E and F be two infinite dimensional Hilbert spaces satisfying the first axiom of counta- 
bility, (a,) an orthonormal basis of E, and (5,) an orthonormal basis of F. 
a) Let u be a continuous linear mapping from E into F; let u(a,) = Y Gnn0,_,- Show that 


‘mn m* 
Y betmnl? < [ul]? and Y loyal? < |lull? for every m and n. 
n m 


b) Give an example ofa double sequence («,,,,) such that ¥° |o,,,17 < 1forallnand > loan? < 1 
for all m, but such that there does not exist any continuous linear mapping u from E into F 
such that ¢u(a,)|b,, > = %, for every pair of integers (m, n). (Show that if I < N isa set of p 
integers, and if V, (resp. W,) is the subspace of E (resp. F) generated by the a, (resp. b,) such 


that ne I, then there exists a linear mapping wu, from V, onto W, such that ¢u,(a,)|5,,> = Fz 
Pp 


for meI and nel, and that |w,|| > /P,) 


4 2) Let A = (Gn )onmenxn be a double sequence of complex numbers, which we also call 
an infinite matrix. For every point x = (x,) of the direct sum space C™, the sums y,, = )° nq 


are defined ; let A.x be the point (y,,) of the product space CN, then x > A.x is a linear mapping 
from C™ into CN, and every linear mapping from C™) into CN is of this form. Let E, denote 
the subspace of CY) generated by the first n vectors of the canonical basis, P,*the canonical 
projection from CN onto E, ; when E,, is assigned the norm induced by that of the space £2(N), 
||u|| denotes the norm of the linear mapping wu from the finite dimensional hilbertian space E,, 
into itself. 

a) In order that the image of C™ under the mapping x +> A.x be contained in 2(N) and that 
this mapping extend to a continuous linear mapping from (2(N) into itself, it is necessary 
and sufficient that the norms || P,,A P,, || are bounded. This implies that the rows and the columns 
of A belong to £2(N) (exerc. 1). 

b) Let A* denote the infinite matrix (oj,,,), where o,,, = O,,- If the columns of A belong to 


e@(N) (in other words, if x + A.x maps C™ into @(N)), then the series B,,, = )) &pmO%pn are 


P 
absolutely convergent, and we put A*A = (6,,,,). Show that for x +> A.x to extend to a con- 
tinuous linear mapping u from f2(N) into itself, it is necessary and sufficient that the norms 
||P,(A*A) P,|| are bounded (we have ¢P,(A*A) P,.x|x> = ||AP,.x||? for all x ¢ E,). Then 
xt» A*A.x extends to a positive hermitian mapping u*u from f¢(N) into itself. 
c) For two infinite matrices X = (€,,,), Y = (Ming), We say that the product XY is defined 
if the series C,,,, = >> EnpNpn are absolutely convergent, and then we put XY = (C,,,). We say 


Pp 

that a power X* (k integer > 1) is defined if X*~! and X*~1X are defined and then we put 
X* = X*~'X; in this case, X?X4 = X* for every pair of integers p, q such that p + q = k. 
If A is an infinite matrix whose columns are in £2(N) and if the product (A*A)? is defined, 
show that for all x e E,, we have <(P,A*AP,)*.x|x> < <P,(A*A)? P,.x|x>, and deduce that 
|P,A*AP, |? < |P,(4*A)? P|. 

d) In order that an infinite matrix A be such that the image of C™) under x +> A.x is con- 
tained in 22(N) and that x +» A.x extends to a continuous linear mapping from £2(N) into 
itself, it is necessary and sufficient that the following three conditions are satisfied : 

(i) the rows and columns of A are in £2(N); 
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(ii) the powers (A*A)* are defined for every integer k > 1; 
(iii) we have 


sup(sup|((A*A)?,,) 1") < + 00 


where (A*A)",, denotes the term with indices (m, m) of the matrix (A*A)". (Observe that if 
C is the matrix, with respect to the canonical basis of E,, of a positive hermitian endomorphism 
of E,, then ||C|| <n sup |C;,,|, by considering the trace of C and by diagonalizing C. Using 


1<i<n 


the inequality proved in c), show that 
|P,A*AP, || < n?-* sup |((A*A);|?~* 
1<i<n 


for every integer k > 1, if conditions (i), (ii) and (iii) are satisfied.) 


MW 3) Let (4;)j,yerx1 be a countably infinite double family of complex numbers. Assume that 
there exist two numbers B > 0, y > 0, and a family (p,),., of numbers > 0 satisfying the 
relations 


(*) » Pil) < Bp; » la;|P; < YP; 
L J 


for all 4 j in I. 

a) Show that there exists a continuous endomorphism wu from ¢2(I), with norm < (By)1/?, 

such that for all x = (x;),., in@@(D), we have u(x) = y, where y = (y,) is given by y, = ¥ Gi; jXj 
j 

(for x = (x;) and y = (y,) in C®, put v,; = |x (pjla;l/P)"'?, wij = Ly;| (Pla,l/p,)"?, and find 

a bound for ¥ v 


LJ 
b) For I, take the set of all integers > 1, and let a4,, = (i + j)~'. Show that the conditions (*) 
are satisfied with p, = i '/* andB = y = x (these being the best possible constants) (compare 
the series in (*) with an integral). In an analogous manner, treat the case where I = N and 
a;, = (i + j + 1)! (« Hilbert’s matrix »). 


iis). 


* c) Let # = H?(D) be the Hardy space, consisting of all functions f(z) = > a,z", ana- 
n=0 
lytic in the open disc D:|z| < 1 and such that || fj? = ¥ |a,|? < + co; then || f|| is a norm 


on #, for which # is isomorphic to (2(N). Given two functions f, g in #%, show that the 
function t ++ f(t) g(t) of the real variable ¢ is integrable on (0, 1} with respect to the Lebesgue 


1 
measure and that the formula B(f, g) = | F(t) g(t) dt defines a continuous bilinear form 
0 


, N 
on # x # (consider B(f, f) = f(t)? dt for a function f e # of the form f(z) = a,Z" 
0 n=0 


with a, > 0 for 0 < n < N; use Cauchy’s theorem to establish the relation 


| f(t?dt = —i | ; f(e)? e®d0 


from which we get B(f, f) < a) [f (e)|?d0 = n || f\|?. In this way, get the result of 5), 


according to which the Hilbert’s matrix defines an endomorphism of norm < nx of the hil- 
bertian space £2(N).) , 


4) Let E be a complex hilbertian space of finite dimension d. 
a) For every u > 0 in #(E) (V, p. 45), prove that there exists a unique v > 0 in Y(E) such 
that u = v* (diagonalize u); we write v = u'/?. 
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b) For every ue L(E), put abs(u) = (u*u)'/?. Show that u and abs(u) have the same norm 
and that we have abs(A"(u)) = A"(abs(u)) for every integer n < d. 

c) Let s,(u) > s,(u) > ... > s,(u) > 0 be the sequence of eigenvalues of abs(u) counted 
with their order of multiplicity. Show that ||u|| = s,(u) and that for every integer n < d, 
JA") || = 5, s,@) ... 5,(. In order that ||A"(u)|| = ||u\|" for all n such that 1 <n < d, 
it is necessary and sufficient that u*u is a homothety, in other words, that u is a scalar multiple 
of a unitary operator. 


5) Let E, F be two Hilbert spaces, and u a continuous linear mapping from E into F. Let 
e(u) denote the set of all x e E such that \Ju(x)|] = ul]. |x. 

a) Show that ¢(u) is the closed vector subspace of E which is the kernel of u*u — |lull?1,, 
and is orthogonal to the kernel of u. 

b) Show that the restriction of u to (u) is a bijection from ((u) onto f(u*), whose inverse bijec- 
tion is the restriction of ||u|| ~?.u* to 0(u*) ; moreover the image of the orthogonal complement 
(e(u))° under u is contained in (f(u*))°. If u, is the restriction of w to (e(u))°, considered as a 
mapping from (¢(u))° into (@(u*))°, the adjoint uf is the restriction of u* to (e(u*))° ; if ((u) ¥ E, 
let <u>, called the sub-norm of u, denote the norm ||, || ; if (@) = E, we put <u> = 0. Then 
cu*> = (uy. 


4 6) Let E bea hilbertian space, M, N two closed subspaces of E and M°, N° their respective 
orthogonal Oe ; let py, Py denote the orthogonal projections on M and N respective- 
ly, such that 1p — Py, lg — Py are the orthogonal projections on M° and N° respectively. 
Put uyy = (Ue — Pn) Pu and 6(M, N) = |luxyll; we have 6(M, N) = 5(N°, M°) < 1; the 
relation 6(M, N) < 1 implies M 7 N° = {0}. 

a) Let M denote the orthogonal complement in M of M 7 N°, and let e(M, N) = 6(M, N). Show 
that (with the notations of exerc. 5) ((Uyy) = M N° and deduce that e(M, N) = <u> < 
5(M, N); moreover, if MM N°= { 0} (and in particular if 85(M, N) <1), then e(M, N) =8(M, N). 
b) For a continuous linear mapping u from E into itself, we designate by conorm of u the 
number c(w) = inf |\u(x)||/\|x/], where x ranges over the set of all vectors 4 0 orthogonal 
to u~ 1(0) (if w = 0, put c(w), = 1). For u(E) to be closed in E, it is necessary and sufficient that 
c(u) > 0 U, p. 17, th. 1). We have c(u*) = c(u). 

c) Let vx = PxPm- Show that 


e(M, N)? + (oyu)? = 


(observe that |[uyy9 |]? + lex_OdIl? = |Pu- x||?, and that the kernel of vyy is M° + (MO N°) 
and deduce that <uyy>? < 1 — c(vxy)*)- 

d) Deduce from 4) and c) that e(N, M) = «(M, N) and, using a), that e(M°, N°) = e(M, N). 
e) Put g(M, N) = |lpy — Pwil (cf V, p. 64, exerc. 17). Show that 


g(M, N) = sup(8(M, N), 5(N, M)) 


(observe that py — Py = (lp — Pn) Pm — PnUle — Pm)); deduce that s(M,N) < g(M, N). 
If MON°=NOM°= {0}, we have the relation «(M, N) = 6(M, N) = d(N, M) = g(M, N). 
If g(M, N) < 1, then MA N° = NO M® = {0}. 

tf) Let Qy, Qx be two continuous projections in E, with respective images M and N;; give 
another proof of the relation g(M, N) < Qn — Ox||_(V, p. 64, exerc. 17). (Note that for all 
xéE, we have ||(1p ~ Qy)-x||? + ]O%-xl|? = x2 + (Que — Q#).x||?, and apply this 
relation to xX = (py — Py). y, Observing the relations (lz — Qu) (Pm — Px) = (Qu — On) Pw 
and (Py — Px) Qu = (lp — Pu) (Qu — Qn)-) 


“| 7) a) With the notations of exerc. 6, show that, for M + N° to be closed, it is necessary 
and sufficient that M + N° = (M° ON)’. 
b) Show that the following properties are equivalent : 

a) 6(M, N) < 1; 

B) M + N° is closed in E; 

y) If M is the orthogonal complement of M © N° in M and (N°)~ that of M 4 N° in N°, 
then E is the direct sum of M° 0 N, M 9 N°, Mand(N°)~. Moreover, if R and S are respective- 
ly the projections from E onto M and (N°)~ corresponding to this decomposition, then 
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|R| = |S) = (1 — e2(M, N))!/?. (To see that «) implies B) observe first that if xe M and 
ye(N°)~, then |<xly>| < e(M,N) ||x||.||yl|; then, let u=x+y+t be the decom- 
position of an element ue M + N° with xe M, ye(N°)~ and te MOONY’, deduce that 
|x|] < (1 — €?(M, N))"*? lui, Iv] < (1 — €7(M, N))""/? ||| and |j¢|| < |||. To prove that 
y) implies «), consider the decomposition v = v, + v, fora ve M, where v, is the orthogonal 
projection of v onto N, the orthogonal complement of N ~ M° in N; we have R.v, = v, andif 
we had e(M, N) =1, there would exist a sequence (v,)¢M such that |v, || =1 and such that ||(v,), || 
tends to 0. Next show that the restriction R, of R to N is a bijection from N onto M;; to cal- 
culate |Ri, show that ||R,> 1) < (1 — 67(M,N))!2,) 

c) Deduce from b) that if M + N° is closed, then so is M° + N. 


8) a) Let E bea hilbertian space, and let T be a continuous linear mapping from E into itself 
such that ||T|| < 1. Show that the relations T.x = x, (T.x|x> = |x|, T*.x = x are equi- 
valent, and that the kernel of 1, — T and the closure of the image of 1, — T are the ortho- 
gonal complements. 

b) Let T be a continuous linear mapping from E into itself, satisfying the inequality 


(1) |x — T.x|]? < |x|]? — ||T.xl|? 


for all x € E. Then ||T.x|| < ||x|| for all x such that T.x # x; for every x € E, the sequence 
(T".x) converges to a point P.x, and P is the orthogonal projector onto the kernel of 1, — T. 
c) Let P,,..., P, be orthoprojectors on E. Show that the product T = P,P, ... P, satisfies 
relation (1) (argue by induction on r); hence the orthoprojector P is the orthogonal projector 
onto the intersection of the images of the projectors P; (note that if || P;.x|| < |||] foran index j, 
then || T.x|| < ||x|)). 


41 9) Let E bea hilbertian space and (P,),.. be a sequence of orthoprojectors an E, such that, 
for all je N, there exists an n, e N such that for all k e N, at least one of the orthoprojectors 
Pay Paris es Peon, IS equal to P;. Put R, = P.P,_,... Po for all seN. 

a) For every xe E, let x, = R,.x. Show that y |x,-4 — x,||? < ||x|]?, and deduce that for 


every integer r > 1, x,,, — x, tends to 0 as s tends to + oo. 

b) Let (x,,) be a sequence extracted from (x,) which tends to a limit y weakly; then every 
sequence (x, ,,) also tends to y weakly. Deduce that y belongs to each of the subspaces 
M, = P(E). (For each j, there exists r, such that 0 <r, <n, and s, + r, = j; show that 
the sequence (x, ,,,) tends to y weakly.) 

c) Show that the sequence (x,) converges weakly to the orthogonal projection from x onto 
the intersection M of the M,. (Reduce to the case where M = { 0 }, and use }) and the weak 
compactness of every closed ball in E.) 


“| 10) Let E be a hilbertian space, u a positive endomorphism of E. 
a) Show that for all x e E, we have 


|u(x)||? < |jul|<u(x)|x> 


(observe that <u(x)|u(x)>? < <u(x)|x> <u?(x)|u(x)>, by V, p. 3, prop. 2). 

b) Let M bea closed vector subspace of E, M° its orthogonal complement. Let x € M, and let 
F(x) be the lower bound of <u(x + y)|x + y> as y ranges over M°. For every e > 0, let 
E(x, &) be the set of all ye M® such that <u(x + y)|x + y> < f(x) + ©. Show that E(x, ¢) 
is convex and that for all ze M°, we have 


(*) Ku(x + ylz>* <eCu(z)\z> for ye E(x, ¢) 


(consider the function g:th> <u(x + y + tz)/x + y + tz) ofthe real variable t, which attains 
its minimum at a point ¢) and note that g(t)) > f(x) and g(0) < f(x) + 8). 

c) For every integer n > 1, let y, € E(x, 1/n); show that the sequence (u(x + y,)) tends to 
a limit x, belonging to M, and that the sequence (< u(y,)|y,,>) is bounded (find a bound for 
the numbers <u(y, — Van — Ym> for m >n and |<u(x + y,)|z>| for ze M° using ine- 
quality (*)). 

d) Let (y,,) be a sequence of points of M° such that <u(y’, — yi,)|\v, — ¥,,> is arbitrarily small 
when m and n are large enough, and such that the sequence (w(x + y’)) has a limit xe M; 
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show that x, = x,. (Let Q(z) = (u(z)|z); first show that the number Q((y, —¥,) —(¥,—-%)) 
is arbitrarily small as soon as p and q are large enough, and deduce that the sequence 
(Q(y, — ¥;)) is bounded ; using the fact that (x, — x,|y, — y,> = 0 for all p, show that the 
sequence (Q(y, — ¥,)) tends to 0 and use a).) 

e) Deduce from d) that the point x, does not depend on the choice of the y, € E(x, 1/n), 
and that if we put u,(x) = x,, then uw, is a linear mapping from M into itself. Show that 
0 < <u,(x)|x> < <u(x)|x> for all xe M and consequently that wu, is continuous and is an 
endomorphism of M which is > 0. (Observe that <¢ u(x + y,)|y, > tends to 0 and (u(x + y,)|x+y,> 
tends to f(x).) 

Sf) Let py be the orthoprojector with image M, and let up = u, opy. We have 0 < uy < u, 
and M is stable under wy, and the restriction of uy to M°® is null. Show that uy is the /argest 
element in the family of all endomorphisms v > 0 such that v < u, that M is stable under 
v and is such that the restriction of v to M° is null. 


11) Let E and F be two hilbertian spaces. Show that for every element u in E @, F, there 
exists an orthonormal sequence (e,) in E, an orthonormal sequence (f,) in F and a sequence 
(X,) of numbers > 0 such that Lh < + o and that u = =k e, ® f,; then |u| = 5 A? 


(cf. V, p. 55, th. 2 and p. 53, th. 1). 


#7 12) Let E bea real hilbertian space and V be a closed convex cone in E, with vertex 0, 
let V° be the polar cone of V (in E, identified canonically with its dual). 

a) Show that every point x e E can be written uniquely in the form x = x, — x_ where 
x,¢€V and x_eV*°, and <x,|x_> = 0. 

b) For every facet F of V (IL, p. 87, exerc. 3), F is either the point 0 or is a convex cone with 
vertex 0; the set of all ye V° which are orthogonal to F is a closed facet F’ of V° (but this is 
not the « dual facet » of F in the sense of II, p. 87, exerc. 6, the latter being empty). 

c) Take for E the set of all Hilbert-Schmidt endomorphisms of a real hilbertian space, and 
for V the set of positive elements in E. Show that we have V° = V and in this case interpret 
the result of a) (to see that V c V°, use cor. 1 of V, p. 56). 

d) Under the hypothesis of c), let ve V; the set L of all x e H such that <v(x)|x> = 0, or, 
which is the same, such that v(x) = 0 (V, p. 77, exerc. 10) is a closed vector subspace of H, 
and the facet F of v in V is the closed set of all ue V such that u(x) = 0 for all xe L; it can 
be identified with the cone of all positive Hilbert-Schmidt endomorphisms of the hilbertian 
space L°. Deduce that the projection from E onto the convex set F (V, p. 11) is identical with 
the orthogonal projector from E onto the closed vector subspace of E generated by F. 


4. 13) Let E be a hilbertian space, G a subgroup of the group of all automorphisms of the 
hilbertian space structure of E. Let E® be the closed vector subspace of E consisting of all 
vectors invariant under G, and p the orthoprojector from E onto E®%. 

a) Show that the orthogonal complement of ES in E is the closed vector subspace generated 
by the vectors s.x — x, where s ranges over G and xe E. 

6) Let H be a non-empty closed convex subset of E which is stable under G. Show that the 
projection of 0 onto H belongs to E®%. 

c) Suppose that H is the closed convex envelope of the orbit of a point x of E, and let a be 
the projection of 0 onto H. Show that a = p(x) and that H ™ E® reduces to the point a (« Bir- 
khoff-Alaoglu th. »). (Observe that x — a is contained in the orthogonal uecatiaas of E®.) 


d) Suppose G is generated by an automorphism u of E. Show that p(x) = J oat 72, ui(x) 


for all xe E (if y, = = > w(x), note that the sequence (y,) has a weak limit point a, 
j=0 


and that u(a) = a, then use c)). 
e) Suppose G is the image of a homomorphism t+ u, from R onto the group of automor- 
phisms of E, such that for all x e E, t+ u,.x is a continuous mapping from R into E. Show 


T 
that p(x) = lim ri u,.x dt for all xe E. 
0 


Tom 
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jf) Suppose that there exists an element x 4 0 of E and a number « such that 0 <a < 1 
and |js.x — x|| < «||x|] for all se G. Show that ES ¥ {0} (use c)). 


14) Let E be a complex hilbertian space, and T a Hilbert-Schmidt endomorphism of E. 

a) Let R and L be positive Hilbert-Schmidt endomorphisms such that R? = T*T and 
L? = TT* (V, p. 57, cor. 3); let R = abs(T), and call this the « absolute value » of T (cf. V, 
p. 75, exerc. 4); we have L = abs(T*). Show that Ker(T) = Ker(R) and L(E) = T(E). 
There exists one, and only one isometry V from R(E) onto T(E) such that T = VR; if we 
extend V by continuity to R(E), then to an operator Uc #(E) by taking U.x = 0 on the 
orthogonal complement of R(E), we also have T = UR (polar decomposition of T). Then 
R = U*T = U*UR = RU*U and L = URU*, T = LU*. If T belongs to #1(E), then 
so does R = abs(T), and T is the product of two Hilbert-Schmidt endomorphisms. 


b) If T belongs to #'(E), show that Tr(abs(T)) = sup(>) | a,|T.5;>|) where, on the right 


hand side, (a;) and (6,) range over the set of orthonormal bases of E (use the polar decompo- 
sition of T). Show that if we put || T||, = Tr(abs(7)), then || 7'||, is a norm on the space ¥ '(E), 
such that |7 ||, < ||T',- 

c) Conversely, if T ¢ #(E) is such that, for every pair ((a;,), (b;)) of orthonormal bases of E, 
the sum )' |¢a,|T.b, >| is finite, then T e Y'(E) (first observe that T is a Hilbert-Schmidt 


endomorphism, then use the polar decomposition of T). 

d) Let (T,) be a sequence of Hilbert-Schmidt endomorphisms (resp. of elements of # '(E)) 
such that for every pair of points x, y of E, the sequence (< x|T,.y >) converges to ¢x|T.y), 
where T is a linear mapping from E into itself; in addition, assume that the sequence of norms 
IT \, (resp. IT, l,) is bounded. Show that T is a Hilbert-Schmidt endomorphism (resp. an 
element of #! (E)) (use 5) and c)). 

e) Deduce from d) that the space ¥1(E) is a Banach space for the norm ||T'|,. 

f) For an endomorphism T e #(E) to belong to # '(E) it is necessary and sufficient that, 
for at least one orthonormal basis (e,) of E, the sum >, ||T.e,|| is finite (with the notations 


of a), note that |<e,|R.e,>| < || T-e;|l). 

g) In the space f@, let (e,) be the canonical orthonormal basis, and let a = ¥ —— e,3 
n=0 

if F is the 1-dimensional subspace C.a, the orthoprojector p,; has finite trace, but the series 

2 \|Pp-e,|| is not convergent. 


15) Let E be a complex hilbertian space; let @ = (FE) denote the algebra of continuous 
endomorphisms of E, endowed with the usual norm ||T|| = oun ||T.x||. For every pair of 
x|) <1 

points x, y in E, let o, , denote the continuous linear form T +> ¢x|T.y> on &, and let &, be 
the closed subspace of the strong dual &’ of the Banach space &, generated by the o, 
a) Show that the linear mapping which associates to every T € & the linear form @ t+ Ma ©, T> 
on &,, is an isometry from & onto the strong dual of &, ; in other words, &, is a predual (IV, 
p. 56, exerc. 23) of &. 

The topology o(%, &,) on Z is called the u/traweak topology. 
b) For every element T of #'(E), we define a linear form 6, on # by the formula 
o7(S) = Tr(ST) for every operator S e Z. Show that o, is continuous and that the mapping 
T +> o, is an isometry from the Banach space ¥ '(E) (exerc. 14, e)) onto the Banach space &, 
(first consider the case when T has finite rank). 
c) Let Z,, be the vector subspace of #, generated by the , , (in such a way that 4, = = B.). 
Show that &,, is barrelled (note that a subset of # which is bounded for o(Z, &,.) is bounded 
for the norm topology). 
d) Let F,, be the subspace of &,, which is the image of the set of all endomorphisms of E 
ofrank < nunder the isometry defined in }). Show that F,, is nowhere dense in Z,, and deduce 
that Z,, is not a Baire space. 


Historical notes 


(chapters I to V) 


(N.B. — The roman letters refer to the bibliography at the end of this note.) 

The general theory of topological vector spaces was founded in the period around 
the years 1920 to 1930. But the ground work had been under preparation since long 
by the study of numerous problems of functional Analysis; we cannot retrace the 
history of the subject without indicating, at least briefly, how the study of these pro- 
blems slowly (particularly since the beginning of the 20th century) led the mathe- 
maticians to an awareness of the relationship between the questions being considered 
and the possibility of formulating them in a much more general manner, and applying 
to them uniform methods of solutions. 

It can be said that the analogies between Algebra and Analysis, and the idea of 
considering functional equations (i.e. where the unknown is a function) as « limiting 
cases » of algebraic equations have their origins in the infinitesimal Calculus, which 
in some sense was invented to generalize « from the finite to the infinite ». But the 
direct algebraic ancestor of the infinitesimal Calculus is the Calculus of finite diffe- 
rences (cf. FVR, Historical note of chapters I, II, II, p. 54-58) and not the solution 
of general linear systems; it was only after the middle of the 18th century that the 
first analogies between the latter and the problems of differential Calculus made their 
appearance in the study of the equations of vibrating strings. We shall not enter 
into the details of the history of this problem here; but the constant reappearance 
of two fundamental ideas stands out, both of which are apparently due to D. Ber- 
noulli. The first consists in considering the oscillation of the string as a « limiting 
case » of the oscillation of a system of m point masses as n increases indefinitely ; 
we know that, later, this problem, for n finite, was the first example in the search 
for the eigenvalues of a linear transformation (cf A, Historical Notes of chapters VI- 
VII) ; these numbers correspond in the limiting case, to the frequencies of the « eigen 
oscillations » of the string, which where observed experimentally long before, and 
whose theoretical existence had been established (notably by Taylor) at the beginning 
of the century. This formal analogy, although hardly ever mentioned later ((I, 5), 
p. 390) never seems to have been lost of sight of during the 19th century; but as we 
shall see, it acquired its full importance only around the years 1890-1900. 

The other idea of D. Bernoulli (perhaps inspired by experimental facts) is the 
« superposition principle » according to which the most general oscillation of the 
string should be « decomposable » by superposition of the « eigen oscillations » ; 
mathematically speaking, this means that the general solution of the equation of 
vibrating strings should have a series development as }° c,,(x, ¢), where the ,,(x, t) 
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represent the eigen oscillations. We know that this principle was the starting point ofa 
long battle on the possibility of developing an « arbitrary » function in a trigonome- 
tric series, a battle which was settled by the works of Fourier and of Dirichlet only in 
the first third of the 19th century. But even before this result was obtained, there 
were other examples of series development in « orthogonal » functions * : spherical 
functions, Legendre polynomials, and also various systems of the form (e”™), where 
the 4, are no longer multiples by the same number ; these had already been intro- 
duced in the 18th century in oscillation problems, as also by Fourier and Poisson 
in the course of their researches on the theory of heat. Around 1830, Sturm (I) and 
Liouville (II) systematized all the phenomena observed in these various particular 
cases into a general theory of oscillations for functions of one variable; they con- 
sidered the differential equation 


d dy 
() Fe (00 FE) + AAI y= 0 (HC > 0 (2) > 0) 
with the boundary conditions 


k,y(a@) — hyy(a) = 0 
(2) (h,k, # 0,h,k, #4 0,a < b) 
k,y'(b) + hay(b) = 0 


and proved the following fundamental results : 
1) the problem has a non-zero solution only if 4 takes one of the values of a 
sequence (A,) of numbers > 0, tending to + oo; 


2) for each A4,, the solutions are multiples of the same function v,, which may 
b 


be assumed « normalized » by the condition | puzdx = 1, and for m # n we have 


a 


b 
[ PU,v,axX = 0; 


3) every twice differentiable function f on [a, b] which satisfies the boundary 
conditions (2), can be developed in a uniformly convergent series as f(x) = >" c,v,(x), 


b 
where c, = { pfv,dx ; 
b 


4) the equality | 


pf ?dx = > c? holds (this equality had already been proved 
by Parseval in 1799, though in a purely formal manner, for the system of trigono- 
metric functions ; and from it « Bessel’s inequality » follows immediately ; the latter 
inequality was announced by Bessel (again for trigonometric series) in 1828). 
Half a century later, these properties were completed by the work of Gram (IID 


who, following the researches of Tchebichef, threw light on the relationship between 


* This term however does not appear before the work of Hilbert. 
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the development in series of orthogonal functions and the problem of « best quadratic 

approximation » (a direct outcome of the « method of least squares » of Gauss 

in the theory of errors); the latter consists of the following : given a finite sequence 

of functions (W;), < and a functionf, to find the linear combination } a,p,; for 
i 


i<n? 
b 
which the integral | e(f — > aay,)?dx attains its minimum. In principle, this only 


suggests a trivial linear algebraic problem, but Gram solved it in an original way, 
by applying the method of « orthonormalization » to the ;, as described in chap. V, 
p. 23 (and generally known under the name of Erhard Schmidt). Next, in the case 
of an infinite orthonormal system, the question arises of finding out when the « best 
quadratic approximation » yw, of a function f, by linear combinations of the first 
n functions of the sequence, tends to 0 as n increases indefinitely *; Gram was thus 
led to the definition of the notion of a complete orthonormal system, and recognized 
that this property is equivalent to the non-existence of non-zero functions which are 
orthogonal to all the o,. He even attempted to elucidate the concept of « mean 
quadratic convergence », but before the introduction of the fundamental ideas 
of measure theory, he could hardly obtain any general results in this direction. 

In the second half of the 19th century, the major effort of analysts was mainly 
directed towards the extension of the Sturm-Liouville theory to functions of several 
variables. This theory was prompted by the study of elliptic partial differential 
equations arising in Mathematical Physics, and the boundary value problems 
which are naturally associated with these. The main interest primarily centered 
on the equation of « vibrating membranes » 


(3) L,(u) = Au + Au = 0 


where solutions vanishing on the boundary of a sufficiently regular domain G were 
sought; the methods which had worked successfully for functions of one variable 
were no longer appropriate for this problem, and the considerable analytic diffi- 
culties that presented themselves were overcome little by little. We recall the main 
steps towards the solution : the introduction of the « Green’s function » of G, whose 
existence was proved by Schwarz; the proof, again due to Schwarz, of the existence 
of the smallest eigenvalue ; and finally, in 1894, H. Poincaré, in a celebrated memoir 
(V a) succeeded in proving the existence and the essential properties of all the eigen- 
values. He considered the solution of the equation L,(u) = f, fora « second member » 
f given; the solution being such as to vanish on the boundary; then by a skillful 
generalization of Schwarz’s method, he proved that u, is a meromorphic function 
of the complex variable i, having only real simple poles i,, and these are precisely 
the eigenvalues being sought. 


* Tt must be pointed out that in this study, Gram did not restrict himself to considering only 
b 


continuous functions, but emphasised the importance of the condition | pfrdx < + a. 


a 
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These researches are directly related to the beginnings of the theory of linear 
integral equations, which must have certainly contributed the maximum to the advent 
of modern ideas. We shall here limit ourselves to giving a brief outline of the deve- 
lopment of this theory (for fuller details, we refer to the Historical Notes which will 
follow the chapters of this Treatise dedicated to spectral theory). This kind of func- 
tional equations, which first made a modest appearance in the first half of the 19th 
century (Abel, Liouville), had already acquired some importance since Beer and 
C. Neumann reduced the solution of « Dirichlet’s problem » for a sufficiently regular 
domain G to the solution of an « integral equation of second kind » 


b 

(4) u(x) + | K(x, y) u(y) dy = f(x) 

for the unknown function u; C. Neumann succeeded in solving this equation in 
1877 by a method of « successive approximations ». Prompted as much by the 
algebraic analogies mentioned above as by the results he had obtained for the equa- 
tion of vibrating membranes, H. Poincaré, in 1896 (V 5) introduced a variable para- 
meter A in front of the integral in the preceding equation, and asserted that, just 
as in the case of the equation of vibrating membranes, the solution is once again 
a meromorphic function of 2; but he was unable to prove this result. This was 
established seven years later by I. Fredholm (VJ) (for a continuous « kernel » K and 
a finite interval (2 b)). The last mentioned author, perhaps with a greater awareness 
than his predecessors, let himself be guided by the analogy of (4) with the linear system 


7 1 
2 » (5pq + 7 Ae) x,=5, I <p<n) 


to obtain the solution of (4) as the quotient of two expressions, based on the model 
of determinants, which arise in Cramer’s formulas. This, however was not a new 
idea : since the beginning of the 19th century, the method of « indeterminate coeffi- 
cients » (which consists of obtaining an unknown function, assumed to have a 
series development )'c,o,, where the $, are known functions, by calculating the 


coefficients c,) had led to « linear systems with infinitely many unknowns » 
(6) Y ax, = 5, G@ = 1,2,...). 
j=1 


Fourier, who encountered such a system, still solved it like an 18th century mathe- 
matician : he suppressed all the terms with indices i or j greater than n, explicitly 
solved the finite system so obtained by Cramer’s formulas, then passed to the limit by 
letting n tend to + oo in the solution ! Much later, when this jugglery was no longer 
acceptable, it was again by the theory of determinants that the problem was attacked ; 
Since 1886 (following the work of Hill), H. Poincaré, then H. von Koch, had set up 
a theory of « infinite determinants », which permits the resolution of certain kinds 
of systems (6) by following the classical model; and in spite of the fact that these 
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results were not directly applicable to the problem tackled by Fredholm, it is beyond 
doubt that von Koch’s theory in particular, served as a model for the construction 
of Fredholm’s « determinants ». 

It was at this moment that Hilbert entered the scene and gave a new impetus to 
the theory (VII). To begin with, he completed the-work of Fredholm by effectively 
carrying out the passage to the limit, which leads to the solution of (4) from that of 
(5); but he immediately brought in the corresponding passage to the limit in the 
theory of real quadratic forms, which arose automatically from integral equations 
with a symmetric kernel (i.e. such that K(y, x) = K(x, y)). These are the equations 
by far the most frequent in Mathematical Physics. He thus succeeded in obtaining 
the fundamental formula which directly generalizes the reduction of a quadratic 
form to its axes 


b pb © | b 2 
(7) { K(s, t) x(s) x(t) dsdt = > a ( i ,,(8) x(s) as) F 
a da n=1""n a 


where the 4, are the eigenvalues (necessarily real) of the kernel K, the o, forming 
the orthonormal system of the corresponding eigen functions, and the second 
b 


member of formula (7) is a convergent series if | x?(s) ds < 1. He also showed 


a 
b 


how every function which is « representable » as f(x) = | K@&, y) g(y) dy has a 


és b 
« development» } 409 | o,(¥) f(y) dy, and, following the analogy with the 
n=1 a 


classical theory of quadratic forms, he indicated a procedure for determining the 
i, by a variational method. This is precisely the extension of the well-known extremal 
properties of the principal axes of a quadric surface ((VII), p. 1-38). 

These preliminary results of Hilbert were almost immediately taken up by 
E. Schmidt, under a simpler and more general form, avoiding the introduction of 
« Fredholm’s determinants » and also the passage from the finite to the infinite. 
The presentation was already very close to being abstract, the fundamental pro- 
perties of linearity and of positivity of the integral being clearly the only facts used 
in the proof (VII a). But by then Hilbert had developed much more general con- 
cepts. All the earlier works brought out the importance of square integrable func- 
tions, and Parseval’s formula established a direct link between these functions and 
sequences (c,) such that }) c? < oo. It is certainly this idea which guided Hilbert 


in his 1906 memoirs ((VID, chap. XI-XIIJ), where, taking up the old method of 
« indeterminate coefficients » once again, he showed that the solution of the integral 
equation (4) is equivalent to the solution of an infinite system of linear equations 


(8) x, + ¥ kx, = 5, (p = 1,2...) 
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b 
for the « Fourier coefficients » x, = | u(t) o,(t) dt of the unknown function u 


a 


b 
with respect to a given complete orthonormal system (@,) (with b, = | f(t) @, (2) at 


b pb 
and k,, = [ | K(s, 4) ,(s) @,(¢) dsdt). Moreover, from this point of view, the 


only solutions of (8) of interest are those for which )° x? < + 00; also it was to 


this kind of solution that Hilbert systematically restricted himself; but on the other 
hand, he extended the conditions imposed on the « infinite matrix » k,, (which in (8) 
is such that }' k>, < + co). Thenceforth, it was clear that the « lilbert space » 


Pq 
of all sequences x = (x,) of real numbers such that )’ x2 < + 00, while not expli- 
n 


citly introduced was the space underlying the entire theory, and appears as a « pas- 
sage to the limit » from a finite dimensional Euclidean space. In addition, and this 
was particularly important for later developments, Hilbert was led to introduce, 
not just one, but two distinct notions of convergence in this space (corresponding 
to what has since been called the weak topology and the strong topology *), as also 
a « principle of choice » which is precisely the property of weak compactness of 
the unit ball. The new linear algebra that he developed in connection with the solu- 
tion of the system (8) depended entirely on these topological ideas : linear mappings, 
linear forms and bilinear forms (associated with linear mappings) were classified 
and studied with respect to their « continuity » properties **. In particular, Hilbert 
discovered that the success of Fredholm’s method depended on the notion of « com- 
plete continuity », which he redeemed by formulating it for bilinear forms *** and 
by studying it profoundly; for more details we refer to the part of this Treatise 
where this important notion shall be developed, and also to the admirable and pro- 
found works of Hilbert, where he inaugurated the spectral theory of symmetric 
bilinear forms (bounded or not). 

The language of Hilbert still remained classical, and throughout the « Grundziige », 
he never lost sight of the applications of the theory which he developed from numerous 
examples (taking up almost half of the volume). The next generation already adopted 
a much more abstract point of view. Under the influence of the ideas of Fréchet 
and of F. Riesz on general topology (see Historical Notes of GT, chap. I), E. Schmidt 


* The Calculus of variations had naturally led to different notions of convergence on the 
same set of functions (according to the requirement of uniform convergence of functions, 
or of uniform convergence of functions and of a certain number of their derivatives) ; but 
the modes of convergence defined by Hilbert were entirely new at that time. 

** Tt must be pointed out that until around 1935, by a « continuous » function it was gene- 
rally meant that this was a mapping wich transformed every convergent sequence into a 
convergent sequence. 

*** For Hilbert, a bilinear form B(x, y) was completely continuous if, whenever the 
sequences (x,), (y,) tended weakly to x and y respectively, B(x,, y,,) tended to B(x, y). 
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(VII b) and Fréchet himself, in 1907-1908 deliberately introduced the language of 
Euclidean geometry into the « Hilbert space » (real or complex) ; it is in these works 
that we find the first mention of the norm (with its present notation ||x||), the triangle 
inequality that it satisfies, and the fact that a Hilbert space is « separable » and com- 
plete; in addition, E. Schmidt proved the existence of the orthogonal projection 
onto a closed linear variety, which allowed him to give a simpler and more general 
form to Hilbert’s theory of linear systems. Also in 1907, Fréchet and F. Riesz observed 
that the space of square integrable functions has an analogous « geometry », an 
analogy which was perfectly explained when, a few months later, F. Riesz and 
E. Fischer proved that this space is complete and is isomorphic to a « Hilbert space », 
and at the same time displayed in a striking manner the value of the tool newly 
created by Lebe:gue. From this moment onwards, the essential points of the theory 
of hilbertian spaces could be considered to have been achieved. Among the later 
developments the axiomatic presentation of the theory by M. H. Stone and J. von 
Neumann around 1930 must be mentioned, and also the removal of the restrictions 
of « separability » which was the result of the work of Rellich, Lowig and F. Riesz 
(IX e) around the year 1934. 

Meanwhile, in the first few years of the 20th century, other streams of ideas came 
and reinforced the trend which led to the theory of normed spaces. The general 
idea of « functional » (i.e. a numerical function defined on a set whose elements are 
themselves numerical functions of one or of several real variables) was redeemed in 
the last decades of the 19th century in connection with the calculus of variations 
on the one hand, and on the other, with the theory of integral equations. But it was 
primarily from the Italian school, around Pincherle, and above all Volterra, that 
the general idea of « operator » arose. The works of this school often stayed at a 
rather formal level and were related to particular problems, for lack of a sufficiently 
deep analysis of the underlying topological concepts. In 1903, Hadamard inau- 
gurated the modern theory of « topological » duality, in his search for the most 
general continuous linear « functionals » on the space @(I) of continuous numerical 
functions on a compact interval (endowed with the topology of uniform conver- 


gence), and he characterized these as limits of sequences of integrals x + k(t) x(t) dt. 
I 


In 1907, Fréchet and F. Riesz proved similarly that the continuous linear forms on a 
Hilbert space are the « bounded » linear forms introduced by Hilbert; then in 1909, 
F. Riesz put Hadamard’s theorem in a definitive form by expressing every conti- 
nuous linear form on @(I) as a Stieltjes integral, a theorem which much later served 
as the starting point for the modern theory of integration (see Historical Notes of 
INT, chap. II-V). 

The following year, F. Riesz (IX a) again made new and important progress in 
the theory by introducing and studying (modelled on the theory of the Hilbert 
space) the space L?(I) of functions on an interval I whose p-th power is integrable 
(for an exponent p such that 1 < p < + o); three years later, this study was 
followed by analogous work on the sequence spaces £?(N) (IX c). These researches, 
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as we shall see later, made a great contribution towards the classification of ideas 
on duality, in the sense that for the first time we encountered two spaces in duality 
which were not naturally isomorphic *. 

Then onwards, F. Riesz thought of an axiomatic study which would encompass 
all these results (([X a), p. 452), and it seems that only the scruples of an analyst 
anxious not to deviate from classical mathematics restrained him from writing 
his celebrated memoire of 1918 on Fredholm’s theory (IX d) in this form. There he 
mainly considered the space @(1) of continuous functions on a compact interval; 
but after defining the norm of this space, and having remarked that ¢(I) endowed 
with this norm is complete, he did not use anything other than the axioms of complete 
normed spaces in his arguments **. Without entering into a detailed examination 
of this work, we mention that the notion of a completely continuous mapping was 
defined (by the property of transforming a neighbourhood into a relatively compact 
set) in a general way for the first time in this work *** ; by a masterpiece of axiomatic 
analysis, the entire theory of Fredholm (with respect to its qualitative aspect) was 
reduced to a single fundamental theorem, that every locally compact normed space 
is finite dimensional. 

The general definition of normed spaces was given in 1920-1922 by S. Banach, 
H. Hahn and E. Helly (the latter considered only sequence spaces of real or complex 
numbers). In the ten years that followed, the theory of these spaces developed mainly 
around two questions of fundamental importance for applications : the theory of 
duality and the theorems linked with the notion of Baire « category ». 

We have seen that the idea of duality (in the topological sense) originated in the 
beginning of the 20th century; it was the underlying notion in Hilbert’s theory and 
occupied a central place in the work of F. Riesz. The latter, for example, observed 
in 1911 (IX 5), p. 41-42), that the relation |f(x)| < M||x|| (taken as the definition 
of « bounded » linear functionals in a Hilbert space) is equivalent to the continuity 
of f in the case of the space @(I), and this was proved by fairly general arguments. 
Concerning the characterization of continuous linear functionals on ¢(1), he further 
observed that the condition for a set A to be total in @(I) is that there exist no Stieltjes 
measure » # 0 on I which is « orthogonal » to all the functions in A (thus genera- 
lizing Gram’s condition for complete orthonormal systems); finally, in the same 


* In spite of the fact that the duality between L' and L® was implicit in most of the works 
of this epoch on the Lebesgue integral, it was only in 1918 that H. Steinhaus proved that every 


continuous linear form on L}(I) (I a finite interval) is of the form xt | S(t) x(t) dt, where 
I 


feL*(D). 

** F. Riesz however, explicitly noted that the applications of his theorems to continuous 
functions is only a « touchstone » of much more general concepts ((IX d), p. 71). 

*** Tn his work on L? spaces, F. Riesz had defined completely continuous mappings as 
those which transform every weakly convergent sequence into a strongly convergent sequence ; 
this (on account of the weak compactness of the unit ball in the L? for 1 < p < + o) is 
equivalent to the above definition in this case ; in addition, F. Riesz indicated that for the L? 
spaces, his definition was equivalent to that of Hilbert (by translating from the language 
of linear mappings to that of bilinear forms ((IX, a), p. 487)). 
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work, he established that the dual of the space L® is « bigger » than the space of 
Stieltjes measures ((IX 5), p. 62). 

On the other hand, F. Riesz, in his work on the spaces L?(1) and @?(N) succeeded 
in modifying the method of the solution of linear systems in a Hilbert space, as 
given by E. Schmidt (VIII 5) so as to be applicable in more general cases. E. Schmidt’s 
idea consisted in determining an « extremal » solution of (6) by finding a point in 
the closed linear variety represented by the equations (6), whose distance from the 
origin is the minimum. Using the same idea, F. Riesz showed that a necessary and 
sufficient condition such that there exists a function x € L?(a, 5) satisfying the equa- 
tions 


b 
(9) | a(t) x(t) dt = b, (i = 1, 2,...) 


a 


(where the a, belong to L* (with i+ 7 = 1)), and such that in addition 


i<n Of real numbers, we 


b 
{ |x(t) |Pdt < My, is that, for every finite sequence (A,), < 


have 


n be = 1/q 
(10) 1S byl < ma | 1S xa a" | 


qa i=l 


In 1911 (IX 5), he treated, in an analogous manner, the « problem of generalized 
moments », which consists of the solution of the system 


b 
(11) | u(t) d&(t) = b, (i = 1,2...) 


a 


where the «; are continuous and the unknown is a Stieltjes measure € * ; it was clear 
in this case that the problem can be restated by saying that it consists in determining 
a continuous linear functional on @(1) from its values on a given sequence of points 
in this space. It was in this form that Helly treated the problem in 1912 — obtaining 
F. Riesz’s conditions by a rather different method of much wider scope * — and 
which he again took up in 1921, with much more general conditions. Introducing 
the notion of a norm (on the sequence spaces), as we have seen above, he observed 


* The classical « problem of moments » corresponds to the case where the interval Ja, b{ 
is }0, + cof or J— «, + oof, and where «,(t) = t'; moreover, one assumes that the mea- 
sure € is positive (in his 1911 memoire, F. Riesz indicated how his general conditions must be 
modified when solutions of this nature are sought). Among the various methods for the solu- 
tion of the classical problem of moments, we particularly mention that of F. Riesz, who very 
elegantly combined the general ideas of functional Calculus and the theory of functions of 
one complex variable to obtain explicit conditions on the 6;. (Sur le probléme des moments, 
3, Ark. for Math., t. XVII (1922-1923), n° 16, 52 p.) 
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that this notion generalizes that of the « gauge » of a convex body in an n-dimensional 
space, as used by Minkowski in his celebrated work on the « geometry of numbers » 
(IV). In the course of his researches, Minkowski also defined (in R") the notions of 
a support hyperplane and of a « support function » (IV 5), and proved the existence 
of a support hyperplane at every point of the boundary of a convex body ((IV a), 
p. 33-35). Helly extended these notions to a space of sequences E, endowed with an 
arbitrary norm; he established a duality between E and the space E’ of sequences 
u = (u,) such that for all x = (x,) € E, the series (u,,x,) is convergent ; letting <u, x> 
denote the sum of this series, he defined a norm in E’ by the formula sup |< u, x >|/||x|I, 
x#0 


which gives the support function in finite dimensional spaces **. Then Helly proved 
that the solution of a system (6) in E, where each sequence u; = (a;,);>, is assumed 
to belong to E’, reduces to the successive resolution of the following two problems : 
1. to find a continuous linear form L on the normed space E’, such that L(u,) =3, 
for every index i; this, as he pointed out, leads to conditions of the type (10); 2. to 
find if such a linear form can be written as wt+> <u, x» for some x € E. The latter 
problem, he observed, does not necessarily have a solution even if L exists, and 
he gave some sufficient conditions which imply the existence of the solution x e E 
in some particular cases (X). 

In 1927, these ideas were given their definitive form in a fundamental memoire of 
H. Hahn (XI), whose results were rediscovered (independently) by S. Banach two 
years later (XII 5). Hahn applied the methods of Minkowski-Helly to an arbitrary 
normed space, and thus defined the structure of a (complete) normed space on the 
dual space ; this immediately allowed Hahn to consider successive duals of a normed 
space, and to pose the problem of reflexive spaces in a general way, as already foreseen 
by Helly. But above all, the principal problem of the extension of a continuous 
linear functional without increasing its norm was definitely solved by Hahn in 
general, by an argument of transfinite induction on the dimension — thus giving 
one of the first examples of an important application of the axiom of choice to 
functional Analysis ***. To these results, Banach added a detailed study of the 
relations between a continuous linear mapping and its transpose, extending to 
general normed spaces results previously known in the case of L” spaces only (IX a), 
by means of a deep theorem on weakly closed subsets of the dual (cf. IV, p. 25, cor. 2); 
these results can be expressed in a more striking way using the notion of the quotient 
space of a normed space, which was introduced a few years later by Hausdorff 
and by Banach himself. Finally, it was once again Banach who discovered the rela- 
tion between the weak compactness of the unit ball (observed in several particular 


* Like F. Riesz ((IX 5), p. 49-50), Helly used a « principle of choice » in his proof, which is 
precisely the weak compactness of the unit ball in the space of Stieltjes measures ; F. Riesz 
had also used the analogous property in the L? spaces (1 < p < + o). 

** To obtain a norm in this way, we must assume that the relation <u, x> = 0 for all 
x € E implies u = 0, as is explicitly remarked by Helly. 

*** Banach had already given an analogous argument in 1923 for defining an invariant 
measure in the plane (defined for every bounded subset) (XII a). 
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cases, as mentioned above) and reflexivity, at least for the spaces satisfying the first 
axiom of countability. Since then, the broad outlines of the theory of duality of 
normed spaces could be considered to have been fixed. 

During the same epoch some seemingly paradoxical theorems, whose first exam- 
ples originated in the years around 1910, were clarified. In that year, Hellinger and 
Toeplitz had essentially proved that a sequence of bounded bilinear forms B,(x, y) 
on a Hilbert space, whose values B,(a, b) for every pair (a, b) are bounded (by a 
number depending a priori on a and )b) is in fact uniformly bounded on every ball. 
Their proof was based on an argument of reductio ad absurdum, by inductively 
constructing a particular pair (a, b) violating the hypothesis; this method is since 
then known under the name « gliding bump », and is still useful in many analogous 
questions (cf. IV, p. 54, exerc. 15). In 1905, Lebesgue had used a similar method to 
prove the existence of continuous functions whose Fourier series diverges at some 
points; and in the same year as Hellinger and Toeplitz he used the method again, 
to prove that a weakly convergent sequence in L! is bounded in norm *. These 
examples multiplied in the following years, but without the introduction of any 
new ideas until 1927, when Banach and Steinhaus (with the partial collaboration 
of Saks) related these phenomena to the notion of a thin set and to Baire’s theorem 
in complete metric spaces, thus obtaining a general assertion which encompassed 
all the previous particular cases (XIII). During the same epoch, the study of questions 
of « category » in complete normed spaces led Banach to several other results on 
continuous linear mappings; the most remarkable and certainly the deepest being 
the « closed graph » theorem which, like the Banach-Steinhaus theorem, has become 
a vital tool in modern functional Analysis (XII 5). 

The publication of Banach’s treatise on « Linear Operators » (XII c) marks the 
coming of age for the theory of normed spaces. All the above mentioned results 
and many others can be found in this volume, though in a somewhat disorganized 
manner, but with many striking examples drawn from various domains of Analysis, 
and which seemed to forecast a brilliant future for the theory. The work had consi- 
derable success, and one of the immediate effects was the almost universal adoption 
of the language and notations used by Banach. But in spite of the great number of 
researches undertaken during the past 40 years on Banach spaces (XVII), if the 
theory of Banach algebras and its applications to commutative and non-commu- 
tative harmonic analysis are excluded, then the almost complete absence of new 
applications of the theory to the great problems of classical Analysis somewhat 
undermines the hopes based on it. 

It was more in the sense of widening and of a deeper axiomatic analysis related 
to the concepts of normed spaces that the most fruitful developments took place. 


* Observe also the analogous (easier) theorem proved by Landau in 1907 and which served 
as a Starting point for F. Riesz in his theory of the L? spaces : if the series with the general 
term u,x, converges for every sequence (x,) € £?(N), then the sequence (u,) belongs to ¢4(N) 


(with + 4 = 4) 
Pp q 
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In spite of the fact that the functional spaces encountered since the beginning of the 
20th century generally appear to be endowed with a « natural» norm, there are 
certain exceptions. Around 1910, E. H. Moore proposed a generalization of the 
notion of uniform convergence by replacing it with a notion of « relative uniform 
convergence », where a neighbourhood of 0 consists of functions f satisfying a rela- 
tion | f()| < eg(t), g being a function which is everywhere > 0 and which could 
vary with the neighbourhood. On the other hand, before 1930, it was observed that 
notions such as simple convergence, convergence in measure for measurable func- 
tions, or compact convergence for entire functions, could not be defined by means 
of a norm; and in 1926, Fréchet observed that vector spaces of this kind could be 
metrizable and complete. But the theory of these more general spaces could be 
fruitfully developed only in relation with the idea of convexity. The latter (which 
already appeared in Helly’s work) was the subject of the studies carried out by 
Banach and his students, who recognized the possibility of interpreting several 
results of the theory of normed spaces geometrically, thus preparing the road for 
a general definition of locally convex spaces, given by Kolmogoroff and J. von 
Neumann in 1935. The theory of these spaces and notably the questions related to 
duality, were mostly developed in the years 1950, and in this Book we have presented 
the essential results of this study. In this connection we must point out, on the one 
hand, the progress in simplicity and in generality, made possible by the focus on 
the fundamental concepts of general Topology developed between 1930 and 1940; 
and secondly, the importance of the notion of a bounded set, introduced by Kol- 
mogoroff and von Neumann in 1935, and whose fundamental role in the theory 
of duality was brought to light by the work of Mackey (XIV) and of Grothendieck 
(XVIII). Finally, it is certain that the main impetus which motivated these researches 
came from the new possibilities of applications to Analysis in domains where Banact: 

theory did not work : in this connection, we mention the theory of sequence spaces 
developed since 1934, by K6the, Toeplitz and their students in a series of memoirs 
(XV), the focus on the theory of « analytic functionals » of Fantappié, and above 
all, the theory of distributions by L. Schwartz (XVI), where the modern theory of 
locally convex spaces found a field of applications, which is certainly far from being 
exhausted. 


Bibliography 


(I) C. Sturm : a) Sur les équations différentielles linéaires du second ordre, Journ. de Math. (1), 
t. I (1836), p. 106-186; 5) Sur une classe d’opérations a différences partielles, ibid., 
p. 373-444. 

(II) J. LiouviLLe : a) Sur le développement des fonctions ou parties de fonctions en séries 
dont les divers termes sont assujettis a satisfaire a une méme équation différentielle du 
second ordre contenant un paramétre variable, Journ. de Math. (1), t. I (1836), p. 253-265, 
t. II (1837), p. 16-35 et 418-436 ; b) D’un théoréme di a M. Sturm et relatif 4 une classe 
de fonctions transcendantes, ibid., t. I (1836), p. 269-277. 

(IID) J. P. Gram. Ueber die Entwickelung reeller Functionen in Reihen mittelst der Methode 
der kleinsten Quadrate, J. de Crelle, t. XCIV (1883), p. 41-73. 

(IV) H. MInKowskI : a) Geometrie der Zahlen, 1"¢ éd., Leipzig (Teubner), 1896; b) Theorie 
der konvexen K6rper, Gesammelte Abhandlungen, t. II, p. 131-229, Leipzig-Berlin (Teub- 
ner), 1911. (Réimpression, New York (Chelsea), 1967.) 

(V) H. PoINCARE: a) Sur les équations de la Physique mathématique, Rend. Palermo, 
t. VIII (1894), p. 57-156 (= Céuvres, t. IX, p. 123-196, Paris (Gauthier-Villars), 1954); 
b) La méthode de Neumann et le probléme de Dirichlet, Acta Mathematica, t. XX 
(1896), p. 59-142 (= Guvres, t. IX, p. 202-272, Paris (Gauthier-Villars), 1954). 

(VI) I. FREDHOLM, Sur une classe d’équations fonctionnelles, Acta Mathematica, t. XXVII 
(1903), p. 365-390. 

(VIT) D. HILBert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen. 
New York (Chelsea), 1953 (= Gétt. Nachr., 1904, 1905, 1906, 1910). 

(VIII) E. Scumipt :a) Zur Theorie der linearen und nichtlinearen Integralgleichungen. 
I. Teil : Entwickelung willkiirlicher Funktionen nach Systemen vorgeschriebener, 
Math. Ann., t. LXTII (1907), p. 433-476 ; b) Ueber die Auflésung linearer Gleichungen 
mit unendlich vielen Unbekannten, Rend. Palermo, t. XXV (1908), p. 53-77. 

(IX) F. Riesz : a) Untersuchungen tiber Systeme integrierbarer Funktionen, Math. Ann., 
t. LXIX (1910), p. 449-497 ; b) Sur certains systémes singuliers d’équations intégrales, 
Ann. Ec. Norm. Sup. (3), t. XXVIII (1911), p. 33-62 ; c) Les systémes d'équations linéaires 
a une infinité d’inconnues, Paris (Gauthier-Villars), 1913; d) Ueber lineare Funktional- 
gleichungen, Acta Mathematica, t. XLI (1918), p. 71-98 ; e) Zur Theorie des Hilbertschen 
Raumes, Acta litt. ac scient. (Szeged), t. VII (1934-35), p. 34-38. 

(X) E. Hetty, Ueber Systeme linearer Gleichungen mit unendlich vielen Unbekannten, 
Monatshefte fiir Math. und Phys., t. XXXI (1921), p. 60-91. 

(XI) H. HAuN, Ueber lineare Gleichungssysteme in linearen Raumen, J. de Crelle, t. CLVII 
(1927), p. 214-229. 

(XII) S. BANACH : a) Sur le probléme de la mesure, Fund. Math., t. IV (1923), p. 7-33; 
b) Sur les fonctionnelles linéaires, Studia Math., t. I (1929), p. 211-216 et 223-239; 
c) Théorie des opérations linéaires, Warszawa, 1932. (Réimpression, New York (Chel- 
sea), 1963. 

(XHD S. ee et H. STEINHAUS, Sur le principe de condensation des singularités, Fund. 
Math., t. TX (1927), p. 50-61. 

(XIV) G. W. Mackey : a) On infinite-dimensional linear spaces, Trans. Amer. Math. Soc., 
t. LVII (1945), p. 155-207 ; b) On convex topological spaces, Trans. Amer. Math. Soc., 
t. LX (1946), p. 519-537. 

(XV) G. K6rHE, Neubegriindung der Theorie der vollkommenen Raume, Math. Nachr., 
t. IV (1951), p. 70-80. 

(XVI) L. ScHwartz, Théorie des distributions, 2° édition, Paris (Hermann), 1966. 

(XVII) J. LinpENsTRAUuss and L. TzaFriri, Classical Banach spaces, t. I, Berlin-Heidelberg- 
New York (Springer), 1977. 

(XVIII) A. GROTHENDIECK : a) Produits tensoriels topologiques et espaces nucléaires, Mem. 
Amer. Math. Soc., n° 16 (1955); b) Espaces vectoriels topologiques, 3¢ éd., Sao Paulo 
(Publ. Soc. Mat. SGo Paulo), 1964. 


Index of notation 


The reference numbers indicate the chapter and page (and, occasionally, exercise). 


EL, loll: 
Bi; K), Bute, f(D, BD, OD : Lp. 4. 
E, (A a convex symmetric set in a real vector space E) : II, p. 26. 
<x, y> IL p. 42. 
o(F, G) : IL, p. 42. 
M°, M°° : IL, p. 44. 
‘u (uw a linear mapping) : II, p. 46. 
A(X) : Ill, p. 9. 
€ (VU) : II, p. 9. 
Gg (VU), 65 (U) : Ill, p. 9. 
GD), GD, @(D) : UL, p. 10. 
H (UV), #(L) (U an open subset of C”, L a compact subset of C”) : IH, p. 10. 
L(E; F): Ill, p. 13. 
£z;(E; F): UL p. 13. 
LE; F), £(E; FP), £, (E; F), %(E; F), YE; F) : Ill, p. 14. 
E’, Es, Ej, Ei, E,.. Ei. E; : Ill, p. 14. 
LE), £ (E), LE), L ‘(E), f&, 1B), £ AE), %(E) : I, p. 14. 
Pm (p a semi-norm, M a bounded subset) : I, p. 14. 
@(R) : II, p. 18. 
WE, F) : IV, p. 2. 
BE, F) : IV, p. 4. 
ci IV, p. 14 
P(N) : IV, p. 17 
Co(N), C7(N) : IV, p. 18. 
S(E) : IV, p. 26. 
Hy LIV, p. 26. 
LIV, a 32. 
4 (X) : p. 33. 
G(X), aon IV, p. 36. 
B(X; RR): IV, p. 40. 
Ind(u) (ua Fredholm operator) : IV, p. 66, exerc. 21. 


&:V,p. 1. 

7, 07(N) : V, p. 4. 

Eo : V, p. 4. 

<xly>, [xl] = <xlx>1/7, Oly) = <ylx> : V, p. 5. 

E (E a complex prehilbertian space) : V, p. 6. 

H* (Sobolev space) : V, p. 6. 
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Base of a bornology : Ill, p. 1. 

Basis (algebraic) of a Hilbert space : V, p. 22. 

Basis (Banach) : IV, p. 69, exerc. 14. 
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Bessel’s inequality : V, p. 21. 

Bidual : IV, p. 14. 

Bipolar theorem : II, p. 44. 

Birkhoff-Alaoglu theorem : V, p. 78, exerc. 13. 
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Compatible vector space structure and topology : III, p. 1. 
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Density of order : V, p. 7. 
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Envelope of a set (symmetric convex) : II, p. 10. 
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G-equihypocontinuous, T-equihypocontinuous, (GS, T )-equihypocontinuous set : III, p. 47, 
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Exhaustion of a Hausdorff locally convex space, exhaustible space : III, p. 49, exerc. 1. 
Extremal generator of a convex cone : II, p. 57. 
Extremal point of a convex set : II, p. 54. 


Facet : II, p. 87, exerc. 3. 

Facet (dual) : II, p. 87, exerc. 6. 

Family (orthonormal) : V, p. 21. 

Family (topologically independent) : I, p. 11. 

Filtered set of semi-norms : II, p. 3. 

Final locally convex topology : H, p. 27. 

Final subspace : V, p. 41. 

Fock spaces : V, p. 32 and p. 34. 

Form (bilinear) putting two spaces in duality : II, p. 40. 

Form (complex linear, real linear) : I, p. 61. 

Form (hermitian) : V, p. 1. 

Form (positive hermitian) : V, p. 2. 

Form (positive linear) : II, p. 13. 

Form (separating hermitian) associated with a hermitian form : V, p. 2. 
Fréchet space : II, p. 24 and p. 63. 

Function (concave, convex, strictly concave, strictly convex) : II, p. 16-17. 
Function (positive definite) : V, p. 8. 

Function (positively homogeneous), sub-linear function : II, p. 19-20. 
Fundamental system of semi-norms : II, p. 3. 


Gauge of a convex set : II, p. 20. 

Gaussian space : V, p. 32. 

Generated (bornology) by a family of sets : III, p. 1. 
Generator (extremal) of a convex cone : II, p. 57. 
Gevrey’s spaces : III, p. 10. 

Gram’s determinant : V, p. 71, exerc. 7. 

Grothendieck’s theorem : III, p. 20. 

Group on which a mean can be defined : IV, p. 72, exerc. 4. 


Haar’s theorem : I, p. 83, exerc. 8. 

Hadamard’s inequalities : V, p. 37. 

Hahn-Banach theorem : II, p. 22, p. 36 and p. 63. 

Half-spaces (closed, open) determined by a closed hyperplane : II, p. 15. 
Hardy space : V, p. 7. 

Hausdorff completion of a topological vector space : I, p. 6. 

Hausdorff vector space associated with a topological vector space : I, p. 4. 
Helly’s theorem : II, p. 68, exerc. 21. 

Hermitian endomorphism : V, p. 44. 

Hilbert-Schmidt mapping : V, p. 52. 

Hilbert space, hilbertian space : V, p. 6. 

Hyperplane (support) of a set : HI, p. 37. 


S-hypocontinuous, &-hypocontinuous, (S, I )-hypocontinuous bilinear mapping : 


p. 30. 


Index of a Fredholm operator : IV, p. 66, exerc. 21. 

Induced prehilbertian structure on a vector subspace : V, p. 6. 
Inductive limit of locally convex spaces or topologies : II, p. 29. 
Inequalities (Hadamard’s) : V, p. 37. 

Inequality (Bessel’s) : V, p. 21. 

Inequality (Cauchy-Schwarz) : V, p. 3. 

Infra-barrelled space : III, p. 44, exerc. 7. 

Initial subspace : V, p. 41. 

Initial topology : IV, p. 4. 

Internal point of a convex set : II, p. 26. 
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James-Klee theorem : IV, p. 57, exerc. 25. 
R. C. James’ space : IV, p. 71, exerc. 18. 


Krein-Milman theorem : II, p. 55. 
Krein’s theorem : IV, p. 37. 


Legendre polynomial : V, p. 24. 

Locally convex complex space : II, p. 62. 
Locally convex real space : II, p. 23. 

Locally convex topology : Il, p. 23 and p. 62. 


Mackey theorem : IV, p. 2. 

Mackey topology : IV, p. 2. 

Mapping (Hilbert-Schmidt) : V, p. 52. 
Markoff-Kakutani theorem : IV, p. 39. 

Matrix (Hilbert’s) : V, p. 75, exerc. 3. 

Matrix with respect to orthonormal bases : V, p. 22. 
Mean : IV, p. 40. 

Metrisable topological vector space : I, p. 16. 
Minimal type (space of) : II, p. 85, exerc. 13. 

Montel space : IV, p. 18. 


Normal endomorphism : V, p. 43. 


Open half-spaces defined by a closed hyperplane : II, p. 15. 
Operator (Fredholm) : IV, p. 66, exerc. 21. 

Operator (unitary) : V, p. 41. 

Ordered vector space : II, p. 12. 
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Orthogonal projector, orthoprojector : V, p. 13. 
Orthogonal sets in a prehilbertian space : V, p. 13. 
Orthogonal sets in spaces in duality : II, p. 41. 
Orthogonal to a subset in a prehilbertian space : V, p. 13. 
Orthogoanl vectors for a duality : I], p. 41. 

Orthogonal vectors in a prehilbertian space : V, p. 5. 
Orthonormal basis : V, p. 22. 

Orthonormal set, family : V, p. 21. 

Orthonormalisation : V, p. 24. 

Orthoprojector (initial, final) : V, p. 41. 


Parabolic convex set : II, p. 67, exerc. 17. 

Parseval’s relation : V, p. 22. 

Partially isometric mapping : V, p. 42. 

Pointed cone : HI, p. 10. 
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Polar decomposition of a Hilbert-Schmidt endomorphism : V, p. 79, exerc. 14. 
Polar of a set : II, p. 44 and 64. 

Polarization formulas : V, p. 2. 

Polyhedron : II, p. 90, exerc. 24. 

Positive endomorphism : V, p. 45. 

Positive hermitian form : V, p. 2. 

Positively homogeneous function : H, p. 19. 
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Prehilbertian semi-norm : V, p. 4. 

Prehilbertian space : V, p. 4. 

Preordered vector space : Ul, p. 12. 

Principle of condensation of singularities : III, p. 42, exerc. 10. 
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Product bornology : III, p. 2. 
Projection on a convex set : V, p. 11. 
Projection (orthogonal) : V, p. 13. 
Proper pointed convex cone : II, p. 11. 
Pythagoras’ theorem : V, p. 12. 


Quasi-complete space : III, p. 8. 


Real linear form, real linear variety : II, p. 61. 
Real locally convex space : II, p. 23. 
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Semi-norm : II, p. 1. 
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Separated (sets) by a closed hyperplane : II, p. 37. 
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Strictly concave, strictly convex function : II, p. 16-17. 
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Variety (complex linear, real linear) : II, p. 61. 
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Summary of some important properties 
of Banach spaces 


For the reader’s convenience, the principal results of normed spaces and, more 
particularly, of Banach spaces are collected here. The field of scalars K is either R or 
C. 


Linear mapping spaces ; dual 


1) Let E and F be two normed spaces. A linear mapping u of E in F is continuous, 
if and only if 


() lui] = oe: I| u(x) || 
is finite. The mapping u + ||u|| is a norm on the vector space #(E; F) of continuous 
linear mappings of E in F. 

Let F be a Banach space. Then #(E; F) is a Banach space. The completion E of 
E is a Banach space and the mapping uw uJE is a bijective isometry of Y(E; F) on 
L(E; F). 

2) Let E be a normed space. Write E’ = #(E; K) where K carries the norm 
+> |A|. The Banach space E’ is called the dual of E, and the dual E” of E’ is called the 
bidual of E. 

Denote by o(E, E’) the coarsest topology on E for which all the linear forms 
x’ € E’ are continuous; it is called the weakened topology of E. Denote by o(E’, E) 
the coarsest topology on E’ for which the linear forms x’ +> ¢ x’, x > on E’ where x 
varies in E, are continuous; then o(E’, E) is called the weak topology on E’. The 
topology on E’ deduced from the norm is called the strong topology. 

3) Let E be a normed space and M be a closed vector subspace of E. Let x be the 
canonical mapping of E on E/M. A norm on the vector space E/M is defined by 


(2) IS] = inf |x|. 


(x)= & 


When E is a Banach space, then so also are M and E/M. For every normed space F, 
the linear mapping ut> uo nof Y(E/M; F)in #(E; F) is isometric. 

4) Let E be a normed space. For every x’ € E’, we have by definition 
(3) Ix‘ = sup |<x’, x]. 


If] <1 
xeE 
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Further (Hahn-Banach theorem), we have 


(4) |x] = sup |<x’, x) 


\| x’ || <1 
x'cE’ 


for all x € E. In other words, the canonical mapping of E in its bidual E” is isometric. 


Polars and orthogonals 


5) Let E be a normed space. For every subset A of E (resp. B of E’),the polar of 
A (resp. B) denoted by A° (resp. B°) is the set of x’ € E’ (resp. x € E) for which 


(5) RC&x',x>=>-1 


for all x € A (resp. x’ € B). When A (resp. B) is a vector subspace, the relation (5) is 
equivalent to <x’, x> = 0, and we then say that A° (resp. B°) is the orthogonal of 
A (resp. B). 

6) (« The Bipolar Theorem »). Let E be a normed space. Let A (resp. B) be a sub- 
set of E (resp. E’) which contains 0. Then the bipolar A°° of A (resp. B°° of B) is the 
closure for the topology o(E, E’) (resp. o(E’, E)) of the convex envelope of A (resp. B). 

7) Let A bea subset of a normed space E. Let x be a point in the closure of A with 
respect to the topology o(E, E’). Then ~x is the limit (in the norm sense) of a sequence 
of points of the convex envelope of A. In particular, the convex subsets of E that are 
closed in the normed space E are the same as those that are closed for o(E, E’). 

8) Let E be a normed space and M bea vector subspace of E. For every linear form 
Uy € M’, there exists a linear from we E’ extending uy and such that ||u|| = ||uo|l. 
Let H be the orthogonal of M in E’; then the orthogonal H° of H is the closure of M 
in E. 


Transposition 


9) Let E and F be two normed spaces and ue #(E; F). The transpose 
‘ue £(F’; E’) of u is defined by the relation 


(6) <uly'), x> = Cy’, u(x)> for allxe E, y'eF’. 


We have ||‘u|| = ||u||. The kernel of u is the orthogonal in E of the image of ‘u. 
The kernel of ‘uw is the orthogonal in F’ of the image of u. 

10) Let E be a normed space, M be a closed vector subspace of E and F = E/M. 
Let,7 be the canonical injection of M in E and let n be the canonical surjection of E 
on F. Then ‘i has as its kernel the orthogonal M° of M and induces, on passing to the 
quotient, an isometry of E’/M° on M’. Further ‘x is an isometry of F’ on M°. 


Conditions for continuity of a linear mapping 


11) Let Eand F be two Banach spaces and u bea linear mapping of E in F. Suppose 
that for every sequence (x,),,> 9 of points of E tending to 0 and for which the sequence 
(u(x,,))n>o has a limit y in F, then y is necessarily 0. Then u is continuous. 
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* Suppose that for every compact subset K of E, for every positive measure on K 
and for every linear continuous form y’ on F, the restriction of y’ o u to K is u-measu- 
rable. Then uw is continuous.,. 

12) Let E and F be two Banach spaces and u € Y(E; F). Then either u(E) is meagre, 
or u is surjective. 

Suppose that u is surjective. Then there exists a number C > 0 such that, for all 
y &F, there exists x € E with u(x) = yand ||x|| < C.||y||. If N is the kernel of u, then u 
induces on passing to the quotient a homeomorphism of E/N on F. 

13) Let E and F be two Banach spaces. If u is a continuous linear mapping of E 
in F that is bijective, then u~ ' is continuous. 

14) Let E and F be two Banach spaces, let ue “(E; F) and x’ € E’. For x’ to 
belong to the image of ‘u, it is necessary and sufficient that there exists a number 
C > Osuch that 


(7) Kx’, x>| < C. |u| 


for all xe E. 

(15) Let E and F be two Banach spaces and ue Y(E; F). In order that uw be sur- 
jective, it is necessary and sufficient that there exists a number C > 0 such that 
\|'u(y’)|| = C.||y']| for all ye F’. 


The Banach-Steinhaus Theorem 


16) («« The Banach-Steinhaus Theorem »). Let E be a Banach space; F a normed 
space and let (u;);-; be a family of elements of #(E; F). Let A be the subset of x E E 
such that sup ||w,(x)|| < + oo. Then either A is meagre and its complement is dense 

iel 


in E, or alternatively sup ||u;|| < + co. In particular, ifA = E, then sup ||u;|| < + oo. 
i iel 


iel 


17) Let E and F be two Banach spaces and let (u,),5,9 be a sequence of elements 
of Y(E; F). Suppose that the limit u(x) = lim u,(x) exists for all xe E. Then 
n>o 


sup ||u,|| < + 00, wu is continuous and the sequence (u,) tends to u uniformly on 
n 


every compact subset of E. 
Properties of the weak topology on a dual 


18) Let E be a Banach space and B’ be a subset of E’. The following conditions are 
equivalent : 
(i) B’ is contained in a ball of E’. 
(ii) B’ is relatively compact for the topology o(E’, E). 
(iii) For all x € E, we have sup |< x’, x>| < + 0. 
x'eB 


19) Let E be a Banach space and let B’ be the (closed) unit ball of E’. Then B’ is 
compact for o(E’, E). Suppose that there exists a countable total subset of E; then 
B’ is metrisable for o(E’, E), and there exists a countable subset of E’ that is dense for 
o(E’, E). 
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20) Let E be a Banach space, u be a linear form on E’ and B’ be the unit ball of E’. 
The following conditions are equivalent : 

(i) There exists x € E such that u(x’) = <x’, x> forall x’ EE’. 

(ii) The restriction of u to B’ is continuous for the topology o(E’, E). 

(iii) For every sequence (x;,) of elements of E’ that tends to 0 for o(E’, E), we have 
lim u(x,) = 0. 

21) Let E be a Banach space, B’ be the unit ball of E’ and C be a convex subset of 
E’ (in particular a vector subspace). In order that C be closed for o(E’, E), it is neces- 
sary and sufficient that the intersection C 1 rB’ be closed for o(F’, E) for every real 


number r > 0. 


Reflexive spaces 


22) Let E be a normed space, E” be its bidual and i be the canonical mapping of E 
in E”. The unit ball of E” is the closure for o(E”, E’) of the image under i of the unit 
ball of E. 

The following conditions are equivalent : 

(i) The isometric mapping i: Et> E” is surjective. 

(ii) The unit ball in E is compact for o(E, E’). 

When these conditions are satisfied, we say that E is reflexive. 


Topologies compatible with the duality 


23) Let E be a Banach space and J a locally convex topology on E. The following 
conditions are equivalent : 

(i) The topology 7 is finer than o(E, E’) and coarser than the topology defined on 
E by the norm. 

(ii) E’ is the set of linear forms on E that are continuous for 7. 

Suppose that these conditions are satisfied. Let A be a subset of E. Then A is rela- 
tively compact for 7 if and only if every sequence of points of A has a cluster point 
for 7 in E. If this is so then the balanced convex envelope of A is relatively compact 
for 7. 
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